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This report gives the result of running the computer algebra independent integration
test. The download section in on the main webpage contains links to download the problems
in plain text format used for all CAS systems. The number of integrals in this report is |
63 ]. This is test number [ 99 |].

1.1 Listing of CAS systems tested

The following are the CAS systems tested:
1. Mathematica 13.3.1 (August 16, 2023) on windows 10.
2. Rubi 4.16.1 (Dec 19, 2018) on Mathematica 13.3 on windows 10
3. Maple 2023.1 (July, 12, 2023) on windows 10.

4. Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.3.0 on Linux via sagemath 10.1 (Aug
20, 2023).

5. FriCAS 1.3.9 (July 8, 2023) based on sbcl 2.3.0 on Linux via sagemath 10.1 (Aug 20,
2023).

6. Giac/Xcas 1.9.0-57 (June 26, 2023) on Linux via sagemath 10.1 (Aug 20, 2023).
7. Sympy 1.12 (May 10, 2023) Using Python 3.11.3 on Linux.
8. Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows 10.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS
systems.

Sympy was run directly in Python not via sagemath.



1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed. If a CAS returns the above integral unevaluated within the time limit, then
the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Mathematica | 100.00 ( 63 ) | 0.00 (0 )
Fricas | 100.00 (63) | 0.00 (0)
Rubi 98.41 (62) | 159 (1)
Maple 92.06 (58) | 7.94(5)
Maxima 7778 (49) | 2222 (14)
Giac 55.56 (35) | 44.44 (28)
Mupad 50.79 (132) | 49.21 (31)
Sympy | 44.44 (28) | 55.56 ( 35)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes
the meaning of these grades.



grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 69.841 0.000 0.000 30.159
Mathematica 58.730 12.698 0.000 28.571
Maple 44.444 19.048 0.000 36.508
Fricas 39.683 31.746 0.000 28.571
Giac 19.048 7.937 0.000 73.016
Sympy 15.873 0.000 0.000 84.127
Maxima, 12.698 36.508 0.000 50.794
Mupad 0.000 22.222 0.000 77.778

Table 1.3: Antiderivative Grade distribution of each CAS



The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The following table shows the distribution of the different types of failures for each CAS.
There are 3 types failures. The first is when CAS returns the input within the time limit,
which means it could not solve it. This is the typical failure and given as F.

The second failure is due to time out. CAS could not solve the integral within the 3 minutes
time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely indicates
an interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima
and Giac) or it could be an indication of an internal error in the CAS itself. This type of



error requires more investigation to determine the cause.

System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure

Mathematica | 0 0.00 0.00 0.00

Fricas 0 0.00 0.00 0.00

Rubi 1 100.00 0.00 0.00

Maple 5 100.00 0.00 0.00

Maxima, 14 35.71 0.00 64.29

Giac 28 100.00 0.00 0.00

Mupad 31 0.00 100.00 0.00

Sympy 35 100.00 0.00 0.00

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance

The table below summarizes the performance of each CAS system in terms of time used
and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization). The
Normalized mean is relative to the mean size of the optimal anti-derivative given in the
input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is 3
times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as the
median leaf size of the optimal.



System Mean time (sec)
Fricas 0.25
Rubi 0.41
Maple 0.64
Sympy 1.09
Maxima 1.89
Giac 3.52
Mupad 3.64
Mathematica 5.07

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Mupad 91.44 1.30 22.00 1.11
Sympy 143.93 1.25 19.00 1.00
Rubi 172.63 1.00 126.50 1.00
Fricas 275.24 1.77 130.00 1.58
Giac 295.46 1.58 23.00 1.10
Mathematica | 300.63 1.46 171.00 1.17
Maple 433.60 1.73 118.00 1.00
Maxima 910.49 15.56 424.00 4.78

Table 1.6: Leaf size performance for each CAS
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1.4 Performance based on number of rules

Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed to

solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules given the
x axis. These plots show that as more rules are needed then most CAS system percentage
of solving decreases which indicates the integral is becoming more complicated to solve.
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Figure 1.1: Solving statistics per number of Rubi rules used
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1.5 Performance based on number of steps

Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed to
solve the same integral. Note that the number of steps Rubi needed can be much higher
than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less steps
by Rubi, CAS systems had more success which indicates the integral was not as hard to
solve. As Rubi needed more steps to solve the integral, the solved percentage decreased for
most CAS systems which indicates the integral is becoming harder to solve.
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1.6 Solved integrals histogram based on leaf
size of result

The following shows the distribution of solved integrals for each CAS system based on
leaf size of the antiderivatives produced by each CAS. It shows that most integrals solved
produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20
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1.7 Solved integrals histogram based on CPU

time used

The following shows the distribution of solved integrals for each CAS system based on CPU
time used in seconds. The bin size used is 0.1 second.

Histogram showing distribution of solved integrals
based on CPU time used with 0.1 second bin width
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1.8 Leaf size vs. CPU

14

time used

The following shows the relation between the CPU time used to solve an integral and the

leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in the
timing to start the integration due to overhead of starting a new process each time. This
should also be taken into account when looking at the timing of these three CAS systems.
Direct calls not using sagemath would result in faster timings, but current implementation
uses sagemath as this makes testing much easier to do.
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1.9 list of integrals with no known antideriva-
tive

{45, Bh[10}[14}[15} 34} 85} |42} 43} |47, |48, [52} 53, [57] [58, [62, 63}

1.10 List of integrals solved by CAS but has
no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Mupad {}

1.11 list of integrals solved by CAS but failed
verification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not necessarily mean that the anti-derivative
is wrong as additional methods of verification might be needed, or more time is needed
(3 minutes time limit was used). These integrals are listed here to make it possible to do
further investigation to determine why the result could not be verified.

Rubi {}

Mathematica {{44}[45][49}[50}[59}

Maple {}

Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.
Sympy Verification phase not currently implemented.
Giac Verification phase not currently implemented.

Mupad Verification phase not currently implemented.
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1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call completed from the time before the call was
made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an F grade. The time used by failed
integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not verified
could still be correct, but further investigation is needed on those integrals. These integrals
were marked in the summary table below and also in each integral separate section so they
are easy to identify and locate.

1.14 Important notes about some of the re-
sults

Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what would
result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about 2
percent. This percentage can be higher or lower depending on the specific input test file.

Such integrals can be identified by looking at the output of the integration in each section
for Maxima. The exception message will indicate the cause of error.
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Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

& J

SageMath automatic loading of Maxima abs_integrate was found to cause some problems.
So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib ‘
‘ maxima_lib.set('extra_definite_integration_methods', '[]') ‘
L maxima_lib.set('extra_integration_methods', '[]') J

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-diffdrent-

[from-using-maxima/| for reference.

Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for this
purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative was deter-
mined using the following function, thanks to user slelievre at https://ask.sagemath]|
lorg/question/57123/could-we-have-a-leaf count-function-in-base-sagemath/|

def tree_size(expr):
Ry
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)

expr = SR(expr)



https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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X, aa = expr.operator(), expr.operands|() ‘
if x is None: ‘
return 1 |
else: |
return 1 + sum(tree_size(a) for a in aa) |

For Sympy, which was called directly from Python, the following code was used to obtain
the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count_ ops(anti))

except Exception as ee:
leafCount =1

Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post
processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future, when
grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2
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The following diagram gives a high level view of the current test build system.

Sam Blake test file

Test files from Albert [ Maple script + grading+ verification r_’. >
Rich Rubi web site

Waldek Hebisch
test file

Design of the test system
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One record (line) per one integral result. The line is CSV comma’separated. This is description of each record

integer, the problem number.

integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
integer. Leaf size of result.

integer. Leaf size of the optimal antiderivative.

number. CPU time used to solve this integral. 0 if failed.

string. The integral in Latex format

string. The input used in CAS own syntax.

string. The result (antiderivative) produced by CAS in Latex format

. string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax.

12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. Small string description of why the grade was given.

14. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

WoONOUMEWN PR

@~

The following fields are present only in Rubi Table file

15. integer. Number of steps used.

16. integer. Number of rules used.

17. integer. Integrand leaf size.

18. real number. Ratio. Field 16 over field 17

19. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M, Abbasi
20. String. The optimal antiderivative in Mathematica syntx Designvsdx

So

©
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CHAPTER 2
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2.1 List of integrals sorted by grade for each

CAS
Rubi . . . . e e 22
Mma . . . . e e 27
Maple . . . . . e e e 23]
Fricas . . . . . . e e e e e 23
Maxima . . . . . . . e e e e e
Giac . . . e
Mupad . . . . . . e e 24
SYMPY . . o o o e e e e e e e e e 24

Rubi

A grade {1,556 1819
/36| 37, B8] (39,40, 41,4, 45 i (49, 50} 51} 54,55, 56, 59,60, 61 }

B grade { }

C grade { }

F normal fail {[17}
F(-1) timedout fail { }
F(-2) exception fail { }

Mma

A grade {12368 112, 13,16 718
36137, [38}[40, |41} 46, 51} [54, |55 [561[60] }

B grade { [739} 44,5} 49} 5059, )

C grade { }

F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }
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Maple
A gr%e@@
o1

B grade { {50} {E45519)50, 64 5,66,53,60,61 )
C grade { }

F normal fail {[16}[17[36}[37,[38| }

F(-1) timedout fail { }

F(-2) exception fail { }

Fricas

A gre}{ [BH[£6} 17} [18}[19} 20} 213 [22} 23} 24} 25,26}, [27} [28} [29} [30} 31} 32} 33} 36} 37} [38} 46} 50}
51
B grade {[1}[2,3}[6} 711} [12,[13}[39} 40} 41 44} [45} (49} 54} 55} 56} 6% [60} 61] }

C grade { }

F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }

Maxima

A grade { 21,22,25,27,8, 53,5301 )
B grade { [2)03/6,1 5 T 2 5 5 5 553501 5353 5, 69, 69, 60,61 )
C grade { }

F normal fail {[16}[17}[36}[37,[38| }

F(-1) timedout fail { }

F(-2) exception fail { [T5,19,20,24,25 26/29,50,51 }
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Giac

A grade {[[819)20,21,2025 20,2729 50,5152}
B grade {[§[22,[23,28,[33 }

C grade { }

F normal fail {[1}[2}[3}[6}[7}[11}12}[L3} 16} 17} 36}[37) 38} 39} 40} 41, 44} 45} 46} 49} 50} 51} 54} 5}
[564[59} 60} 61] }

F(-1) timedout fail { }
F(-2) exception fail { }

Mupad

A grade { }

B grade { (5[0 [7 1515 20 28,2520 2930, BT }
C grade { }

F normal fail { }

F(-1) timedout fail {[1}2[6} 7 (L1} [12}[13} 21} 22}[23}[27}[28,[32, 33} 36} 37} 38} |39} 40} |44} 45, {46,
[49}[50} 51} 54, 55} 56,59} 60} 6 1 }

F(-2) exception fail { }

Sympy

A grade { F)I5/[3,202425,2629,50,51 )
B grade {}

C grade { }

F normal fail {[1,2}[3}6}[7} LT} 12}[13}[16}[17, 21} [22, 23} 27} 28} 82} 83} 36} [37) [38, [3%, |0} [T} 44}
[45} 46,49} 50} 51} 54} 55} 56} 59 }

F(-1) timedout fail { }
F(-2) exception fail { }

©
[=2)
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2.2 Detailed conclusion table per each inte-
gral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed time

is in seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is

given as F(-2) if the failure was due to an exception being raised, which could indicate a

bug in the system. If the failure was due to integral not being evaluated within the time

limit, then it is given as F.

antiderivative leaf size

optimal antiderivative leaf size’
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 106 106 106 125 243 286 0 0 0

N.S. 1 1.00 1.00 1.18 2.29 2.70 0.00 0.00 0.00
time (sec) N/A 0.183 0.013 0.490 0.600 0.280 0.000 0.000 0.000

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 7 7 7 103 163 200 0 0 0

N.S. 1 1.00 1.00 1.34 2.12 2.60 0.00 0.00 0.00
time (sec) N/A 0.166 0.009 0429 0.682 0.259 0.000 0.000 0.000

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A B B F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 54 54 54 78 92 122 0 0 129
N.S. 1 1.00 1.00 1.44 1.70 2.26 0.00 0.00 2.39

time (sec) N/A 0.095 0.006 0.438 0.397 0.242 0.000 0.000 3.346
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 10 10 12 10 12 12 8 12 12
N.S. 1 1.00 1.20 1.00 1.20 1.20 0.80 1.20 1.20
time (sec) N/A 0.018 1.555  0.240 0.446  0.253 0.315 0.340 3.237
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 10 10 12 10 12 12 10 12 12
N.S. 1 1.00 1.20 1.00 1.20 1.20 1.00 1.20 1.20
time (sec) N/A 0.018 2.420 0.205 0.452  0.237 0.281 0.337 3.065
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 98 98 115 133 639 225 0 0 0
N.S. 1 1.00 1.17 1.36 6.52 2.30 0.00 0.00 0.00
time (sec) N/A 0.198 0.686 0.632 0.397 0.256  0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 73 73 160 108 257 144 0 0 0
N.S. 1 1.00 2.19 1.48 3.52 1.97 0.00 0.00 0.00
time (sec) N/A 0.146 5.051  0.550 0.631 0.247  0.000 0.000 0.000
Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 30 30 43 34 214 38 41 162 35
N.S. 1 1.00 1.43 1.13 7.13 1.27 1.37 5.40 1.17
time (sec) N/A 0.031 0.146  0.459 0.524 0.251 0.216 0.604 0.163
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Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 12 12 14 12 243 14 10 14 14
N.S. 1 1.00 1.17 1.00 20.25 1.17 0.83 1.17 1.17
time (sec) N/A 0.034 3.216 0.339 0.956 0.242 0.309 0.633 3.566
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 12 12 14 12 250 14 12 14 14
N.S. 1 1.00 1.17 1.00 20.83 1.17 1.00 1.17 1.17
time (sec) N/A 0.035 2.442 0.311 0.447  0.237 0.287 0.671 2.928
Problem 11 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 205 205 370 251 1205 344 0 0 0
N.S. 1 1.00 1.80 1.22 5.88 1.68 0.00 0.00 0.00
time (sec) N/A 0.358 6.536  0.355 0.471 0.274 0.000 0.000 0.000
Problem 12 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 128 128 172 180 736 240 0 0 0
N.S. 1 1.00 1.34 1.41 5.75 1.88 0.00 0.00 0.00
time (sec) N/A 0.223 2.281 0.299 0.659  0.261 0.000 0.000 0.000
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 90 90 171 122 386 146 0 0 0
N.S. 1 1.00 1.90 1.36 4.29 1.62 0.00 0.00 0.00
time (sec) N/A 0.136 4.577 0.271 0.783  0.257 0.000 0.000 0.000
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Problem 14 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 12 12 14 12 534 14 10 14 14
N.S. 1 1.00 1.17 1.00 44.50 1.17 0.83 1.17 1.17
time (sec) N/A 0.032 4854 0.174 0913 0242 0.334 0921 3.176
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 12 12 14 12 536 14 12 14 14
N.S. 1 1.00 1.17 1.00 44.67 1.17 1.00 1.17 1.17
time (sec) N/A 0.035 2.584 0.188 0.713  0.242 0.284 0.962 2.826
Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F A F F B
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 18 18 18 0 0 16 0 0 50
N.S. 1 1.00 1.00 0.00 0.00 0.89 0.00 0.00 2.78
time (sec) N/A 3.196 1.811 0.000 0.000 0.262 0.000 0.000 3.610
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A F A F F A F F B
verified N/A N/A  Yes N/A TBD TBD TBD TBD TBD
size 17 0 17 0 0 15 0 0 45
N.S. 1 0.00 1.00 0.00 0.00 0.88 0.00 0.00 2.65
time (sec) N/A 0.000 0.916 0.000 0.000 0.250 0.000 0.000 5.453
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 189 189 278 170 0 164 258 188 423
N.S. 1 1.00 1.47 0.90 0.00 0.87 1.37 0.99 2.24
time (sec) N/A 0.217 0.802 0.674 0.000 0.255 0.263 0.382 4.118
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Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 137 137 178 108 0 105 165 119 241
N.S. 1 1.00 1.30 0.79 0.00 0.77 1.20 0.87 1.76
time (sec) N/A 0.137 0.493 0.520 0.000 0.251 0.190 0.359 3.706
Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 84 84 96 50 0 55 92 62 105
N.S. 1 1.00 1.14 0.60 0.00 0.65 1.10 0.74 1.25
time (sec) N/A 0.059 0.741 0.471 0.000 0.243 0.148 0.353  3.446
Problem 21 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 161 161 166 65 112 51 0 138 0
N.S. 1 1.00 1.03 0.40 0.70 0.32 0.00 0.86 0.00
time (sec) N/A 0.316 0.610 0.601 0.282  0.252 0.000 0.371 0.000
Problem 22 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 168 168 224 96 119 83 0 1013 0
N.S. 1 1.00 1.33 0.57 0.71 0.49 0.00 6.03 0.00
time (sec) N/A 0.280 0.767  0.508 0.585  0.259 0.000 2.299 0.000
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 227 227 285 216 158 130 0 532 0
N.S. 1 1.00 1.26 0.95 0.70 0.57 0.00 2.34 0.00
time (sec) N/A 0.376 1.000 0.569 0.595  0.250 0.000 0.442 0.000
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Problem 24 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 270 270 473 283 0 267 665 368 289
N.S. 1 1.00 1.75 1.05 0.00 0.99 2.46 1.36 1.07
time (sec) N/A 0.334 2.541 0.746 0.000 0.251 0.415 0.434 4.301
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 202 202 282 173 0 163 418 217 183
N.S. 1 1.00  1.40 0.86 0.00 0.81 2.07 1.07 0.91
time (sec) N/A 0.235 1.612 0.780 0.000 0.245 0.329 0.449 3.651
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 151 151 130 82 0 79 226 101 103
N.S. 1 1.00 0.86 0.54 0.00 0.52 1.50 0.67 0.68
time (sec) N/A 0.185 1.070 0.801 0.000 0.248 0.258 0.416 3.130
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 305 305 211 114 194 84 0 404 0
N.S. 1 1.00 0.69 0.37 0.64 0.28 0.00 1.32 0.00
time (sec) N/A 0.941 0.848 0.871 0.304 0.244 0.000 0.417 0.000
Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 436 436 467 175 211 142 0 1967 0
N.S. 1 1.00 1.07 0.40 0.48 0.33 0.00 4.51 0.00
time (sec) N/A 0.828 1.672 0.892 0.480 0.278 0.000 11.298 0.000
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Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 396 396 667 396 0 370 945 548 411
N.S. 1 1.00 1.68 1.00 0.00 0.93 2.39 1.38 1.04
time (sec) N/A 0.466 3.764 1.209 0.000 0.245 0.538 0.580 4.249
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 294 294 405 238 0 221 588 315 263
N.S. 1 1.00 1.38 0.81 0.00 0.75 2.00 1.07 0.89
time (sec) N/A 0.339 2.736 1.082 0.000 0.248 0.504 0.619 3.949
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 209 209 205 114 0 105 311 142 146
N.S. 1 1.00 0.98 0.55 0.00 0.50 1.49 0.68 0.70
time (sec) N/A 0.282 1.516 0.884 0.000 0.246 0.343 0.559 3.940
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 449 449 336 163 276 117 0 810 0
N.S. 1 1.00 0.75 0.36 0.61 0.26 0.00 1.80 0.00
time (sec) N/A 2.598 1.137 0.934 0.315 0.255 0.000 0.584 0.000
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 712 712 833 254 297 197 0 2915 0
N.S. 1 1.00 1.17 0.36 0.42 0.28 0.00 4.09 0.00
time (sec) N/A 2.118 2.853 1.063 0.431 0.247  0.000 30.478 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 23 23 25 21 520 115 51 23 24
N.S. 1 1.00 1.09 0.91 22.61 5.00 2.22 1.00 1.04
time (sec) N/A 0.058 42.842 0.192 1.833 0250 5.317 0.641 3.372
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 21 21 23 19 79 34 29 21 22
N.S. 1 1.00 1.10 0.90 3.76 1.62 1.38 1.00 1.05
time (sec) N/A 0.033 9.865 0.163 0.500 0.242 2.400 0.357 3.337
Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F A F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 98 98 133 0 0 85 0 0 0
N.S. 1 1.00 1.36 0.00 0.00 0.87 0.00 0.00 0.00
time (sec) N/A 0.147 1.771  0.000 0.000  0.085 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F A F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 171 171 192 0 0 144 0 0 0
N.S. 1 1.00 1.12 0.00 0.00 0.84 0.00 0.00 0.00
time (sec) N/A 0.229 4.489 0.000 0.000  0.087 0.000 0.000 0.000
Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F A F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 251 251 269 0 0 198 0 0 0
N.S. 1 1.00 1.07 0.00 0.00 0.79 0.00 0.00 0.00
time (sec) N/A 0.291 13.029 0.000 0.000  0.087 0.000 0.000 0.000
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Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 152 152 342 500 672 500 0 0 0
N.S. 1 1.00 2.25 3.29 4.42 3.29 0.00 0.00 0.00
time (sec) N/A 0.292 0.146 0.641 0.715 0.274 0.000 0.000 0.000
Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 115 115 191 314 373 317 0 0 0
N.S. 1 1.00 1.66 2.73 3.24 2.76 0.00 0.00 0.00
time (sec) N/A 0.242 0.080 0.583 0.520  0.261  0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 84 84 87 143 130 160 0 0 161
N.S. 1 1.00 1.04 1.70 1.55 1.90 0.00 0.00 1.92
time (sec) N/A 0.141 0.013 0.547 0.377  0.260 0.000 0.000 3.597
Problem 42 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 18 18 20 18 86 20 15 20 20
N.S. 1 1.00 1.11 1.00 4.78 1.11 0.83 1.11 1.11
time (sec) N/A 0.033 1.914 0.217 0.440 0.243 0.663 0.389 3.534
Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 18 18 20 18 142 31 17 20 20
N.S. 1 1.00 1.11 1.00 7.89 1.72 0.94 1.11 1.11
time (sec) N/A 0.030 5.096 0.220 0.463  0.242 2.494 4.371 3.676
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Problem 44 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B B B F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 300 300 1337 952 2525 759 0 0 0
N.S. 1 1.00  4.46 3.17 8.42 2.53 0.00 0.00 0.00
time (sec) N/A 0.595 7.326 1.603 1.726  0.276  0.000 0.000 0.000
Problem 45 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B B B F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 229 229 649 575 1263 450 0 0 0
N.S. 1 1.00 2.83 2.51 5.52 1.97 0.00 0.00 0.00
time (sec) N/A 0.438 6.833 1.389 0912 0.264 0.000 0.000 0.000
Problem 46 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 136 136 200 238 527 219 0 0 0
N.S. 1 1.00 1.47 1.75 3.88 1.61 0.00 0.00 0.00
time (sec) N/A 0.197 7.410 1.308 0.409  0.258 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 491 36 17 22 22
N.S. 1 1.00 1.10 1.00 24.55 1.80 0.85 1.10 1.10
time (sec) N/A 0.061 19.689 0.366  0.827 0.252 1.091 0.565 4.172
Problem 48 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A  N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 609 47 19 22 22
N.S. 1 1.00 1.10 1.00 30.45 2.35 0.95 1.10 1.10
time (sec) N/A 0.052 14.033 0.388 1.683  0.2564 2.107 15.426 3.644
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Problem 49 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B B B F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 612 612 2594 1930 6861 1177 0 0 0
N.S. 1 1.00 4.24 3.15 11.21 1.92 0.00 0.00 0.00
time (sec) N/A 1.118 7.568 1.210 10.883 0.268 0.000 0.000 0.000
Problem 50 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B B A F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 436 436 1846 1138 3407 688 0 0 0
N.S. 1 1.00 4.23 2.61 7.81 1.58 0.00 0.00 0.00
time (sec) N/A 0.726 7.164 1.058 1.972 0.290 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 277 277 277 493 1319 327 0 0 0
N.S. 1 1.00 1.00 1.78 4.76 1.18 0.00 0.00 0.00
time (sec) N/A 0.368 8.323 0.915 0.670  0.266  0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 1935 52 17 22 22
N.S. 1 1.00 1.10 1.00 96.75 2.60 0.85 1.10 1.10
time (sec) N/A 0.058 14.685 0.621 3.085 0.251 1330 1.075 3.911
Problem 53 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A  N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 2194 63 19 22 22
N.S. 1 1.00 1.10 1.00 109.70 3.15 0.95 1.10 1.10
time (sec) N/A 0.060 17.927 0.760 9.084 0.253 2.439 18.056 4.929
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 243 243 297 1468 983 1183 0 0 0
N.S. 1 1.00 1.22 6.04 4.05 4.87 0.00 0.00 0.00
time (sec) N/A 0.393 1.676 0.780 0.568  0.282 0.000 0.000 0.000
Problem 55 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 181 181 236 940 715 834 0 0 0
N.S. 1 1.00 1.30 5.19 3.95 4.61 0.00 0.00 0.00
time (sec) N/A 0.323 1.426 0.693 0.553  0.272  0.000 0.000 0.000
Problem 56 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 125 125 177 462 399 527 0 0 0
N.S. 1 1.00 1.42 3.70 3.19 4.22 0.00 0.00 0.00
time (sec) N/A 0.182 1.560 0.637 0.603  0.272 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 279 27 17 22 22
N.S. 1 1.00 1.10 1.00 13.95 1.35 0.85 1.10 1.10
time (sec) N/A 0.071 2414 0.424 0.890 0.239 1.022 0.417 3.963
Problem 58 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 424 51 19 22 22
N.S. 1 1.00 1.10 1.00 21.20 2.55 0.95 1.10 1.10
time (sec) N/A 0.069 4.558 0.317 1.726  0.252 1.759 4.307 4.091
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Problem 59 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B B B F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 848 848 1724 5959 4631 2537 0 0 0
N.S. 1 1.00 2.03 7.03 5.46 2.99 0.00 0.00 0.00
time (sec) N/A 2.306 9.637 0.967 2.409  0.327 0.000 0.000 0.000
Problem 60 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 654 654 761 3901 2530 1576 0 0 0
N.S. 1 1.00 1.16 5.96 3.87 241 0.00 0.00 0.00
time (sec) N/A 1.599 7.529  0.969 1.023  0.286 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 214 214 745 2001 1156 843 0 0 0
N.S. 1 1.00 3.48 9.35 5.40 3.94 0.00 0.00 0.00
time (sec) N/A 0.302 7.889 0.862 0.705 0.268 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 1498 55 19 22 22
N.S. 1 1.00 1.10 1.00 74.90 2.75 0.95 1.10 1.10
time (sec) N/A 0.067 13.937 0.550 8.731 0.252 1.670 0.541 4.538
Problem 63 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A  N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 1977 96 20 22 22
N.S. 1 1.00 1.10 1.00 98.85 4.80 1.00 1.10 1.10
time (sec) N/A 0.065 15.452 0.652 27.223 0.248 3.181 22.558  3.988
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the leaf
number of rules
integrand size
is, the harder the integral is to solve. In this test file, problem number [11] had the largest

ratio of [.833300000000000041]

size of the integrand. Finally the ratio is also given. The larger this ratio

Table 2.1: Rubi specific breakdown of results for each integral

number of num.ber of n(Trma?lize.d integrand umber of rules
# | grade i“:é); uzﬁ;e antlfa(}r:i/jzlve leaf size integrand leaf size
1 A 6 6 1.00 10 0.600
2 A 5 5 1.00 10 0.500
3 A 4 4 1.00 8 0.500
4 | N/A 0 0 1.00 10 0.000
N/A 0 0 1.00 10 0.000
6 A 7 7 1.00 12 0.583
7 A 6 6 1.00 12 0.500
8 A 3 3 1.00 10 0.300
9 | N/A 0 0 1.00 12 0.000
N/A 0 0 1.00 12 0.000
11| A 13 10 1.00 12 0.833
12| A 9 8 1.00 12 0.667
13| A 7 1.00 10 0.700
14/ | N/A 0 0 1.00 12 0.000
N/A 0 0 1.00 12 0.000
16/| A 76 12 1.00 45 0.267
17| F 0 0 N/A 0.000 N/A
18| A 5 3 1.00 23 0.130
19| A 4 3 1.00 23 0.130
20| A 3 3 1.00 21 0.143
21 A 7 4 1.00 23 0.174
22| A 7 4 1.00 23 0.174
23| A 8 5 1.00 23 0.217
Continued on next page
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number of

number of

normalized

# | gade| s | i | ancerimive | CEO | R,
24/ A 10 3 1.00 23 0.130
25| A 8 3 1.00 23 0.130
26| A 7 3 1.00 21 0.143
27| A 21 5 1.00 23 0.217
28 | A 24 7 1.00 23 0.304
29| A 14 3 1.00 23 0.130
30| A 11 3 1.00 23 0.130
31| A 11 3 1.00 21 0.143
32| A 53 7 1.00 23 0.304
33| A 60 9 1.00 23 0.391
34| N/A 0 0 1.00 23 0.000
N/A 0 0 1.00 21 0.000
36/ A 2 2 1.00 23 0.087
37| A 4 2 1.00 23 0.087
38| A 5 2 1.00 23 0.087
39| A 8 7 1.00 18 0.389
40/ A 7 6 1.00 18 0.333
“i| A 6 5 1.00 16 0.312
N/A 0 0 1.00 18 0.000
N/A 0 0 1.00 18 0.000
44| A 15 9 1.00 20 0.450
45/ A 13 10 1.00 20 0.500
46/ A 9 7 1.00 18 0.389
47| N/A 0 0 1.00 20 0.000
N/A 0 0 1.00 20 0.000
49/ A 28 11 1.00 20 0.550
50| A 22 11 1.00 20 0.550
51| A 16 9 1.00 18 0.500
52 | N/A 0 0 1.00 20 0.000
N/A 0 0 1.00 20 0.000
54| A 6 6 1.00 20 0.300
55| A 5 5 1.00 20 0.250
56/ | A 4 4 1.00 18 0.222
57| N/A 0 0 1.00 20 0.000

Continued on next page
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number of

number of

normalized

# | gade| s | i | ancerimive | CEO | R,
N/A 0 0 1.00 20 0.000
59 A 21 9 1.00 20 0.450
60| A 18 10 1.00 20 0.500
61| A 5 5 1.00 18 0.278
62 | N/A 0 1.00 20 0.000
N/A 0 1.00 20 0.000
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3.1 [ z*tan(a + bx) dx

Optimal result . . . . . . . . . . . . e 44
Rubi [A] (verified) . . . . . . . . 44
Mathematica [A] (verified) . . . . . . . . . .. 161
Maple [A] (verified) . . . . . . ... 4
Fricas [B] (verification not implemented) . . . . . .. ... ... ... ... .. ..., 47
Sympy [F] . . o 47
Maxima [B] (verification not implemented) . . . . . . ... ... ... ... ... 48
Giac [F] . . . o o 48
Mupad [F(-1)] . . . o 43

Optimal result

Integrand size = 10, antiderivative size = 106

- A4 3 2i(a+bx) : 2 _ ,2i(a+bx)
5 izt 2Plog(1+e ) 3iz?PolyLog (2, —e )
/a: tan(a + bx) dr = e 5 + o2
3z PolyLog (3, —e(®*®2))  3i PolyLog (4, —e2(a+t2))
20° 4b

[Out] 1/4*%Ixx~4-x"3*1n(1+exp(2*I*(b*x+a)))/b+3/2*xI*x~2*polylog(2,-exp (2*I*(b*x+a)
))/b~2-3/2*x*polylog(3,-exp(2xI*(b*x+a)))/b~3-3/4*xIxpolylog(4,-exp(2*xI* (b*x
+a))) /b4

Rubi [A] (verified)

Time = 0.18 (sec) , antiderivative size = 106, normalized size of antiderivative = 1.00,
number of steps used = 6, number of rules used = 6, Bumber of rules _ 4 644 Ryles used

' integrand size
= {3800, 2221, 2611, 6744, 2320, 6724}

3i PolyLog (4, —e%(att2)) 3z PolyLog (3, —e%(att2))
3 _ ’ )
/z tan(a + bx) dr = — e _ o
N 3iz? PolyLog (2, —e%(at%))  z3]og (1 + e2(atta)) 4
2b? b 4

[In] Int[x"3*Tan[a + b*x],x]

[Out] (I/4)*x~4 - (x"3xLog[1l + E~((2*I)*(a + b*x))]1)/b + (((3*I)/2)*x"2*PolyLog[2
, "E7((2%I)*(a + b*x))])/b~2 - (3*x*PolyLogl[3, -E~((2*I)*(a + bxx))])/(2*b"
3) - (((3xI)/4)*PolyLogl[4, -E~((2*xI)*(a + b*x))])/b"4

Rule 2221
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Int [CC(F_)~((g_.)*((e_.) + (£_.)*(x_)))) " (n_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~"m/(bxfxg*n*Log[F]))*Log[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Log[l + b*x((F~(g*(e + f*x)
))°n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] & IGtQ[m, O]

Rule 2320

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]1/x, x], x, v], x]] /; Functi
on0fExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQl
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2611

Int[Log[l + (e_.)*((F_)~((c_.)*((a_.) + (b_)*(x_))))"(n_.)I1*x((f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLogl[2, (-e)*(F~(cx(a +
b*x)) ) "n]/(b*c*n*Log[F])), x] + Dist[g*(m/(bxcxn*Log[F])), Int[(f + g*x)~(m
- 1)*PolyLog[2, (-e)*(F~(cx(a + b*x)))"nl, x], x] /; FreeQ[{F, a, b, c, e,
f, g, n}, x] & GtQ[m, O]

Rule 3800

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + (£_.)*(x_)], x_Symbol] :> Simp[I
*((c + d*x)"(m + 1)/(d*(m + 1))), x] - Dist[2*I, Int[(c + d*x) mx(E~(2*I*(e
+ f*x))/(1 + E~(2%Ix(e + f*x)))), x], x] /; FreeQ[{c, d, e, f}, x] && IGtQ
[m, O]

Rule 6724

Int[PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLogln + 1, cx(a + b*x)~pl/(exp), x] /; FreeQl{a, b, c, d
, €, n, p}, x] && EqQ[bxd, axel

Rule 6744

Int[(Ce_.) + (£f_.)*(x_)) " (m_.)*PolyLogln_, (d_.)*((F_)~((c_.)*((a_.) + (b_.
)*x(x_))))~(p_.)], x_Symbol] :> Simp[(e + f*x) m*(PolyLog[n + 1, d*(F~(c*x(a
+ bxx)))"pl/ (b*cxp*Log[F1)), x] - Dist[f*(m/(bxcxp*Logl[F])), Int[(e + f*x)~
(m - 1)*PolyLogln + 1, d*(F~(c*x(a + b*x)))7pl, x], x] /; FreeQ[{F, a, b, c,
d, e, £, n, p}, x] && GtQ[m, 0]
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Rubi steps

- 4 2i(a+bzx) .3
integral = g / Ty

4 1 + e2i(atba) z
izt z3log (1 + e2i(a+bm)) 3 f z2log (1 + e2i(a+bx)) dz
=4 +
4 b b
gt 2Plog (14 €¥H) 3ig? PolyLog (2, —e®(e+to))
R b i 202
(3¢) [ zPolyLog (2, —e*(@ %)) dg
_ =
_ izt aPlog (1+e¥(*™))  3iz? PolyLog (2, —e(*tt7))
4 b - 202 _
3z PolyLog (3, —¢****%)) 3 [ PolyLog (3, —¢™'****)) do
263 253
gzt aPlog (1+ X)) 3iz? PolyLog (2, —e(*+7))
4 b " 262
3z PolyLog (3, —e(*%)) (37)Subst ( ey eZi(a—i—bw))
- 263 B At
_ gzt aPlog (1+ (™)) 3iz? PolyLog (2, —e(*+7))
4 b ' + 2h2 |
3z PolyLog (3, —e%(att2)) 3 PolyLog (4, —e(a+02))
263 AbA

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 106, normalized size of antiderivative = 1.00

| 31 1 2i(a+bx) 3iz2 PolvL 2,— 2i(a+bx)
/z?’tan(a—i—bx)dz:%_x og ( *I;e )+ iz” Poly 0g2£2 € )
3z PolyLog (3, —e2(@t%))  3iPolyLog (4, —e(@+2))

203 At

[In] Integrate[x~3*Tan[a + b*x],x]

[Out] (I/4)*x~4 - (x"3%Logl[l + E~((2*I)*(a + b*x))]1)/b + (((3%I)/2)*x"2*PolyLog[2
, "E7((2*I)*(a + b*x))])/b~2 - (3*x*PolyLog[3, -E~((2*I)*(a + b*x))])/(2*%b~
3) - (((3*I)/4)*PolyLogl[4, -E~((2*I)*(a + b*x))])/b~4
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Maple [A] (verified)

Time = 0.49 (sec) , antiderivative size = 125, normalized size of antiderivative = 1.18

method | result

izt _ 3z Lis (_e2i(bm+a)) + %a3z + 3ix2 Lig (_eZi(bm+a)) 3iat 3i Lig (_eZi(ln:+a)) 2a3 ln(ei(ba:+a)) 3 ln(e%

4 263 b3 262 264 441 bl

risch

[In] int(x"3*tan(b*x+a),x,method=_RETURNVERBOSE)

[Out] 1/4*%I*x~4-3/2*x*polylog(3,-exp(2*xI*(b*x+a)))/b~3+2*%I/b~3*a~3*x+3/2*xI*x~2%po
lylog(2,-exp(2*I*(b*x+a)))/b~2+3/2*I1/b"4*a~4-3/4*I*polylog(4,-exp (2*xI* (b*xx+
a)))/b"4-2/b~4*a"3*1n(exp (I*(b*x+a)))-x"3*1n(exp(2*xI*(b*x+a))+1)/b

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 286 vs. 2(83) = 166.

Time = 0.28 (sec) , antiderivative size = 286, normalized size of antiderivative = 2.70

/x3 tan(a + bx) dz =
3 3 2 (i tan(bz+a)—1) 3 3 2 (—t tan(bz+a)—1) .39 97 . ( 2(itan(bz+a)—1) .19
A4b'zTlog (a5 ) + 4707 log (-2t ) 4 6ib20%Lip (HLREISY +1) — 6ib?

[In] integrate(x~3*tan(b*x+a),x, algorithm="fricas")

[Out] -1/8%(4*b~3*x"3*log(-2*(I*tan(b*x + a) - 1)/(tan(b*x + a)”2 + 1)) + 4*b~3%*x
~3xlog(-2*(-I*tan(b*x + a) - 1)/(tan(b*x + a)~2 + 1)) + 6xIxb~2xx"2xdilog(2
x(Ixtan(b*x + a) - 1)/(tan(b*x + a)”™2 + 1) + 1) - 6xI*b~2*x"2xdilog(2* (-I*t
an(b*x + a) - 1)/(tan(b*x + a)~2 + 1) + 1) + 6%b*x*polylog(3, (tan(b*x + a)
~2 + 2*I*xtan(b*x + a) - 1)/(tan(b*x + a)~2 + 1)) + 6*bxxxpolylog(3, (tan(b*
X + a)”2 - 2*Ixtan(b*x + a) - 1)/(tan(b*x + a)”2 + 1)) - 3*I*polylog(4, (ta
n(bxx + a)”2 + 2*I*tan(b*x + a) - 1)/(tan(b*x + a)~2 + 1)) + 3*Ixpolylog(4,
(tan(b*x + a)~2 - 2*Ixtan(b*x + a) - 1)/(tan(b*x + a)~2 + 1)))/b~4

Sympy [F]
/ z? tan(a + bx) dz = /m3 tan (a + bz) dx

[In] integrate(x**3*tan(b*x+a),x)

[Out] Integral(x**3*tan(a + b*x), x)
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Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 243 vs. 2(83) = 166.

Time = 0.60 (sec) , antiderivative size = 243, normalized size of antiderivative = 2.29

/z?’ tan(a + bx) dx =
—3i (bx + a)* + 12i (bz + a)’a — 18i (bz + a)’a® + 12 a®log (sec (bz + a)) — 4 (—4i (bx + a)® + 9i (bz +

[In] integrate(x~3*tan(b*x+a),x, algorithm="maxima")

[Out] -1/12%(-3*I*(b*x + a)~4 + 12xIx(b*x + a)~3*a - 18*I*(b*x + a)~2%a”2 + 12*a”
3*log(sec(b*x + a)) - 4*x(-4xI*x(b*x + a)~3 + 9xIx(bxx + a)~2%a - 9xI*x(bxx +
a)*a~2)*arctan2(sin(2*xbxx + 2*a), cos(2%bxx + 2%a) + 1) - 6%x(4xI*(bxx + a)~

2 - 6xIx(bxx + a)*a + 3xIxa~2)*dilog(-e~(2xI*b*x + 2xIxa)) + 2x(4*x(b*x + a)

"3 - 9%(b*x + a)~2*a + 9x(b*x + a)*a~2)*log(cos(2xbxx + 2*a)~2 + sin(2*b*x

+ 2*%a)”2 + 2xcos(2xbxx + 2xa) + 1) + 6x(4*b*x + a)*polylog(3, -e~ (2*Ixbxx +
2xI*a)) + 12xIxpolylog(4, -e~ (2*I*b*xx + 2%I*a)))/b"4

Giac [F]
/w3 tan(a + bx) dz = /x3 tan (bz + a) dz
[In] integrate(x~3xtan(b*x+a),x, algorithm="giac")

[Out] integrate(x~3*tan(b*x + a), x)

Mupad [F(-1)]
Timed out.

/:c3 tan(a + bz) dz = /z3 tan(a + bz) dz

[In] int(x~3*tan(a + b*x),x)
[Out] int(x~3*tan(a + b*x), x)
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3.2 [ z*tan(a + bz) dx

Optimal result . . . . . . . . . . . . e 49]
Rubi [A] (verified) . . . . . . . . 49
Mathematica [A] (verified) . . . . . . . . . ... 11
Maple [A] (verified) . . . . . . ... b1l
Fricas [B] (verification not implemented) . . . . . . . ... ... ... ... ... . 3l
Sympy [F] . . o 52
Maxima [B] (verification not implemented) . . . . . . ... ... ... ... ... 52
Giac [F] . . . o o 53]
Mupad [F(-1)] . . . oo 53

Optimal result

Integrand size = 10, antiderivative size = 77

23 z%log (1 + e2ilatto)
/than(a—kbx)dx:%_ g( ; )
N iz PolyLog (2, —e%(@+%))  PolyLog (3, —e2(a+42))
b2 2b3

[Out] 1/3*%I*x~3-x"2*1n(1+exp(2*I*(b*x+a)))/b+I*x*polylog(2,-exp(2*xI*(b*x+a)))/b~2
-1/2*polylog(3,-exp (2*I*(b*x+a)))/b"3

Rubi [A] (verified)

Time = 0.17 (sec) , antiderivative size = 77, normalized size of antiderivative = 1.00, number
of steps used = 5, number of rules used = 5, Bumber of rules _ , 554 Ryles used = {3800,

' integrand size
2221, 2611, 2320, 6724}

PolyLog (3 —62i(“+b’”)) iz PolyLog (2 —e2i(a+bw))
2 _ ) )
/x tan(a + bx) dr = o + 2
z?log (1 + ei(ett2) N i3
b 3

[In] Int[x"2*Tan[a + b*x],x]

[Out] (I/3)*x"3 - (x"2xLog[1 + E~((2*xI)*(a + b*x))])/b + (I*x*PolyLog[2, -E~((2%I
)*(a + b*x))])/b~2 - PolyLogl[3, -E~((2*I)*(a + bx*x))]/(2*b~3)

Rule 2221

Int [CCCF)~((g_)*((e_.) + (£_)*(x))))"(a_)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
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[((c + dxx)"n/ (bxfxg*n*Log[F1))*Log[1 + b*((F™(g*(e + £xx)))°n/a)], x] - Di
st [d* (m/ (b*f*gxn*Log[F])), Int[(c + d*x)~(m - 1)*Log[l + bx((F~(gx(e + f*x)
))°n/a)], x1, x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] & IGtQ[m, O]

Rule 2320

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2611

Int[Log[1l + (e_.)*((F_)~((c_.)*((a_.) + (b_.)*)N"(_)I*((f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(c*x(a +
b*x))) "nl/(bxc*n*Log[F]1)), x] + Dist[g*(m/(b*c*n*Logl[F])), Int[(f + g*x)~(m
- 1)*PolyLog[2, (-e)*(F~(c*(a + bx*x)))~"nl, x], x] /; FreeQ[{F, a, b, c, e,
f, g, n}, x] & GtQ[m, O]

Rule 3800

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + (f_.)*(x_)], x_Symbol] :> Simp[I
*((c + d*x)"(m + 1)/(d*(m + 1)))’ x] - DiSt[Q*I, Int[(c + d*x) m*(E~(2%Ix*(e
+ fxx))/(1 + E~(2*I*x(e + f*x)))), x], x] /; FreeQl{c, d, e, £}, x] && IGtQ
[m, 0]

Rule 6724

Int[PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLogln + 1, cx(a + bxx)~pl/(exp), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[bxd, axe]

Rubi steps

i3 2i(a+bz) .2
integral = W9 / € T 4

3 1 + e2itatba) 4%
ir®  z?log (1 + e2i(a+bx)) 2 f zlog (1 + e2i(a+bx)) dz
= — +
3 b b
7:1:3 xz 10g (1 _+_ e2i(a+bx)) Z$ PO].yLOg (2, _62i(a+bx)) Zf PO].yLOg (2, _e2i(a+bx)) d:l,‘
= — + —_
3 b b2 b2
ird  22log (1 + 62z’(a+bac)) iz PolyLog (2, _ e2i(a+bx))
- 3 b T b2

Subst <f PolyLo§(2,—w) d.’L‘, z, eQi(a—l—bx))
- 263
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B i3 2 log (1 + 62i(a+bx)) N i PolyLog (2, _ e2i(a+bx)) PolyLog (3, _ eZi(a—i—bx))
3 b b2 2h3

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 77, normalized size of antiderivative = 1.00
23 x%log (1 + e2ilatba)
/than(a—kbx)dx:%_ g( ; )

iz PolyLog (2, —e?(*%))  PolyLog (3, —e2(e+t2))
* b? N 2b3

[In] Integrate[x~2*xTan[a + b*x],x]
[Out] (I/3)*x~3 - (x"2*Logl[l + E~((2*I)*(a + b*x))])/b + (I*x*PolyLogl[2, -E~((2*I
)*(a + b*x))])/b~2 - PolyLog[3, -E~((2*I)*(a + bx*x))]/(2*b~3)

Maple [A] (verified)

Time = 0.43 (sec) , antiderivative size = 103, normalized size of antiderivative = 1.34

method | result size

. . . 3 2 ln(QZi(bz+a)+1) iz Lig (_eZi(bz+a)) Lis (_e2i(bz+a)) 242 ln(ei(bz+a))
risch R b + 5 - 263 + 5 103

[In] int(x"2*tan(b*x+a),x,method=_RETURNVERBOSE)

[Out] 1/3*%I*x~3-2*%I/b~2%a”~2%x-4/3*%I/b~3*%a"~3-x"2*1n(exp(2*I*(b*x+a))+1)/b+I*x*poly
log(2,-exp(2xI*(b*x+a)))/b~2-1/2*polylog(3,-exp(2*xI*(b*x+a)))/b~3+2/b"3*a~2
*1n (exp (I*(b*x+a)))

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 200 vs. 2(62) = 124.

Time = 0.26 (sec) , antiderivative size = 200, normalized size of antiderivative = 2.60

/x2 tan(a + bz) dz =
2.2 2 (i tan(bz+a)—1) 2.2 2 (—i tan(bz+a)—1) . . [ 2(i tan(bz+a)—1) . :
_2b Z log <—m> +2b°x log (- tan(bo-+a) 41 > + 24 bl’LIQ(m + 1) — 21 bzLi
4 b3

[In] integrate(x~2*tan(b*x+a),x, algorithm="fricas")
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[Out] -1/4%(2xb~2*x"2xlog(-2*(I*tan(b*x + a) - 1)/(tan(b*x + a)~2 + 1)) + 2xb™2x*x
~2x1log(-2*(-I*tan(b*x + a) - 1)/(tan(b*x + a)~2 + 1)) + 2*Ixbxx*dilog(2*(I*
tan(b*x + a) - 1)/(tan(b*x + a)”2 + 1) + 1) - 2*I*b*x*dilog(2*(-I*tan(b*x +

a) - 1)/(tan(b*x + a)~2 + 1) + 1) + polylog(3, (tan(b*x + a)~2 + 2*I*tan(b

*x + a) - 1)/(tan(b*x + a)”2 + 1)) + polylog(3, (tan(b*x + a)~2 - 2xIxtan(b

*x + a) - 1)/(tan(b*x + a)"2 + 1)))/b"3

Sympy [F]
/ z?tan(a + bz) dz = /x2 tan (a + bx) dx

[In] integrate(x**2xtan(b*x+a),x)

[Out] Integral(x**2*tan(a + b*x), x)

Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 163 vs. 2(62) = 124.

Time = 0.68 (sec) , antiderivative size = 163, normalized size of antiderivative = 2.12

/x2 tan(a + bz) dz =
—2i (bx + a)® + 66 (bx + a)’a — 6i brLiy (—e?i¥+29)) — 642 log (sec (bx + a)) — 6 (—i (bz + a)” + 2i (b:

[In] integrate(x~2xtan(b*x+a),x, algorithm="maxima")

[Out] -1/6%(-2%Ix(b*x + a)~3 + 6*%I*x(b*x + a)~2*%a - 6*I*b*x*dilog(-e~(2xI*b*x + 2%
Ixa)) - 6xa~2xlog(sec(bxx + a)) - 6x(-Ix(b*x + a)~2 + 2xI*x(bxx + a)*a)*arct
an2(sin(2*xb*x + 2*a), cos(2*b*x + 2*a) + 1) + 3*x((b*x + a)~2 - 2*(b*x + a)x*
a)*log(cos(2*b*x + 2%a)~2 + sin(2*%b*x + 2%a)”~2 + 2%cos(2%b*x + 2*%a) + 1) +
3*polylog(3, -e~(2xIxbxx + 2%I*a)))/b~3



Giac [F]

/x2 tan(a + bx) dr = /x2 tan (bx + a) dz

[In] integrate(x~2*tan(b*x+a),x, algorithm="giac")

[Out] integrate(x~2*tan(b*x + a), x)

Mupad [F(-1)]
Timed out.
/x2 tan(a + bx) dx = /z2 tan(a + bz) dx

[In] int(x"2*tan(a + b*x),x)

[Out] int(x"2*tan(a + b*x), x)

53
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3.3 [ ztan(a + bz) dz

Optimal result . . . . . . . . . . . . e LYl
Rubi [A] (verified) . . . . . . . . !
Mathematica [A] (verified) . . . . . . . . . .. k%
Maple [A] (verified) . . . . . . . .. 50
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ....... bY3f
Sympy [F] . . o 56
Maxima [B] (verification not implemented) . . . . . . . . ... ... .. L. by
Giac [F] . . o o by
Mupad [B] (verification not implemented) . . . . .. ... ... ... ... ...... 57

Optimal result

Integrand size = 8, antiderivative size = 54

2 xzlog (1 + e2i(atdr) i PolyLog (2, —e2!(a+te)
/xtan(a-l—bx)dx:%_ 8 ( } ) y g(2b2 )

[Out] 1/2*%I*x"~2-x*1n(1+exp(2*I*(b*x+a)))/b+1/2xIxpolylog(2,-exp(2*I*(b*x+a)))/b~2

Rubi [A] (verified)

Time = 0.09 (sec) , antiderivative size = 54, normalized size of antiderivative = 1.00, number
_ _ 4 nhumber of rules _ —

of steps used = 4, number of rules used = 4, integrand size 0.500, Rules used = {3800,

2221, 2317, 2438}

i PolyLog (2, —e%(@tt2))  glog (1 + e%(@*t2)) 52

2p2 b T3

/xtan(a + bz) dz =

[In] Int[x*Tan[a + b*x],x]

[Out] (I/2)*x~2 - (x*Logl[l + E~((2*I)*(a + b*x))]1)/b + ((I/2)*PolyLogl[2, -E~((2*I
)*¥(a + b*x))]) /b2

Rule 2221

Int [(CCF_)~((g_I)*((e_.) + (£_.)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(bxfxg*n*Log[F]))*Logl[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(g*x(e + f*x)
))°n/a)], x1, x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2317
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Int[Logl(a_) + (b_.)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2438

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[c*d, 1]

Rule 3800

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + (£_.)*(x_)], x_Symbol] :> Simp[I
*((c + d*x)"(m + 1)/(d*(m + 1))), x] - Dist[2*I, Int[(c + d*x) m*(E~(2*xI*(e
+ f*x))/(1 + ET(2%xIx(e + f*x)))), x], x] /; FreeQl[{c, d, e, f}, x] && IGtQ
[m, 0]

Rubi steps

2 2i(a+bz)
integral = W9 / ¢ T 4

2 1 + e2ilatba) x
2t slog (L) [log (14 ¢e4) da
== - +
iz?  zlog (1+ e*letto) iSubst ( S M dz, =, e2i(a+bx)>
T2 b - 22
_ig?  zlog (1+e¥@+¥))  jPolyLog (2, —e*(*+t))
2 b 2b2

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 54, normalized size of antiderivative = 1.00

fi log (1 + e%(atb) i PolyLog (2, —e2i(a+b2)
/xtan(a—i—bx)dx:%_x g ( be ) , iPoly g(2b2 e )

[In] Integrate[x*Tan[a + b*x],x]

[Out] (I/2)*x"2 - (x*Logl[l + E~((2*I)*(a + b*x))]1)/b + ((I/2)*PolyLogl[2, -E~((2%I
)x(a + b*x))]) /b2
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Maple [A] (verified)

Time = 0.44 (sec) , antiderivative size = 78, normalized size of antiderivative = 1.44

method | result
. iz? 2iax a2 T In (eZi(l””"'“) +1) i Lig (—e2i(bm+“)) i 2a1n (e"(b’”'“))
risch 2 T5% T b + 22 2
i <ln(tan(bz+a)—i) ln(l-}—tan2 (b:c+a)) —dilog (— W) —In(tan(bz+a)—i) In (— i(tan(bz2+a)+i) ) —_ In(tan(b:
In(1+tan?(bz+a))z — 2
parts % —

[In] int(x*tan(b*x+a),x,method=_RETURNVERBOSE)

[Out] 1/2*%I*x~2+2*%I/b*a*xx+I/b~2%a~2-x*1n(exp(2*xI*(b*x+a))+1)/b+1/2xI*polylog(2,-e
xp(2xIx(b*x+a)))/b~2-2/b"2*ax1ln(exp (I*(b*x+a)))

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 122 vs. 2(41) = 82.

Time = 0.24 (sec) , antiderivative size = 122, normalized size of antiderivative = 2.26

/z tan(a + bx) dr =
2 (¢ tan(bz+a)—1) 2 (—i tan(bz+a)—1) .13 ( 2 tan(bz+a)—1) i, [ 2(=t tan(ba
B 2bz log <_ m) + 2 bz log <_ tan(bz+a)?+1 > + 1 Lip ( tan(bz+a)?+1 + 1> — 1 Lip ( tan(bz+a)

4 b2

[In] integrate(x*tan(b*x+a),x, algorithm="fricas")

[Out] -1/4%(2xb*x*log(-2*(I*tan(b*x + a) - 1)/(tan(b*x + a)~2 + 1)) + 2*b*x*log(-
2x(-Ixtan(b*x + a) - 1)/(tan(b*x + a)~2 + 1)) + Ixdilog(2x(I*tan(b*x + a) -
1)/(tan(b*x + a)”2 + 1) + 1) - Ixdilog(2*(-I*tan(b*x + a) - 1)/(tan(b*x +

a)”2 + 1) + 1))/p72

Sympy [F]
/wtan(a + bx) dz = /wtan (a + bx) dz

[In] integrate(x*tan(b*x+a),x)

[Out] Integral(x*tan(a + b*x), x)
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Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 92 vs. 2(41) = 82.

Time = 0.40 (sec) , antiderivative size = 92, normalized size of antiderivative = 1.70

/z tan(a + bz) dr =

—i b2? + 2i bx arctan (sin (2bz + 2a) , cos (2bz + 2a) + 1) + bz log (cos (2bz + 2a)” + sin (2bz + 24
- 202

[In] integrate(x*tan(b*x+a),x, algorithm="maxima")

[Out] -1/2%(-I*%b~2*xx"2 + 2*Ixbxx*arctan2(sin(2*b*x + 2*a), cos(2xbxx + 2*a) + 1)
+ bxxxlog(cos(2*b*x + 2xa)”2 + sin(2xb*x + 2%a)~2 + 2*cos(2*bxx + 2%a) + 1)
- Ixdilog(-e~(2xIxb*x + 2*Ixa)))/b~2

Giac [F]
/mtan(a + bzx)dzx = /mtan (bx + a) dx
[In] integrate(x*tan(b*x+a),x, algorithm="giac")

[Out] integrate(x*tan(b*x + a), x)

Mupad [B] (verification not implemented)

Time = 3.35 (sec) , antiderivative size = 129, normalized size of antiderivative = 2.39

/x tan(a + bx) de =

7 In (cos (bz)) + polylog(2, —e % e7022%) i — 7 In (e™*He™*2% + 1) + 2a In (e *Ze "% +1) — 7
- 202

[In] int(x*tan(a + b*x),x)

[Out] -(polylog(2, -exp(-a*2i)*exp(-b*x*2i))*1i - pixlog(exp(b*x*2i) + 1) - pix*lo
g(exp(-a*2i)*exp(-b*x*2i) + 1) + 2*a*xlog(exp(-a*2i)*exp(-b*x*2i) + 1) + pix
log(cos(b*x)) + b~2*x"2*1i - log(cos(a + b*x))*(2%a - pi) + 2xb*x*log(exp(-
a*2i)*xexp(-b*x*2i) + 1) + axb*x*2i)/(2*%b~2)



3.4 f tan(a+bx)

dx

Optimal result . . . . . . . . . . . . e
Rubi [N/A] . . o
Mathematica [N/A] . . . . . . . .
Maple [N/A] (verified) . . . . . . . . . . .
Fricas [N/A] . . . . o o
Sympy [N/A] . .
Maxima [N/A] . . . . o
Giac [N/A] .« . o
Mupad [N/A] . . . .

Optimal result

Integrand size = 10, antiderivative size = 10

/ tan(a + bz)

dr = Int(
T T

[Out] Unintegrable(tan(b*x+a)/x,x)

Rubi [N/A]
Not integrable

tan(a + bz)

)

o8

Time = 0.02 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00, number

of steps used = 0, number of rules used

/ tan(a + bx)

[In] Int[Tan[a + b*x]/x,x]

dz
T

[Out] Defer[Int] [Tan[a + b*x]/x, x]

Rubi steps

integral = /

_ / tan(a + bx)

tan(a + bx)
x

— . humber of rules
’ integrand size

dz

= 0.000, Rules used = {}

dz
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Mathematica [N/A]

Not integrable
Time = 1.55 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/ tan(ax+ bx) dr — / tan(ax+ bx) .

[In] Integrate[Tan[a + b*x]/x,x]
[Out] Integrate[Tan[a + b*x]/x, x]

Maple [N/A] (verified)

Not integrable
Time = 0.24 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00

/tan (bz + a) i

T

[In] int(tan(b*x+a)/x,x)
[Out] int(tan(b*x+a)/x,x)

Fricas [N/A]

Not integrable
Time = 0.25 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/tan(a + bx) dp — / tan (bz + a) i

T T

[In] integrate(tan(b*x+a)/x,x, algorithm="fricas")

[Out] integral(tan(b*x + a)/x, x)

Sympy [N/A]

Not integrable
Time = 0.32 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.80

/ tan(a + bx) dr — / tan (a + bx) i

T T

[In] integrate(tan(b*x+a)/x,x)

[Out] Integral(tan(a + b*x)/x, x)
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Maxima [N/A]

Not integrable
Time = 0.45 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/ tan(a + bx) dr — / tan (bz + a) i

T T

[In] integrate(tan(b*x+a)/x,x, algorithm="maxima")

[Out] integrate(tan(b*x + a)/x, x)

Giac [N/A]

Not integrable
Time = 0.34 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/tan(a + bx) dp — / tan (bz + a) i

Z T

[In] integrate(tan(b*x+a)/x,x, algorithm="giac")

[Out] integrate(tan(b*x + a)/x, x)

Mupad [N/A]

Not integrable
Time = 3.24 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/tan(a;L bx) dr — / tan(a;— bx) i

[In] int(tan(a + b*x)/x,x)
[Out] int(tan(a + b*x)/x, x)



35 f tan(a+bx) dx

$2

Optimal result . . . . . . . . . . e
Rubi [N/A] . . o

Mathematica [N/A]
Maple [N/A] (verified)

Fricas [N/A] . . . . o o
Sympy [N/A] . .
Maxima [N/A] . . .
Giac [N/A] .« . o
Mupad [N/A] . . . o o

Optimal result

Integrand size = 10, antiderivative size = 10

/ tan(a + bx)

2

[Out] Unintegrable(tan(b*x+a)/x"2,x)

Rubi [N/A]
Not integrable

61

Time = 0.02 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00, number

of steps used = 0, number of rules used = 0

/

tan(a + bx)
x2

dz

[In] Int[Tan[a + b*x]/x"2,x]

[Out] Defer[Int] [Tan[a + b*x]/x"2, x]

Rubi steps

integral = /

number of rules

’ integrand size

tan(a + bx)
)2

tan(a + bx)
2

dz

= 0.000, Rules used = {}

dz
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Mathematica [N/A]

Not integrable
Time = 2.42 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/tan(a + bx) dp — / tan(a + bx) .

2 2

[In] Integrate[Tan[a + b*x]/x"2,x]
[Out] Integrate[Tan[a + b*x]/x72, x]

Maple [N/A] (verified)

Not integrable
Time = 0.20 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00

/tan (bx + a) i

2

[In] int(tan(b*x+a)/x"2,x)
[Out] int(tan(b*x+a)/x"2,x)

Fricas [N/A]

Not integrable
Time = 0.24 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/tan(a + bx) dp — / tan (bz + a) i

2 x2

[In] integrate(tan(b*x+a)/x"2,x, algorithm="fricas")

[Out] integral(tan(b*x + a)/x"2, x)

Sympy [N/A]

Not integrable
Time = 0.28 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00

/ tan(a + bx) dr — / tan (a + bx) i

2 z2

[In] integrate(tan(b*x+a)/x**2,x)

[Out] Integral(tan(a + b*x)/x**2, x)



Maxima [N/A]

Not integrable
Time = 0.45 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/ tan(a + bx) dr — / tan (bz + a) i

T2 z2

[In] integrate(tan(b*x+a)/x"2,x, algorithm="maxima")

[Out] integrate(tan(b*x + a)/x~2, x)

Giac [N/A]

Not integrable
Time = 0.34 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/tan(a + bx) dp — / tan (bz + a) i

2 x2

[In] integrate(tan(b*x+a)/x"2,x, algorithm="giac")

[Out] integrate(tan(b*x + a)/x"2, x)

Mupad [N/A]

Not integrable
Time = 3.06 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/tan(a + bx) dr — / tan(a + bx) i

2 x2

[In] int(tan(a + b*x)/x"2,x)
[Out] int(tan(a + b*x)/x"2, x)

63
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3.6 [ z* tan*(a + bzx) dz

Optimal result . . . . . . . . . . . . e 64}
Rubi [A] (verified) . . . . . . . . 64
Mathematica [A] (verified) . . . . . . . . . .. 661
Maple [A] (verified) . . . . . . ... 67
Fricas [B] (verification not implemented) . . . . . .. ... ... ... ... .. ..., 67
Sympy [F] . . o 67
Maxima [B] (verification not implemented) . . . . . . ... ... ... ... ... 68
Giac [F] . . . o o 68}
Mupad [F(-1)] . . . o 69

Optimal result

Integrand size = 12, antiderivative size = 98

. 3 4 3 21 1 + 2i(a+bx) 3ix PolvL 27_ 2i(a+bx)
/x3tan2(a+bx)dx:—%—%+ ° og(bze )— ey ogb(3 ¢ )
3 PolyLog (3, —e%(atto)) N 23 tan(a + bx)
2b* b

[Out] -I*x"3/b-1/4*x"4+3*x"2x1n(1+exp(2*I*(b*x+a)))/b~2-3*I*x*polylog(2,-exp(2*I*
(bxx+a))) /b~3+3/2xpolylog(3,-exp(2xI*(b*x+a))) /b~ 4+x"3*tan (b*x+a) /b

Rubi [A] (verified)

Time = 0.20 (sec) , antiderivative size = 98, normalized size of antiderivative = 1.00, number
of steps used = 7, number of rules used = 7, Bumber of rules _ , 5e3 Ry jjeg ysed = {3801,

' integrand size
3800, 2221, 2611, 2320, 6724, 30}

3PolyLog (3, —e%(a+t)) 3z PolyLog (2, —e(a+t2))
3 2 _ ’ )
/x tan®(a + bx) dz = o _ .
N 3z%log (1 + e2iata)) N z3 tan(a + bx) B @ B g;_4
b? b b 4

[In] Int[x~3*Tan[a + b*x]~2,x]

[Out] ((-I)*x~3)/b - x74/4 + (3*x"2xLog[1l + E~((2*I)*(a + b*x))]1)/b~2 - ((3*I)*xx*
PolyLog[2, -E~((2*I)*(a + b*x))])/b~3 + (3*PolyLogl[3, -E~((2*I)*(a + b*x))]
)/(2%b~4) + (x~3*Tan[a + b*x])/b

Rule 30
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Int[(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]

Rule 2221

Int [(CCF_)~((g_)*((e_.) + (£_.)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)"((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(bxfxg*n*Log[F]))*Logl[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(g*x(e + f*x)
))"n/a)], x], x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2320

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQl
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2611

Int[Logl[l + (e_.)*((F_)~((c_.)*((a_.) + (b_.)*(x_))))"(n_.)1*x((f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(cx(a +
b*x))) ~“n]/(b*cxnxLog[F])), x] + Dist[gx(m/(b*c*nxLog[F])), Int[(f + g*x)~(m
- 1)*PolyLog[2, (-e)*(F~(cx(a + b*x)))"n], x], x] /; FreeQ[{F, a, b, c, e,
f, g, n}, x] & GtQ[m, O]

Rule 3800

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + (£f_.)*(x_)], x_Symbol] :> Simp[I
*((c + d*x)"(m + 1)/(d*(m + 1))), x] - Dist[2*I, Int[(c + d*x) m*x(E~(2*I*(e
+ £xx))/(1 + ET(2+I*x(e + £*x)))), x], x] /; FreeQl{c, d, e, £}, x] && IGtQ
[m, 0]

Rule 3801

Int[((c_.) + (d_.)*(x_))"(m_.)*((b_.)*tan[(e_.) + (f_.)*(x_)]1)"(n_), x_Symb
0l] :> Simp[b*(c + d*x) m*x((b*Tan[e + f*x])"(n - 1)/(f*x(n - 1))), x] + (-Di
st [bxd*(m/(fx(n - 1))), Int[(c + d*x)"(m - 1)*(bxTan[e + f*x])"(n - 1), x],
x] - Dist[b™2, Int[(c + d*x) mx(b*Tan[e + f*x])~(n - 2), x], x]) /; FreeQl[
{b, c, d, e, f}, x] && GtQ[n, 1] && GtQ[m, O]

Rule 6724

Int [PolyLog[n_, (c_.)*((a_.) + (b_)*(x_))"(p_.01/C(d_.) + (e_.)*(x)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)"pl/(exp), x] /; FreeQ[{a, b, c, d
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, e, n, p}, x] && EqQ[bxd, axe]

Rubi steps

integral =

5 3 [t bz)d
T tan(;z+bx)_ [z ang)a+ ) x—/x?’d:c

: {(atb)
izd  z* x3tan(a + bx) (Gl)f%dx

- b4 + b b
B i3t N 3z2log (1 + eZi(a—i-bw)) N z3tan(a + bz) 6 fxlog (1 4+ eZi(a-i—bx)) dz
b 4 b2 b b2
_ixd gt N 3z?log (1 + €%(@%))  3iz PolyLog (2, —e%(a+))
b 4 b2 b3
g3 tan(a + bz)  (3i) [ PolyLog (2, —e*(@+%) dy
+ +
b b3
_ izd ¢  3xz?log (1 + e2z’(a+bsc)) 3iz PolyLog (2, _ 62i(a+bm))
b i b2 B3
PolyLog(2,—x i(a-br
23 tan(a + bx) N 3Subst<f %d%%ez( +b ))
b 2pd
_ i3zt N 322 log (1 + e21’(a+bac)) 3iz PolyLog (2’ _ eZi(a+bw))
b 4 ' b2 b3
3 PolyLog (3, —62’(‘”"’””)) N z3 tan(a + br)
2b4 b

Mathematica [A] (verified)

Time = 0.69 (sec) , antiderivative size = 115, normalized size of antiderivative = 1.17

4

/m3 tan®(a + bz) dx = —%

N 20%22 ( 1i’b§ia + 3log (1 + e~2i@*2))) 4+ 6ibz PolyLog (2, —e~2/®*%2)) + 3 PolyLog (3, —e~2(a+bv))
2b4

z3 sec(a) sec(a + bz) sin(bz)
b

[In] Integrate[x~3xTan[a + bx*x]~2,x]

[Out] -1/4%x"4 + (2¥b~2xx~2*%(((2*I)*b*x)/(1 + E~((2*I)*a)) + 3*Logl[l + E~((-2*I)*
(a + b*xx))]) + (6%I)*b*x*PolyLog[2, -E~((-2*I)*(a + b*x))] + 3*PolyLogl3, -
E7((-2xI)*(a + b*x))])/(2%¥b~4) + (x~3*Sec[al*Sec[a + b*x]*Sin[b*x])/b
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Maple [A] (verified)

Time = 0.63 (sec) , antiderivative size = 133, normalized size of antiderivative = 1.36

method | result

; _az* 2iz3 _ 2ig® | Gia®z | 4ia® | 3zIn(e*®TTa)41)  3ix Lip(—e?(beta)) 3 Lig(—e?i(brta))
I'lSCh 4 + b(e2i(bm+a)+1) b + b3 + bt + b2 b3 2b4

[In] int(x"3*tan(b*x+a) 2,x,method=_RETURNVERBOSE)

[Out] -1/4%x"4+2xI*x~3/b/(exp(2*xI*(b*x+a))+1)-2%I/b*x"3+6*I/b"3*a~2*x+4*I/b"4*a~3
+3xx~2*1n (exp (2*I* (b*x+a))+1) /b"2-3*I*x*polylog(2,-exp(2*I*(b*x+a))) /b~ 3+3/
2xpolylog(3,-exp(2*xIx(b*x+a)))/b~4-6/b"4*a~2*1n(exp (I* (b*x+a)))

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 225 vs. 2(83) = 166.

Time = 0.26 (sec) , antiderivative size = 225, normalized size of antiderivative = 2.30

/z3 tan®(a + bzr) dr =

7 tan(bz+a)— —1 tan(bx+a)— . . :
bt — 4V tan (b +a) — 6o log (— IR ) — 607%0? log (IR ) — 6ibolin

[In] integrate(x~3*tan(b*x+a)~2,x, algorithm="fricas")

[Out] -1/4%(b~4%x"4 - 4xb~3*x"3*tan(b*x + a) - 6*%b~2xx"2*log(-2*(I*tan(b*x + a) -
1)/(tan(b*x + a)~2 + 1)) - 6xb~2*x"2xlog(-2*(-I*tan(b*xx + a) - 1)/(tan(b*x

+ a)"2 + 1)) - 6xIxbxx*dilog(2x(I*tan(b*x + a) - 1)/(tan(b*x + a)"2 + 1) +

1) + 6xIxb*x*dilog(2*(-I*tan(b*x + a) - 1)/(tan(b*x + a)”2 + 1) + 1) - 3%p
olylog(3, (tan(b*x + a)~2 + 2xIxtan(b*x + a) - 1)/(tan(b*x + a)~2 + 1)) - 3
*xpolylog(3, (tan(b*x + a)~2 - 2xIxtan(b*x + a) - 1)/(tan(b*x + a)~2 + 1)))/

b~4

Sympy [F]

/x3 tan®(a + br) dr = /x3 tan’ (a + bz) dz

[In] integrate(x**3*tan(b*x+a)**2,x)

[Out] Integral(x**3*tan(a + b*x)**2, x)
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Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 639 vs. 2(83) = 166.

Time = 0.40 (sec) , antiderivative size = 639, normalized size of antiderivative = 6.52

/z?’ tan®(a + bz) dz

3 ((b:):-l—a)2 cos(2 bz+2 a) 2+ (bz+a)? sin(2 bz+2 a)2+2 (bz+a)? cos(2 bz+2 a)+(bz+a) - (Cos(2 br+2a)’
cos(2 bx+2 a)?4

2 (bx + a — tan (bz + a))a® —

[In] integrate(x~3*tan(b*x+a)~2,x, algorithm="maxima")

[Out] 1/2*x(2*%(b*x + a - tan(b*x + a))*a~3 - 3*((b*x + a) " 2*cos(2xb*xx + 2*a)~2 + (
b*x + a) 2xsin(2*b*x + 2*a)”2 + 2x(b*x + a) 2xcos(2*b*x + 2*a) + (b*x + a)”
2 - (cos(2xb*x + 2*%a)~2 + sin(2¥b*x + 2%a)”~2 + 2%cos(2xb*x + 2*a) + 1)*log(
cos(2*xb*x + 2*a)~2 + sin(2xb*x + 2%a)”~2 + 2*cos(2xb*xx + 2*a) + 1) - 4*(bxx
+ a)*sin(2xbxx + 2*a))*a~2/(cos(2*b*x + 2*a)~2 + sin(2*b*x + 2*a)~2 + 2*cos
(2xb*x + 2*a) + 1) + 2x(I*x(b*x + a)~4 - 4*I*x(bxx + a) 3*a + 12x((b*x + a)~2
- 2x(b*x + a)*a + ((b*x + a)~2 - 2% (b*x + a)*a)*cos(2xb*x + 2xa) - (-I*(bx*
X + a)”2 + 2%Ix(b*x + a)*a)*sin(2*%bxx + 2*a))*arctan2(sin(2*b*x + 2*a), cos
(2%b*xx + 2%a) + 1) + (Ix(bxx + a)~4 - 4x(b*x + a) " 3*(I*a + 2) + 24*x(b*x + a
)"2*a) *cos (2xb*xx + 2*a) - 12*(b*x*cos(2*b*x + 2*a) + I*b*x*sin(2*b*x + 2*a)
+ bxx)*dilog(-e~(2xIxb*x + 2xIxa)) - 6% (I*(b*x + a)”2 - 2xIx(bxx + a)*a +
(Ix(b*x + a)~2 - 2*%I*(bxx + a)*a)*cos(2xb*x + 2xa) - ((b*x + a)~2 - 2*(b*x
+ a)*a)*sin(2*b*x + 2xa))*log(cos(2*b*x + 2%a)~2 + sin(2*b*x + 2%a)~2 + 2%*c
os(2xbxx + 2*a) + 1) - 6x(I*cos(2*b*x + 2%a) - sin(2*%b*x + 2%a) + I)*polylo
g(3, -e”(2*Ixb*x + 2xIxa)) - ((bxx + a)”4 - 4*(bxx + a)”3*(a - 2%I) - 24*Ix
(bxx + a)~2*xa)*sin(2*bxx + 2%*a))/(-4*xI*cos(2*b*x + 2*a) + 4*xsin(2%b*x + 2%*a
) - 4xI))/b~4

Giac [F]

/x3 tan®(a + br) dr = /x?’ tan (bz + a)® dz

[In] integrate(x~3*tan(b*x+a)~2,x, algorithm="giac")
[Out] integrate(x~3*tan(b*x + a)~2, x)



Mupad [F(-1)]
Timed out.

/x3 tan®(a + br) dr = /x3 tan(a + bz)’ dx

[In] int(x"3*tan(a + b*x)~2,x)
[Out] int(x"3*tan(a + b*x)~2, x)
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3.7 [ z*tan*(a + bzx) dz

Optimal result . . . . . . . . . . . e [70l
Rubi [A] (verified) . . . . . . . . .. 70
Mathematica [B] (verified) . . . . . . . . ... . 72
Maple [A] (verified) . . . . . . . . . . 72
Fricas [B] (verification not implemented) . . . . . .. ... ... ... ... ..... 73
Sympy [F] . . o o 73]
Maxima [B] (verification not implemented) . . . . . . ... ... ... ... ... 73
Giac [F] . . 74
Mupad [F(-1)] . . . o 74

Optimal result

Integrand size = 12, antiderivative size = 73

;2 3 20 log (1 + e2i(a+b:v))
2 tan®(a + bz) dz = — = — —
/ac an“(a + bz) dz 2 5t ®
i PolyLog (2, —e?(®*%)) g2 tan(a + bx)
- b T

[Out] -I*x"2/b-1/3*x"3+2*x*1n(1+exp(2*I*(b*x+a)))/b~2-I*polylog(2,-exp(2*I*(b*x+a
))) /b"3+x"2xtan (b*x+a) /b

Rubi [A] (verified)

Time = 0.15 (sec) , antiderivative size = 73, normalized size of antiderivative = 1.00, number
of steps used = 6, number of rules used = 6, Bumber of rules _ , 554 Ryles used = {3801,

' integrand size
3800, 2221, 2317, 2438, 30}

; PolyLog (2, —e2(@tb2)) 9z ]og (1 4 e2ilatb)
/9L‘2tan2(a—i-bgg)dx:_Z oy og( e )+ xog( e )
b3 b2
z?tan(a + br) B ﬁ B x_3
b b 3

[In] Int[x"2*Tan[a + b*x]~2,x]

[Out] ((-I)*x~2)/b - x73/3 + (2*xxLog[l + E~((2*I)*(a + b*x))])/b~2 - (I*PolyLogl
2, -E7((2*I)*(a + b*x))])/b~3 + (x"2*Tan[a + b*x])/b

Rule 30

Int[(x_)~"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]
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Rule 2221

Int [(CCF_)~((g_I)*((e_.) + (£_.)*(x_))))"(n_)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)"((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(bxfxg*n*Log[F]))*Logl[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(g*x(e + f*x)
))"n/a)l, x], x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2317

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°n], x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, O]

Rule 2438

Int[Logl(c_.)*((d)) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)xexx"nl/n, x] /; FreeQl[{c, d, e, n}, x] && EqQlc*d, 1]

Rule 3800

Int[((c_.) + (d_.)*(x_)) " (m_.)*tan[(e_.) + (£_.)*(x_)], x_Symbol] :> Simp[I
*((c + d*x)"(m + 1)/(d*x(m + 1))), x] - Dist[2*I, Int[(c + d*x) m*x(E~(2%I*(e
+ fxx))/(1 + E~(2*I*x(e + £f*x)))), x], x] /; FreeQl[{c, d, e, £}, x] && IGtQ
[m, 0]

Rule 3801

Int[((c_.) + (d_.)*(x_))"(m_.)*((b_.)*tan[(e_.) + (f_.)*(x_)]1)"(n_), x_Symb
0l] :> Simp[b*(c + d*x) m*x((b*Tan[e + f*x])"(n - 1)/(f*x(n - 1))), x] + (-Di
st[bxd*(m/(fx(n - 1))), Int[(c + d*x)"(m - 1)*(b*Tan[e + f*x])"(n - 1), x],
x] - Dist[b~2, Int[(c + d*x) m*(b*Tan[e + f*x])~(n - 2), x], x]) /; FreeQ[
{b, c, d, e, f}, x] && GtQ[n, 1] && GtQ[m, O]

Rubi steps
? 2
integral = tan(a +bz) 2 [ztan(a+bz)dz /rQ i
b b
_ i 2P N s tan(a+bz) | (4) [ frsansy da
b 3 b b
_i? & 2alog(1+e¥M)  tanatbr) 2 log (1+eHE) da
~Tb 3" v * b - =

iz? 2% 2zlog (1+ €*@H)  g2tan(a 4+ bx) iSubst (f W dz, z, €2i(a+bx)>
+ +

b 37 B2 b =
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ir? g3 N 2z log (14 e*(@+))  {PolyLog (2, —e%(atte)) N z? tan(a + bx)
b 3 b? b3 b
Mathematica [B] (verified)

Both result and optimal contain complex but leaf count is larger than twice the leaf count
of optimal. 160 vs. 2(73) = 146.

Time = 5.05 (sec) , antiderivative size = 160, normalized size of antiderivative = 2.19

[ tant(a+ by do = -2y Bl el D))
3 b

N ibz(m + 2arctan(cot(a))) + mlog (1 + e~2%%) + 2(bz — arctan(cot(a))) log (1 — e?(be—arctan(cot(@))) _ 7

[In] Integrate[x~2xTan[a + bxx]~2,x]

[Out] -1/3%x"3 + (x"2*Sec[a]*Sec[a + b*x]*Sin[b*x])/b + (I*b*x*(Pi + 2*ArcTan[Cot
[a]l]) + PixLogl[1l + E~((-2*%I)*b*x)] + 2x(b*x - ArcTan[Cot[a]l])*Logl[l - E~((2
*I)*(b*x - ArcTan[Cot[al]l))] - PixLog[Cos[b*x]] + 2*ArcTan[Cot[a]]*Log[Sin[

b*x - ArcTan[Cot[al]l]] - I*PolyLogl[2, E~((2*I)*(b*x - ArcTan[Cot[a]l]l))] + (
b~2*x~2*Sqrt [Csc[a] “2] *Tan[a]) /E~ (I*ArcTan[Cot[a]]))/b"3

Maple [A] (verified)

Time = 0.55 (sec) , antiderivative size = 108, normalized size of antiderivative = 1.48

method | result size

23 2%x2 2%z2 diax %2ia2 2z 1n (e2i(bz+a) +1) i Lig (—e2i(bm+a)) 4aln (ei(bm+“))
3 + b(e2i(bz+a)+1) b T b2 T 3 + b2 - b3 b3 108

risch

[In] int(x"2*tan(b*x+a)” 2,x,method=_RETURNVERBOSE)

[Out] -1/3%x"3+2%xI*x~2/b/(exp(2*I*(b*x+a))+1)-2%I/b*x"2-4*I/b"2%a*x-2%I/b"3*a~2+2
*xx*1n (exp (2+%I* (b*x+a))+1) /b"2-Ixpolylog(2,-exp (2*I* (bxx+a))) /b~ 3+4/b~3*a*1ln
(exp(I*(b*x+a)))
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Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 144 vs. 2(62) = 124.

Time = 0.25 (sec) , antiderivative size = 144, normalized size of antiderivative = 1.97
/x2 tan®(a + br) dr =

26323 — 6 b%z? tan (br + a) — 6 bz log (—%) — 6bzlog (—z(zaint(?)zgfz;;?;l)) — 3iLiy (%ﬁ;

6 b3

[In] integrate(x~2xtan(b*x+a)~2,x, algorithm="fricas")

[Out] -1/6%(2xb~3%x"3 - 6*b~2*x"2xtan(b*x + a) - 6xb*x*log(-2*(I*tan(b*x + a) - 1
)/ (tan(b*x + a)~2 + 1)) - 6*bxxxlog(-2*(-I*tan(b*x + a) - 1)/(tan(b*x + a)~

2 + 1)) - 3*Ixdilog(2*(I*tan(b*x + a) - 1)/(tan(b*x + a)~2 + 1) + 1) + 3*Ix
dilog(2*(-I*xtan(b*x + a) - 1)/(tan(b*x + a)"2 + 1) + 1))/b"3

Sympy [F]
/x2 tan®(a + br) dr = /x2 tan’ (a + bz) dz

[In] integrate(x**2*tan(b*x+a)**2,x)

[Out] Integral(x**2*tan(a + b*x)**2, x)

Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 257 vs. 2(62) = 124.

Time = 0.63 (sec) , antiderivative size = 257, normalized size of antiderivative = 3.52

/ z?tan®(a + bx) dx
_ib%2% 4+ 6 (brcos (2bz + 2a) 4 ibrsin (2bx + 2a) + bx) arctan (sin (2bx 4 2a) , cos (2bz + 2a) 4 1) + (

[In] integrate(x~2xtan(b*x+a)~2,x, algorithm="maxima")

[Out] (I*b~3*x~3 + 6*x(b*x*cos(2xb*x + 2*a) + I*b*x*sin(2*b*x + 2*a) + b*x)*arctan
2(sin(2*%b*x + 2*a), cos(2*b*x + 2%a) + 1) + (I*b~3%x~3 - 6*%b~2*x"2) *cos(2*b

*x + 2%a) - 3*%(cos(2¥bxx + 2%a) + I*sin(2%b*x + 2xa) + 1)*dilog(-e~(2*xIxb*x

+ 2%I*a)) - 3*%(Ixbxx*cos(2xbxx + 2%a) - b*x*sin(2%b*x + 2%a) + I*b*x)*log(
cos(2xb*x + 2%a)~2 + sin(2*b*x + 2%a)~2 + 2*xcos(2*%bxx + 2*xa) + 1) - (b~ 3%x"~

3 + 6xI*b"2%x"2)*sin(2%b*x + 2*a))/(-3*I*b"3*cos(2xb*x + 2*a) + 3*b~3*sin(2

*bxx + 2%a) - 3*xI*b~3)



Giac [F]

/x2 tan®(a + br) dr = /x2 tan (bz + a)® dz

[In] integrate(x~2*tan(b*x+a)~2,x, algorithm="giac")

[Out] integrate(x~2*tan(b*x + a)~2, x)

Mupad [F(-1)]
Timed out.
/xQ tan?(a + bx) dz = /ac2 tan(a + bz)® dx

[In] int(x"2*tan(a + b*x)~2,x)

[Out] int(x"2*tan(a + b*x)~2, x)
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3.8 [ ztan?(a + bz) dx

Optimal result . . . . . . . . . . e
Rubi [A] (verified) . . . . . . . .
Mathematica [A] (verified) . . . . . . . . . ..
Maple [A] (verified) . . . . . . . ..
Fricas [A] (verification not implemented) . . . . . . . ... ... ... . ... ...,
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... .
Maxima [B] (verification not implemented) . . . . . . . .. ... .. .. L.
Giac [B] (verification not implemented) . . . . . . . . ... ... ... ...
Mupad [B] (verification not implemented) . . . . . ... ... ... ... ......

Optimal result

Integrand size = 10, antiderivative size = 30

z?  log(cos(a + br))

t b
L E an(a + bx)

/xtanQ(a—i- bx)dx = —3 +

[Out] -1/2*x"2+1n(cos(b*x+a)) /b~ 2+x*tan(b*x+a)/b

Rubi [A] (verified)
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Time = 0.03 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used
3556, 30}

— g humber of rules
’ integrand size

log(cos(a +bz)) xtan(a+br) 4

/xtanz(a +bz)dz =

[In] Int[x*Tan[a + b*x]~2,x]

[Out] -1/2#%x"2 + Logl[Cos[a + b*x]]/b"2 + (x*Tan[a + b*x])/b

Rule 30

= 0.300, Rules used = {3801,

Int[(x_)~"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N

eQ[m, -1]

Rule 3556

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d

*x], x11/4, x] /; FreeQl{c, d}, x]

Rule 3801
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Int[((c_.) + (d_.)*(x_))"(m_.)*((b_.)*tan[(e_.) + (f_.)*(x_)1)"(n_), x_Symb
0l] :> Simp[b*(c + d*x) m*x((b*Tan[e + f*x])"(n - 1)/(f*x(n - 1))), x] + (-Di
st [bxd*(m/(fx(n - 1))), Int[(c + d*x)"(m - 1)*(bxTan[e + f*x])"(n - 1), x],
x] - Dist[b™2, Int[(c + d*x) mx(b*Tan[e + f*x])~(n - 2), x], x]) /; FreeQl[
{b, ¢, d, e, £}, x] && GtQ[n, 1] && GtQ[m, 0]

Rubi steps
integral = ztan(a+br)  [tan(a+bz)dr /mda:
b b
z? N log(cos(a + bz)) N z tan(a + bx)
2 b? b

Mathematica [A] (verified)

Time = 0.15 (sec) , antiderivative size = 43, normalized size of antiderivative = 1.43

2 .
/xtanQ(a + ba) do = _% N log(coséczb + bz)) N z sec(a) sec(ab-l- bz) sin(bz) N ztazl(a)

[In] Integrate[x*Tan[a + b*x]~2,x]

[Out] -1/2%x"2 + Logl[Cos[a + b*x]]/b"2 + (x*Sec[a]l*Sec[a + b*x]*Sin[b*x])/b + (x*
Tan[a])/b

Maple [A] (verified)

Time = 0.46 (sec) , antiderivative size = 34, normalized size of antiderivative = 1.13

method result size
norman w - % _ W 34
parallelrisch | — 22b? 2z ta“(”“”ﬁ”l);glrl(1+tan2 (bz+a)) 35
default —a? | (tz4a) tanGota)in(oosbata) ~atan(be +o 40
risch _962_2 _ me _ 21% i e bzﬁa)ﬂ) + 1n(e2i(b:2+a)+1) 57

[In] int(x*tan(b*x+a)~2,x,method=_RETURNVERBOSE)
[Out] x*tan(b*x+a)/b-1/2%x"2-1/2/b"2*1n(1+tan(b*x+a) "2)




(s

Fricas [A] (verification not implemented)

none

Time = 0.25 (sec) , antiderivative size = 38, normalized size of antiderivative = 1.27

b*z? — 2 bz tan (br + a) — log (W)
2 b2

/ztan2(a + bx)dz = —

[In] integrate(x*tan(b*x+a)~2,x, algorithm="fricas")

[Out] -1/2%(b~2%x"2 - 2xb*x*tan(b*x + a) - log(l/(tan(b*x + a)~2 + 1)))/b"2

Sympy [A] (verification not implemented)

Time = 0.22 (sec) , antiderivative size = 41, normalized size of antiderivative = 1.37

z? z tan (a+bzx) log (tan? (a+bxz)+1)
-5+ — forb #0
/ rtan®(a + bz) dx = 2 b 22 7

2 ton2 .
%ﬂm) otherwise

[In] integrate(x*tan(bxx+a)**2,x)

[Out] Piecewise((-x**2/2 + xxtan(a + b*x)/b - log(tan(a + b*x)**2 + 1)/(2*¥b**2),
Ne(b, 0)), (x**2xtan(a)**2/2, True))

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 214 vs. 2(28) = 56.

Time = 0.52 (sec) , antiderivative size = 214, normalized size of antiderivative = 7.13

/z tan®(a + bz) dz

(bz+a)? cos(2bz+2 a)%+(bz+a)? sin(2 bz+2 a) %42 (bz+a)? cos(2 br+2 a)+(br+a)? — <cos(2 bz+2a)?+

2 (bx + a — tan (bx + a))a - cos(2bz+2 a)?+si

- 202

[In] integrate(x*tan(b*x+a)~2,x, algorithm="maxima")

[Out] 1/2*x(2*%(b*x + a - tan(b*x + a))*a - ((b*x + a) 2xcos(2*b*x + 2*a)~2 + (b*x
+ a) " 2xsin(2*b*xx + 2+*a)”2 + 2*%(b*x + a) 2*xcos(2*b*x + 2*a) + (b*x + a)”~2 -
(cos(2*b*x + 2xa)~2 + sin(2xb*x + 2%a)~2 + 2xcos(2xb*x + 2%a) + 1)*log(cos(
2%bxx + 2%a)”2 + sin(2*b*x + 2*a)”2 + 2xcos(2*b*x + 2*a) + 1) - 4*x(b*x + a)

*3in (2%b*x + 2%a))/(cos(2xb*xx + 2+*a)~2 + sin(2*%b*xx + 2*a)~2 + 2*cos(2*b*x +

2%a) + 1))/b"2
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Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 162 vs. 2(28) = 56.

Time = 0.60 (sec) , antiderivative size = 162, normalized size of antiderivative = 5.40

/ztanz(a + bz)dz =

4 (tan(bz)? tan(a)?—2 tan(bz) tan(a)+1
b’z? tan (bz) tan (a) — b?x? + 2 bx tan (bx) + 2 bx tan (a) — log ( t(an (50 tan(e) T tan(o0) T tana) 2+1) > tan (b

2 (b? tan (bx) tan (a) — b?)

[In] integrate(x*tan(b*x+a)~2,x, algorithm="giac")

[Out] -1/2*%(b~2*x"2*tan(b*x)*tan(a) - b~2*x"2 + 2*xb*x*xtan(b*x) + 2%b*x*tan(a) - 1
og(4*(tan(b*x) "2*tan(a) "2 - 2+tan(b*x)*tan(a) + 1)/(tan(b*x) 2*tan(a)”2 + t
an(b*x)~2 + tan(a)~2 + 1))*tan(b*x)*tan(a) + log(4*(tan(b*x) 2*tan(a)~2 - 2

*xtan (b*x)*tan(a) + 1)/(tan(b*x) 2*tan(a)”2 + tan(b*x)~2 + tan(a)”"2 + 1)))/(

b~ 2*tan(b*x)*tan(a) - b~2)

Mupad [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 35, normalized size of antiderivative = 1.17

ln(tan(a+bx)2+1) _ba ta,n(a " b];) 22

2 _ 2 _r
/xtan (a+bx)dz = 7 5

[In] int(x*tan(a + b*x)~2,x)
[Out] - (log(tan(a + b*x)~2 + 1)/2 - b*xxtan(a + b*x))/b"2 - x72/2
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3.9 f tan?(a+bz) dz

T
Optimal result . . . . . . . . . . e [79]
Rubi [N/A] .« . 79
Mathematica [N/A] . . . . . . . S80I
Maple [N/A] (verified) . . . . . . . ... R0
Fricas [N/A] . . . . o o R0
Sympy [N/A] . . R0
Maxima [N/A] . . . 1]
Giac [N/A] .« . o ]l
Mupad [N/A] . . . oo &1

Optimal result

Integrand size = 12, antiderivative size = 12
2 2
/ tan?(a + bx) iz — Tnt (tan (a + bx) ’ :1:)

[Out] Unintegrable(tan(b*x+a)~2/x,x)

Rubi [N/A]
Not integrable

Time = 0.03 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00, number

_ _  humber of rules _ _
of steps used = 0, number of rules used = 0, integrand size — 0.000, Rules used = {}

2 2
/tan (a+bzx) d :/tan (a+bzx) i
T z

[In] Int[Tan[a + b*x]~2/x,x]

[Out] Defer[Int] [Tan[a + b*x]~2/x, x]

Rubi steps

2
integral = / M dz
x
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Mathematica [N/A]

Not integrable
Time = 3.22 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

2 2
/tan (ax+ bx) dm=/tan (ax-l— bx) d

[In] Integrate[Tan[a + b*x]~2/x,x]
[Out] Integrate[Tan[a + b*x]~2/x, x]

Maple [N/A] (verified)

Not integrable
Time = 0.34 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00

/ tan? (bx + a) i

T

[In] int(tan(b*x+a)~2/x,x)
[Out] int(tan(b*x+a)~2/x,x)

Fricas [N/A]

Not integrable
Time = 0.24 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/ tan?(a + bx) dp — / tan (bz + a)® i

T T

[In] integrate(tan(b*x+a)”~2/x,x, algorithm="fricas")

[Out] integral(tan(b*x + a)~2/x, x)

Sympy [N/A]

Not integrable
Time = 0.31 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.83

/ tan?(a + bx) dp — / tan? (a + bzx) i

T T

[In] integrate(tan(b*x+a)**2/x,x)

[Out] Integral(tan(a + b*x)*x2/x, x)
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Maxima [N/A]

Not integrable
Time = 0.96 (sec) , antiderivative size = 243, normalized size of antiderivative = 20.25

/tan2(a + bx) dp — / tan (bz + a)’ i

Z T

[In] integrate(tan(b*x+a)”~2/x,x, algorithm="maxima")

[Out] -(b*x*cos(2xbxx + 2%a) 2+log(x) + b*x*log(x)*sin(2*b*x + 2*a)”~2 + 2%bxx*cos
(2xb*xx + 2*a)*log(x) + bxx*xlog(x) - 2*(b~2*x*cos(2*b*x + 2%a)~2 + b~ 2*x*sin
(2xb*x + 2*%a)~2 + 2xb~2*x*cos(2%b*x + 2xa) + b~2#x)*integrate(sin(2*b*x + 2

*a) /(b™2*%x"2*cos (2*b*x + 2*a)”2 + b 2*xx"2*sin(2*b*x + 2*a) "2 + 2*xb"2*x"2*co
s(2xbxx + 2*%a) + b"2*%x"2), x) - 2*sin(2xb*x + 2%*a))/(b*x*cos(2*bxx + 2*a) "2

+ b*x*sin(2*b*x + 2*a)~2 + 2xbxx*cos(2¥b*x + 2%a) + b*x)

Giac [N/A]

Not integrable
Time = 0.63 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

T T

/ tan?(a + bx) dp — / tan (bz + a)? i

[In] integrate(tan(b*x+a)~2/x,x, algorithm="giac")

[Out] integrate(tan(b*x + a)~2/x, x)

Mupad [N/A]

Not integrable
Time = 3.57 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

2 2
/tan (a+ bzx) d :/tan(a-l-b:c) i

T T

[In] int(tan(a + b*x)~2/x,x%)
[Out] int(tan(a + b*x)~2/x, x)



3.10 [ et gy

xz

Optimal result . . . . . . . . . . . e
Rubi [N/A] . . .
Mathematica [N/A] . . . . . ...
Maple [N/A] (verified) . . . . . . . ...
Fricas [N/A] . . . . o o
Sympy [N/A] . .
Maxima [N/A] . . . . .
Giac [N/A] . . .
Mupad [N/A] . . . o

Optimal result

Integrand size = 12, antiderivative size = 12

xr2

/ tan?(a + bx) d — Int(

[Out] Unintegrable(tan(b*x+a)~2/x72,x)

Rubi [N/A]
Not integrable

tan?(a + bx)

T2

)

82

Time = 0.04 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00, number

of steps used = 0, number of rules used =

[In] Int[Tan[a + b*x]~2/x"2,x]

[Out] Defer[Int] [Tan[a + b*x]~2/x"2, x]

Rubi steps

tan®(a + b
integral = / tat e+ o%) (a2+ 7)
z

0 number of rules

> integrand size

2
/tan (a2+ bx) i :/
T

tan?(a + bx)

12

dz

= 0.000, Rules used = {}

dz



83

Mathematica [N/A]

Not integrable
Time = 2.44 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

2 2
/tan (a+ bx) dm=/tan (a+ bzx) da

x2 2

[In] Integrate[Tan[a + b*x]~2/x"2,x]
[Out] Integrate[Tan[a + b*x]~2/x72, x]

Maple [N/A] (verified)

Not integrable
Time = 0.31 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00

/ tan? (bx + a) i

xr2

[In] int(tan(b*x+a)~2/x"2,x)
[Out] int(tan(b*x+a)~2/x"2,x)

Fricas [N/A]

Not integrable
Time = 0.24 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/ tan?(a + bx) dp — / tan (bz + a)? i

2 2

[In] integrate(tan(b*x+a)~2/x"2,x, algorithm="fricas")

[Out] integral(tan(b*x + a)~2/x"2, x)

Sympy [N/A]

Not integrable
Time = 0.29 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00

/ tan?(a + bx) dp — / tan? (a + bzx) i

2 x2

[In] integrate(tan(b*x+a)**2/x**2,x)

[Out] Integral(tan(a + b*x)**2/x**2, x)
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Maxima [N/A]

Not integrable
Time = 0.45 (sec) , antiderivative size = 250, normalized size of antiderivative = 20.83

/tan2(a + bx) dp — / tan (bz + a)’ i

2 2

[In] integrate(tan(b*x+a)”~2/x"2,x, algorithm="maxima")

[Out] (b*x*cos(2*bxx + 2%a)”~2 + bkx*sin(2xb*xx + 2+%a)”~2 + 2*b*x*cos(2*b*x + 2*xa) +
bxx + 4x(b"2*x"2*cos(2*b*x + 2%a) "2 + b"2xx"2*sin(2*b*x + 2%a)”2 + 2*xb"2*x
“2xcos (2¥bxx + 2%a) + b~2*xx"2)*integrate(sin(2xb*x + 2%a)/(b~2*x"3*cos (2*b*

X + 2%a)”2 + b 2*x"3*sin(2%b*x + 2%a) 2 + 2*xb"2*x"3*cos(2*b*x + 2*a) + b"2*

x"3), x) + 2*sin(2*b*x + 2+*a))/(b*x"2*cos(2xb*x + 2*a) 2 + b*x~2*sin(2*xbx*x

+ 2%a) "2 + 2xbxx"2xcos(2xb*x + 2%a) + bxx"2)

Giac [N/A]

Not integrable
Time = 0.67 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

2 2

/ tan?(a + bx) dp — / tan (bz + a)? i

[In] integrate(tan(b*x+a)”~2/x"2,x, algorithm="giac")

[Out] integrate(tan(b*x + a)~2/x"2, x)

Mupad [N/A]

Not integrable
Time = 2.93 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

2 2
/tan (a+bzx) d :/tan(a-l-b:c) i

x2 x2

[In] int(tan(a + b*x)~2/x"2,x%)
[Out] int(tan(a + b*x)~2/x"2, x)
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3.11 [ z*tan®(a + bx) dz

Optimal result . . . . . . . . . . e 851
Rubi [A] (verified) . . . . . . . . ]5
Mathematica [A] (verified) . . . . . . . .. ... L L o 89
Maple [A] (verified) . . . . . . . .. L ]9
Fricas [B] (verification not implemented) . . . . . .. ... ... ... ........ 90
Sympy [F] . . o o 90
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Optimal result

Integrand size = 12, antiderivative size = 205

3., 3 3iz> 2 izt 3zlog (1 + e¥(atte))
/a: tan(a—l—bx)dzzﬁ-k%_f_ 3

73 log (1 + €*(@+)  3iPolyLog (2, —eX(a+))

* b + bt
3iz2 PolyLog (2, —%(*+t2)) 3z PolyLog (3, —e2(e+r))

- 2b? + b3
3i PolyLog (4, —e*(@*t))  342tan(a + bz)  x°tan®(a + bx)

" 4b* - 2b2 %

[Out] 3/2*%I*x"~2/b~2+1/2*%x"3/b-1/4*I*x~4-3*x*1n(1+exp(2*xI*(b*x+a)))/b~3+x"3*1ln(1+e
xp (2xI* (bxx+a))) /b+3/2xI*polylog(2,-exp(2*I*(b*x+a)))/b~4-3/2*I*x~2*polylog
(2,-exp(2*Ix(bxx+a)))/b~2+3/2*x*polylog(3,-exp(2*I* (bxx+a))) /b~3+3/4*I*poly
log(4,-exp(2xI*(b*x+a)))/b~4-3/2xx"2*tan(b*x+a) /b~2+1/2*x"3*tan (b*x+a) ~2/b

Rubi [A] (verified)

Time = 0.36 (sec) , antiderivative size = 205, normalized size of antiderivative = 1.00,

number of steps used = 13, number of rules used = 10, umber of rules _ () g33 Ryjes
integrand size

used = {3801, 3800, 2221, 2317, 2438, 30, 2611, 6744, 2320, 6724}

_ 3iPolyLog (2, —e*(e+bo)) N 3i PolyLog (4, —e2i(@+t2))
2b* e
3z PolyLog (3, —e?(**%))  3glog (1 + e?(a+t2))
* 2b3 N B3
3’1:.’152 POlyLOg (2, —e2i(a+bz)) 3582 tan(a + bx)
- 202 B 202
z3log (1 + e(a+t2)) N z3tan®(a + br) = 3iz? 3 b

€T
b % T T T 1

/x3 tan®(a + bx) dz
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[In] Int[x~3*Tan[a + b*x]~3,x]

[Out] (((3*I)/2)*x~2)/b~2 + x~3/(2*%b) - (I/4)*x~4 - (3*x*Log[l + E~((2*xI)*(a + bx
x))1)/b7"3 + (x"3*Log[1 + E"((2*I)*(a + b*x))])/b + (((3*I)/2)*PolyLogl[2, -E
“((2xI)*(a + b*x))])/b"4 - (((3*I)/2)*x"2%PolyLog[2, -E~((2*I)*(a + b*x))])

/b"2 + (3*x*PolyLog[3, -E~((2*I)*(a + b*x))])/(2%b~3) + (((3%I)/4)*PolyLogl

4, -E~((2xI)*x(a + b*x))])/b~4 - (3*xx"2%«Tan[a + b*x])/(2*%b"2) + (x"3*xTan[a +
bxx]~2) / (2*b)

Rule 30

Int[(x_)~"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQ[m, -1]

Rule 2221

Int [(CCF_)~((g_)*((e_.) + (£_.)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~"m/(bxfxg*n*Log[F]))*Log[1l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(g*(e + f*x)
))°n/a)], x]1, x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2317

Int[Logl(a_) + (b_.)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2320

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQu, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQl
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2438

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (=c)xexx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[cxd, 1]

Rule 2611

Int[Logll + (e_.)*((F_)~((c_.)*((a_.) + (b_.)*(x_))))"(n_.)]1*x((£f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(cx(a +

bxx))) “n]/(b*cxnxLog[F])), x] + Dist[g*(m/(bxcxn*Log[F])), Int[(f + g*x) (m
- 1)*PolyLog[2, (-e)*(F~(cx(a + b*x)))~n], x], x] /; FreeQ[{F, a, b, c, e,
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f, g, n}, x] && GtQ[m, O]

Rule 3800

Int[((c_.) + (d_.)*(x_)) " (m_.)*tan[(e_.) + (£f_.)*(x_)], x_Symbol] :> Simp[I
*((c + d*x)"(m + 1)/(d*(m + 1))), x] - Dist[2*I, Int[(c + d*x) m*x(E~(2*xI*(e
+ fxx))/(1 + E(2*xIx(e + f*x)))), x], x] /; FreeQ[{c, d, e, f}, x] && IGtQ
[m, 0]

Rule 3801

Int[((c_.) + (d_)*(x_))"(m_.)*((b_.)*tan[(e_.) + (£_.)*(x_)]1)"(n_), x_Symb
0l] :> Simp[b*(c + d*x) m*x((b*Tan[e + f*x])"(n - 1)/(f*x(n - 1))), x] + (-Di
st[bxd*(m/(fx(n - 1))), Int[(c + d*x)"(m - 1)*(b*Tan[e + f*x])~(n - 1), x],
x] - Dist[b~2, Int[(c + d*x) m*(b*Tan[e + f*x])~(n - 2), x], x]) /; FreeQ[
{b, ¢, d, e, £}, x] && GtQ[n, 1] && GtQ[m, O]

Rule 6724

Int[PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, cx(a + b*x)~pl/(e*p), x] /; FreeQl{a, b, c, d
, €, n, p}, x] && EqQ[b*d, axe]

Rule 6744

Int[((e_.) + (£_.)*(x_))"(m_.)*PolyLogln_, (d_.)*((F))"((c_.)*((a_.) + (b_.
)*(x_))))"(p_.)], x_Symbol] :> Simp[(e + f*x) m*(PolyLogln + 1, d*(F~(c*(a
+ b*x))) “pl/(b*xc*pxLog[F])), x] - Dist[f*(m/(bxc*pxLogl[F])), Int[(e + f*x)~
(m - 1)*PolyLog[n + 1, d*(F~(cx(a + bxx)))"pl, x1, x] /; FreeQ[{F, a, b, c,
d, e, £, n, p}, x] && GtQ[m, 0]

Rubi steps
3 tan? 3 [#*tan®(a + bx)d
integral = ztan’(a +be) J 2 tan*(a + br) de - /m3 tan(a + br) dz
2b 2b
_dz'  3a’tan(a+bx)  a°tan’(a + bx)
4 202 2b
+9i 62’(“""”””)303 oS [ ztan(a + bz) dz N 3 [z%dx
1 + e2i(atba) b2 2b
_ 3ia? N z® ozt N z3log (1 + e(a+bm)) _ 32%tan(a + bx)
2 26 4 b 2b2

ztan2(a + br)  (60) [ {rmeng do 3 [ 2’log (1+ %) dg
+ 2b b2 b




_ 37:1.2 IL‘3 i$4 3z log (1 + eZi(a-i—bx)) N 1173 log (1 + e2i(a+bx))

“w Tw T r T w b
_ 8ia® PolyLog (2, —€***)  3z2tan(a + br) z°tan’(a+ bx)
20 202 2
3 [log (1 + €%(@)) dz  (3¢) [z PolyLog (2, —e?(®%2)) dg
+ +
b3 b2
_ 3ia? N ® izt 3zlog (1+ eilettn)
2 2 4 b
N z3log (1 + e%(@+)  3iz? PolyLog (2, —e%(a+bo))
b | 2b2
N 3z PolyLog (3, —e%(att2)) _ 3z”tan(a+bx)  2°tan’(a+ bx)
203 2b? 2b
(3¢)Subst < S M dz, z, ezi(““’x)) 3 [ PolyLog (3, —e%(@+t2)) dz
2b* 253
_ 3ia? N izt 3zlog (1+ eilettn) N 23 log (1 + e2iett2))
22 26 4 _ b3 b
N 3i PolyLog (2, —e%(@tt2))  3iz? PolyLog (2, —e(@*t2))
T 207
N 3z PolyLog (3, —e%(atte)) B 3z%tan(a + bx)
203 2b?
2 tan®(a + bz) s (3¢)Subst (f M'L+M dz,, ezi(‘”ba”))
2% 14
3ix? N izt 3zlog (1+ eilettn)
20 2 4 b
z3log (1 + eZ(a+bo)) N 3i PolyLog (2, —e%(@+t2))
b | 2b |
3iz? PolyLog (2, —e2(a+bv)) N 3z PolyLog (3, —e%(att2))
2b? 203

N 3i PolyLog (4, —e%(atto)) _ 3z’tan(a +bx)  a°tan’(a + bx)
4 2b? 2b
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Mathematica [A] (verified)

Time = 6.54 (sec) , antiderivative size = 370, normalized size of antiderivative = 1.80

/z?’ tan®(a + bz) dz

e (2b*e gt — 4ib®(1 4 e7%*) 23 log (1 + e~ 2(e+2)) + 6b%(1 + e~%*) 22 PolyLog (2, —e~2(@)) — 6ib
B 8b*
z3 sec’(a + bx)

2b
3 csc(a) <b26_i arctan(cot(a))mZ __ cot(a) (ibz(—m—2arctan(cot(a)))—m log(1+e~212) —2(bz—arctan(cot(a))) log;(1—e2i(b”_‘“"ta“(\c/0

- 2b%/csc?(a) (cos?(a) + s

3z%sec(a)sec(a + br)sin(bz) 1 ,
- op? 4 tan(a)

[In] Integrate[x~3*Tan[a + b*x]~3,x]

[Out] ((I/8)*E~(Ix*a)*((2¥xb~4*x~4)/E~((2%I)*a) - (4*I)*b~3*(1 + E~((-2%I)*a))*x"3*
Logl[l + E((-2*I)*(a + b*x))] + 6%b~2x(1 + E~((-2%I)*a))*x"2*PolyLog[2, -E~
((-2*I)*(a + b*x))] - (6xI)*bx(1 + E~((-2*I)*a))*x*PolyLog[3, -E~((-2*I)*(a

+ b*xx))] - 3x(1 + E7((-2xI)*a))*PolyLog[4, -E~((-2*I)*(a + b*x))])*Sec[al)

/b~4 + (x"3%Sec[a + b*x]72)/(2%b) - (3*Cscl[a]*((b~"2*x~2)/E~ (I*ArcTan[Cot [a]

1) - (Cot[al*(Ixb*x*(-Pi - 2*ArcTan[Cot[a]]) - Pi*Logl[l + E~((-2*I)*bxx)] -

2% (b*x - ArcTan[Cot[a]l])*Log[l - E~((2*I)*(b*x - ArcTan[Cot[al]))] + PixLo
g[Cos[b*x]] - 2*ArcTan[Cot[al]l*Log[Sin[b*x - ArcTan[Cot[a]l]]] + I*PolyLogl[2

, ET((2*%I)*(bxx - ArcTan[Cot[al]l))]))/Sqrt[1 + Cot[a]l~2])*Sec[al)/(2¥b~4*Sq
rt[Cscla]"2*(Cos[a]™2 + Sin[a]~2)]) - (3*x"2*Sec[a]l*Sec[a + b*x]*Sin[bxx])/

(2%b~2) - (x"4xTan[al)/4

Maple [A] (verified)

Time = 0.36 (sec) , antiderivative size = 251, normalized size of antiderivative = 1.22

method | result
. 35 Li2(_e2i(bz+a)) 22 (2bxe2i(bz+a) _3i62i(b:c+a) —3i)
risch 1 . 3

2b b2 (e2z(bz+a)+1)

+ 32 _ ﬁ + 3iLi4(_e2i(bx+a)) _ 3ial _ 3ix2 Liz(_e2i(bw+c
b2 4 4pt 2b% 2b2

[In] int(x"3*tan(b*x+a)~3,x,method=_RETURNVERBOSE)

[Out] 3/2*Ixpolylog(2,-exp(2xI*(b*x+a)))/b~4+x" 2% (2*b*x*xexp (2*I* (b*x+a))-3*I*exp(
2xIx (b*xx+a))-3*I) /b~2/ (exp(2*xI* (b*x+a))+1) “2+3%I/b~2*x"2-1/4*I*x~4+3/4*I*po
lylog(4,-exp(2*I*(b*x+a)))/b"4-3/2*I/b"4*a"~4-3/2*I*x"2*polylog(2,-exp (2*I*(
bxx+a)))/b"2+6%I/b"3*a*x-2+I1/b"3%a"3*x-6/b 4*a*x1ln(exp (I*(bxx+a)))+2/b"4*a"3

*1n (exp (I*(b*x+a)))+3*I/b"4*a~2+x"3*1n (exp(2*xI* (b*x+a))+1) /b+3/2*x*polylog(
3,-exp(2xIx(b*x+a))) /b~3-3*x*1n(exp(2*I*(b*x+a))+1)/b"3
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Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 344 vs. 2(163) = 326.

Time = 0.27 (sec) , antiderivative size = 344, normalized size of antiderivative = 1.68

/ z® tan®(a + bz) dz

46323 tan (bx + a)® + 46323 — 126222 tan (bx + a) + 6 bzpolylog (3, tan(bxtﬁigg?‘;ﬁ” +a)_1> + 6 brpolylog

[In] integrate(x~3xtan(b*x+a)~3,x, algorithm="fricas")

[Out] 1/8%(4%b~3*x"3*tan(b*x + a)~2 + 4*%b~3*x"3 - 12xb~2xx"2xtan(b*x + a) + 6%b*x
xpolylog(3, (tan(b*x + a)~2 + 2*Ixtan(bxx + a) - 1)/(tan(b*x + a)~2 + 1)) +
6*bxx*xpolylog(3, (tan(b*x + a)”~2 - 2*Ixtan(b*x + a) - 1)/(tan(b*x + a)~2 +

1)) - 6%(-I*b"2xx"2 + I)*dilog(2*(Ixtan(b*x + a) - 1)/(tan(b*x + a)~2 + 1)

+ 1) - 6x(I*b"2*%x"2 - I)*dilog(2*(-I*tan(b*x + a) - 1)/(tan(b*x + a)”"2 + 1

) + 1) + 4x(b~3*%x"3 - 3*b*x)*log(-2*(I*tan(b*x + a) - 1)/(tan(b*x + a)~2 +

1)) + 4x(b~3*x"3 - 3%b*x)*log(-2*(-I*tan(b*x + a) - 1)/(tan(b*x + a)"2 + 1)

) - 3xIxpolylog(4, (tan(bxx + a)”2 + 2*Ixtan(b*x + a) - 1)/(tan(b*x + a)~2
+ 1)) + 3*%I*polylog(4, (tan(b*x + a)~2 - 2xIxtan(b*x + a) - 1)/(tan(b*x + a

)72 + 1)))/v"4

Sympy [F]
/w3 tan®(a + br) dr = /:c3 tan® (a + bz) dx

[In] integrate(x**3*tan(b*x+a)**3,x)

[Out] Integral(x**3*tan(a + b*x)#**3, x)

Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 1205 vs. 2(163) = 326.

Time = 0.47 (sec) , antiderivative size = 1205, normalized size of antiderivative = 5.88

/ 2% tan®(a + br) dr = Too large to display

[In] integrate(x~3*tan(b*x+a)~3,x, algorithm="maxima")



91

[Out] 1/2%(a"3*%(1/(sin(b*x + a)"2 - 1) - log(sin(b*x + a)~2 - 1)) - 2*(3*(b*x + a
)74 - 12+ (bxx + a)~3*a + 18*(b*x + a)”"2*a"2 + 36*a"2 - 4x(4x(b*x + a)~3 - 9
*(bxx + a)”2xa + 9*%(a”2 - 1)*(b*x + a) + (4*%(b*x + a)~3 - 9x(b*x + a)~2*xa +
9%(a"2 - 1)*(bxx + a) + 9*a)*cos(4*b*x + 4*a) + 2x(4*x(b*x + a)~3 - 9*(b*x
+ a)”2%a + 9%(a”2 - 1)*(b*x + a) + 9*a)*cos(2xb*x + 2*a) - (-4*Ix(b*x + a)~
3 + 9xIx(b*x + a)~2*%a + 9*(-I*a”2 + I)*(b*x + a) - 9*I*a)*sin(4xbxx + 4*a)
- 2% (-4xI*x(b*x + a)~3 + 9*Ix(b*xx + a)~2xa + 9*(-I*a~2 + I)*(b*x + a) - 9*Ix
a)*sin(2*xb*x + 2*a) + 9*a)*arctan2(sin(2xb*xx + 2#*a), cos(2%b*x + 2*a) + 1)
+ 3% ((b*x + a)~4 - 4*(b*x + a) 3*%a + 6x(a"2 - 2)*(b*x + a)~2 + 24*x(b*x + a)
*xa)*cos (4*b*x + 4xa) + 6x((b*x + a)~4 - 4x(bxx + a)~3*(a - I) + 6%(a”2 - 2%
Ixa - 1)*(b*x + a)~2 + 12x(I*a~2 + a)*(b*x + a) + 6*%a”~2)*cos(2xbxx + 2*a) +
6% (4x(b*x + a)~2 — 6%(b*x + a)*a + 3*a"2 + (4*(bxx + a)~2 - 6x(b*x + a)*a
+ 3*%a"2 - 3)*cos(4xbxx + 4*a) + 2x(4*x(b*x + a)”2 - 6%x(bxx + a)*a + 3*a"2 -
3)*cos(2xbxx + 2*a) + (4*I*(b*x + a)~2 - 6xIx(b*x + a)*a + 3*%I*a~2 - 3*I)x*s
in(4xb*xx + 4%a) + 2% (4xIx(b*x + a)~2 - 6*%I*(b*x + a)*a + 3*xI*a~2 - 3*I)*sin
(2xb*xx + 2*a) - 3)*dilog(-e~ (2%Ixbxx + 2*I*a)) + 2% (4*xI*(b*xx + a)~3 - 9*Ix(
b*x + a)"2xa + 9*%(I*a~2 — I)*(b*x + a) + (4*Ix(b*xx + a)~3 - 9*I*(b*x + a)~2
*a + 9k (I*a~2 - I)*(b*x + a) + 9*I*a)*cos(4*b*x + 4*a) + 2x(4xI*x(b*x + a)~3
- 9%I*(b*x + a)"2*a + 9*x(I*a"2 - I)*(b*x + a) + 9*I*a)*cos(2*b*x + 2%a) -
(Ax(b*x + a)~3 - 9%(b*xx + a)”2*a + 9*(a”2 - 1)*(b*x + a) + 9*a)*sin(4xbxx +
4xa) - 2x(4*%(bxx + a)~3 - 9x(b*xx + a)~2*%a + 9%(a"2 - 1)*x(b*x + a) + 9%a)x*s
in(2xb*x + 2*a) + 9xIxa)*log(cos(2*bxx + 2*a)~2 + sin(2*b*x + 2*a)~2 + 2xco
s(2xbxx + 2*a) + 1) - 12x(cos(4*b*x + 4*a) + 2xcos(2*b*x + 2*a) + I*sin(4xb
*x + 4*xa) + 2+Ixsin(2%b*x + 2%a) + 1)*polylog(4, -e~(2*I*b*x + 2*I*a)) + 6%
(4*Ixb*x + (4*%I*b*x + I*a)*cos(4xbxx + 4+*a) + 2% (4xI*bkx + I*a)*cos(2*b*x +
2%a) - (4xb*x + a)*sin(4xbxx + 4+*a) - 2% (4*xb*x + a)*sin(2xbxx + 2*a) + I*a
)*polylog(3, -e~(2*I*b*x + 2%I*a)) + 3*(Ix(b*x + a)~4 - 4*I*x(b*x + a)~3*a +
6% (I*xa~2 — 2*I)*x(b*x + a)~2 + 24*xI*(b*xx + a)*a)*sin(4*xb*x + 4xa) + 6*%(I*(b
*x + a)”4 + 4x(bxx + a) 3x(-I*a - 1) + 6x(I*a”2 + 2*xa - I)*(bxx + a)~2 - 12
*(a”2 - I*a)*(b*x + a) + 6xI*xa~2)*sin(2*b*x + 2*a))/(-12*xIxcos(4*b*x + 4x*a)
- 24%I*cos(2*%bxx + 2*a) + 12*xsin(4*b*x + 4*a) + 24*xsin(2xbxx + 2*a) - 12x*I

)) /"4

Giac [F]
/a:?’ tan®(a + br) dr = /x3 tan (bz + a)°® dz

[In] integrate(x~3*tan(b*x+a)~3,x, algorithm="giac")
[Out] integrate(x~3*tan(b*x + a)~3, x)



Mupad [F(-1)]
Timed out.

/x3 tan®(a + br) dr = /x3 tan(a + bx)’ dz

[In] int(x"3*tan(a + b*x)~3,x)
[Out] int(x"3*tan(a + b*x)~3, x)
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3.12 [ z*tan®(a + bx) dz

Optimal result . . . . . . . . . . e 93]
Rubi [A] (verified) . . . . . . . . 93
Mathematica [A] (verified) . . . . . . . . . .. 961
Maple [A] (verified) . . . . . . . .. 96
Fricas [B] (verification not implemented) . . . . . ... ... ... ... .. ..... 96
Sympy [F] . o o o 97
Maxima [B] (verification not implemented) . . . . . . . .. ... .. .. L. 9T
Giac [F] . . . o o 98]
Mupad [F(-1)] . . . oo 98

Optimal result

Integrand size = 12, antiderivative size = 128

2 tan® 2? _ig®  2%log(1+e*) log(cos(a + bx))
/x tan(a+ba:)dx=2—b—?+ ; _ =
iz PolyLog (2, —e%(**%))  PolyLog (3, —e2(a+42))
- b2 + 23
_ ztan(a + bx) N z? tan?(a + bzx)
b? 2b

[Out] 1/2*x~2/b-1/3*%I*x~3+x~2*1n(1+exp(2*xI*(b*x+a)))/b-1n(cos(b*x+a))/b~3-I*x*pol
ylog(2,-exp(2xI*(bxx+a)))/b~2+1/2xpolylog(3,-exp(2xI*(b*x+a)))/b~3-x*tan(b*
x+a) /b~2+1/2*x"2*tan (b*x+a) ~2/b

Rubi [A] (verified)

Time = 0.22 (sec) , antiderivative size = 128, normalized size of antiderivative = 1.00,
number of steps used = 9, number of rules used — 8, umber of rules _ ( 567 Ryles used

' integrand size
= {3801, 3556, 30, 3800, 2221, 2611, 2320, 6724}

PolyLog (3, —e(@tb7) log(cos(a + bz
/ z* tan*(a + bz) dz = (2b3 ) Lol 23 2
iz PolyLog (2, —e**%))  gtan(a + bz)
b2 b2
Plog (1+60H) | prart(atbe) | o _id
b 2b 26 3

[In] Int[x~2*Tan[a + b*x]~3,x]
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[Out] x72/(2*%b) - (I/3)*x~3 + (x"2*Logl[l + E~((2*I)*(a + b*x))])/b - Logl[Cos[a +
b*x]]1/b"3 - (I*x*PolyLogl[2, -E~((2*I)*(a + b*x))])/b~2 + PolyLog[3, -E~((2%
I)*(a + b*x))]/(2%b~3) - (x*Tan[a + b*x])/b"2 + (x"2+Tan[a + b*x]~2)/(2*b)

Rule 30

Int[(x_)~(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQ[m, -1]

Rule 2221

Int [(((F_)~((g_)*((e_.) + (£_D*(x_))))"(a_)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*x((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(bxfxg*n*Log[F]))*Log[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Log[l + b*x((F~(g*x(e + f*x)
))"n/a)], x1, x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] & IGtQ[m, 0]

Rule 2320

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2611

Int[Log[1l + (e_.)*((F_)~((c_.)*((a_.) + (b_)*(x_))))"(n_)I*x((£f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(cx(a +
b*x))) "n]/(bxc*n*Log[F])), x] + Dist[gx(m/(bxc*n*Log[F]1)), Int[(f + g*x) (m
- 1)*PolyLog[2, (-e)*(F~(cx(a + b*x)))"n], x], x] /; FreeQ[{F, a, b, c, e,
f, g, n}, x] & GtQ[m, O]

Rule 3556

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d
*x], x11/d, x] /; FreeQl{c, d}, x]

Rule 3800

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + (£f_.)*(x_)], x_Symbol] :> Simp[I
x((c + d*x)"(m + 1)/(d*(m + 1))), x] - Dist[2*I, Int[(c + d*x) m*x(E~(2*I*(e
+ £xx))/(1 + ET(2%I*x(e + £*x)))), x], x] /; FreeQl[{c, d, e, £}, x] && IGtQ
[m, 0]

Rule 3801
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Int[((c_.) + (d_.)*(x_))"(m_.)*((b_.)*tan[(e_.) + (f_.)*(x_)1)"(n_), x_Symb
0l] :> Simp[b*(c + d*x) m*x((b*Tan[e + f*x])"(n - 1)/(f*x(n - 1))), x] + (-Di
st [bxd*(m/(fx(n - 1))), Int[(c + d*x)"(m - 1)*(bxTan[e + f*x])~(n - 1), x],
x] - Dist[b™2, Int[(c + d*x) mx(b*Tan[e + f*x])~(n - 2), x], x]) /; FreeQl[
{b, ¢, d, e, £}, x] && GtQ[n, 1] && GtQ[m, 0]

Rule 6724

Int [PolyLog[n_, (c_.)*((a_.) + (b_)*(x_))"(p_.01/C(d_.) + (e_.)*(x))), x_S
ymbol] :> Simp[PolyLogln + 1, cx(a + b*x)~pl/(e*p), x] /; FreeQ[{a, b, c, d
> €, I, P}, X] && EqQ[b*d, a*e]

Rubi steps
*tan’®(a + b tan*(a + bz) d
integral = *tan*(a +bz) [ ztan’(a+ be)de —/x%an(a—l—bz) dx
2b b
_ _i2®  ztan(a+ bx) N z? tan?(a + bx) +2i/ ezi(afbx)wz ot [ tan(a + bz) dz
3 b2 2b 1 + e?i(atbe) b2
[ zdz
+ b
. l'_2 _ @ " T2 log (1 + e2i(a+bw)) _ log(cos(a + b.’IJ))
2b 3 b b3 |
_ ztan(a + bx) 4 z’tan’(a+bz) 2 [zlog(l+ e2i(a+b2)) dy
b? 2b b
_ g’ n z?log (1 + €%(@))  log(cos(a + bz)) iz PolyLog (2, —e(a+bv))
2b 3 b b3 ' b2
_ ztan(a + bz) " z2tan?(a + bx) N i [ PolyLog (2, —e%(a+5) dg
b? 2b b2
i N z?log (1 + €%(@))  Jog(cos(a + bz)) iz PolyLog (2, —eX(a+bv))
20 3 b b3 b2
PolyLog(2,—z) i(a+bx
_ ztan(a + bx) N z? tan’(a + bzx) N SUbSt<f —BSE dr, , €20t )>
b? 2b 2b3
2?2 iz®  z?log (1+ €*@H)  log(cos(a + bx)) iz PolyLog (2, —e*(a+b®))
20 3 b b3 b2

N PolyLog (3, —%(@+%)) gz tan(a + bx) N z? tan®(a + bz)

263 b2 2b
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Mathematica [A] (verified)

Time = 2.28 (sec) , antiderivative size = 172, normalized size of antiderivative = 1.34

/ z?tan®(a + bx) dx
B e~ (26%z%(2ibz + 3(1 + %) log (1 4 e~%(a+t2))) + 6ib(1 + €*2) z PolyLog (2, —e~2(@+42)) 4 3(1 + ¢2)]

[In] Integrate[x~2xTan[a + bxx]~3,x]

[Out] (((2%b~2*xx~2x((2*I)*b*x + 3*x(1 + E~((2*I)*a))*Log[l + E~((-2*I)*(a + b*x))]
) + (6%I)*bx(1 + E~((2+I)*a))*x*PolyLog[2, -E~((-2*I)*(a + b*x))] + 3*(1 +
E~((2%I)*a))*PolyLog[3, -E~((-2*I)*(a + b*x))])*Sec[al)/E~(I*a) + 6xb~2%x"2
xSec[a + bxx]~2 - 12xbxx*Sec[a]*Sec[a + b*x]*Sin[b*x] - 4*b~3xx~3*Tan[a] -
12x(Log[Cos[a + b*x]] + b*x*Tan[a]))/(12xb~3)

Maple [A] (verified)

Time = 0.30 (sec) , antiderivative size = 180, normalized size of antiderivative = 1.41

method | result

. . 3 2Z(b$e2i(bz+a) _ieQi(bz+a)_i) 242 ln(ei(bz+a)) Lia3 %ia2x 2 1n(e2i(bz+a)+1) iz Lio (_e2i(bz+a))
risch -3 B2 (2ot a) 1) - 53 33 T T T+ 5 - 52

[In] int(x"2*tan(b*x+a)”~3,x,method=_RETURNVERBOSE)

[Out] -1/3%I*x~3+2*x* (b*xx*exp(2*xI*(b*x+a))-I*xexp(2*I*(b*x+a))-I)/b"2/ (exp(2*xI*(b*
x+a))+1) "2-2/b"3*a~2*1n(exp (I* (b*x+a)) ) +4/3*I/b~3%a”~3+2*I/b~2%a " 2*x+x~2*1n(

exp (2*I*(b*x+a))+1) /b-I*x*polylog(2,-exp(2*I*(b*x+a)))/b~2+1/2*xpolylog(3,-e
xp(2%I*(b*x+a)))/b~3-1/b"3*1n(exp (2*I*(bxx+a))+1)+2/b"3*1n(exp (I*(b*x+a)))

Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 240 vs. 2(109) = 218.

Time = 0.26 (sec) , antiderivative size = 240, normalized size of antiderivative = 1.88

/w2 tan®(a + bz) dz

2022 tan (bo + 0)” + 26%% + 20 baliy (2Em0r) 1 1) — 9i by (251020 4 1) — 4bo tan (b

[In] integrate(x~2*tan(b*x+a)~3,x, algorithm="fricas")
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[Out] 1/4*%(2*%b~2*x"2*tan(b*x + a)~2 + 2*%b~2*x"2 + 2*I*b*x*dilog(2*(I*tan(b*x + a)
- 1)/(tan(b*x + a)"2 + 1) + 1) - 2*I*b*x*dilog(2*(-Ixtan(b*x + a) - 1)/(ta
n(b*x + a)”™2 + 1) + 1) - 4xbxx*tan(b*x + a) + 2*(b"2*%x"2 - 1)*log(-2*(I*tan
(bxx + a) - 1)/(tan(b*x + a)~2 + 1)) + 2*%(b"2*x"2 - 1)*log(-2*(-I*tan(b*x +
a) - 1)/(tan(b*x + a)~2 + 1)) + polylog(3, (tan(b*x + a)~2 + 2*Ixtan(b*x +
a) - 1)/(tan(b*x + a)~2 + 1)) + polylog(3, (tan(b*x + a)~2 - 2*xIxtan(b*x +
a) - 1)/(tan(b*x + a)~2 + 1)))/b"3

Sympy [F]
/m2 tan®(a + br) dr = /x2 tan® (a + bz) dz

[In] integrate(x**2*tan(b*x+a)**3,x)

[Out] Integral(x**2*tan(a + b*x)**3, x)

Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 736 vs. 2(109) = 218.

Time = 0.66 (sec) , antiderivative size = 736, normalized size of antiderivative = 5.75

/ z?tan®(a + bx) dr = Too large to display

[In] integrate(x~2xtan(b*x+a)~3,x, algorithm="maxima")

[Out] -1/2%(a"2%(1/(sin(b*x + a)~2 - 1) - log(sin(b*x + a)~2 - 1)) + 2x(2*(b*x +
a)”"3 - 6x(bxx + a)"2xa - 6%((b*x + a)~2 - 2x(b*x + a)*a + ((b*x + a)~2 - 2%
(b*x + a)*a - 1)*cos(4*bxx + 4xa) + 2x((b*x + a)~2 - 2*(b*x + a)*a - 1)*cos
(2x%bxx + 2%a) - (-Ix(b*x + a)~2 + 2xIx(b*x + a)*a + I)*sin(4xbxx + 4xa) - 2
*(-Ix(b*x + a)~2 + 2*%I*(bxx + a)*a + I)*sin(2%b*x + 2*a) - 1)*arctan2(sin(2
*b*x + 2%a), cos(2xbxx + 2*a) + 1) + 2%((b*x + a)~3 - 3x(b*x + a)~2%a - 6%b
*x - 6%a)*cos(4*xb*x + 4*a) + 4x((b*x + a)”3 - 3*(b*x + a)"2x(a - I) + 3*(b*
x + a)*(-2%I*xa - 1) - 3*a)*cos(2%bxx + 2%a) + 6%(b*x*cos(4*bxx + 4*a) + 2%Db
*x*cos (2*%b*x + 2%a) + Ixbxx*sin(4*b*x + 4*a) + 2xIxbxx*sin(2*b*x + 2%a) + b
*xx)*dilog(-e~ (2%Ixbxx + 2*%I*a)) + 3% (I*(bxx + a)~2 - 2xIx(b*x + a)*a + (Ix(
bxx + a)”2 - 2xI*(b*x + a)*a - I)*cos(4*b*x + 4*xa) + 2% (Ix(b*x + a)~2 — 2*I
*(bxx + a)*a - I)*cos(2*bxx + 2*a) - ((b*x + a)~2 - 2x(b*x + a)*a - 1)*sin(
dxbxx + 4xa) - 2% ((b*x + a)~2 - 2*%(b*x + a)*a - 1)*sin(2%b*x + 2%a) - I)x*lo
g(cos(2*b*x + 2%a)~2 + sin(2xbxx + 2%a)~2 + 2xcos(2*b*x + 2%a) + 1) + 3*(Ix
cos (4*%b*x + 4*a) + 2xIxcos(2xbxx + 2*a) - sin(4*b*x + 4*a) - 2*sin(2*b*x +
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2xa) + I)*polylog(3, -e~ (2*I*bxx + 2*I*a)) + 2*(Ix(b*x + a)~3 - 3*Ix(b*x +
a) 2xa — 6*%I*bxx — 6%I*a)*sin(4*xb*x + 4xa) + 4*(Ix(bxx + a)~3 + 3*x(b*x + a)
“2x(-I*a - 1) + 3*x(b*x + a)*x(2*%a - I) - 3*I*a)*sin(2xb*x + 2*a) - 12*a)/(-6
*I*cos (4*b*x + 4*a) - 12xIxcos(2*b*x + 2%a) + 6*ksin(4*xbxx + 4*a) + 12*sin(2
*b*x + 2%a) - 6xI))/b"3

Giac [F]

/x2 tan®(a + bx) dz = /m2 tan (bz + a)® dz

[In] integrate(x~2*tan(b*x+a)~3,x, algorithm="giac")
[Out] integrate(x~2*tan(b*x + a)~3, x)

Mupad [F(-1)]
Timed out.

/x2 tan®(a + br) dr = /a:2 tan(a + bz)® dx

[In] int(x"2*tan(a + b*x)~3,x)
[Out] int(x"2*tan(a + b*x)~3, x)
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3.13 [ ztan’(a + bz) dz

Optimal result . . . . . . . . . . . . e 9]
Rubi [A] (verified) . . . . . . . . . 99
Mathematica [A] (verified) . . . . . . . . . .. L 107
Maple [A] (verified) . . . . . . . . .. 101l
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ....... 102
Sympy [F] . . o o 102
Maxima [B] (verification not implemented) . . . . . . ... ... ... ... ... 102
Giac [F] . . . o o e 103
Mupad [F(-1)] . . . 103

Optimal result

Integrand size = 10, antiderivative size = 90

2 2i(atbz)) _ 2i(atbz)
3 i zlog (1+e ) _zPolyLog(2, e )
/xtan (a+bzx)dx = 5~ 3 + 5 o2
_ tan(a + bzx) N z tan?(a + br)
2b? 2b

[Out] 1/2%x/b-1/2%I*x"2+x*1n(1+exp(2*I*(b*x+a)))/b-1/2xIxpolylog(2,-exp(2*I* (bxx+
a)))/b~2-1/2xtan(b*x+a)/b~2+1/2*x*tan (b*x+a) ~2/b

Rubi [A] (verified)

Time = 0.14 (sec) , antiderivative size = 90, normalized size of antiderivative = 1.00, number
of steps used = 7, number of rules used = 7 number of rules _ 0.700, Rules used = {3801,

' integrand size
3554, 8, 3800, 2221, 2317, 2438}

3 _ PolyLog (2, —eQi(a+bz)) _ tan(a + bz)
/ztan (a+ bx)dx = oh3 252
zlog (1 +e¥™)  gtan’(a+bzx)  x ia?
b 2b 2b 2

[In] Int[x*Tan[a + b*x]~3,x]

[Out] x/(2%b) - (I/2)*x"2 + (xxLogl[l + E~((2*I)*(a + b*x))]1)/b - ((I/2)*PolyLogl2
, "ET((2*I)*(a + b*x))])/b"2 - Tan[a + b*x]/(2%b"2) + (x*Tan[a + b*x]~2)/(2
*b)

Rule 8
Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]
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Rule 2221

Int [CC(F_)~((g_.)*((e_.) + (£_.)*(x_)))) " (n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(bxfxg*n*Log[F]))*Log[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(g*x(e + f*x)
))"n/a)], x], x] /; FreeQ[{F, a, b, ¢, 4, e, f, g, n}, x] & IGtQ[m, 0]

Rule 2317

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°n], x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, O]

Rule 2438

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlc*d, 1]

Rule 3554

Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[b*x((b*Tan[c + d
*x])"(n - 1)/(d*(n - 1))), x] - Dist[b~2, Int[(b*Tan[c + d*x])~(n - 2), x],
x] /; FreeQ[{b, c, d}, x] & GtQ[n, 1]

Rule 3800

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + (£f_.)*(x_)], x_Symbol] :> Simp[I
x((c + d*x)"(m + 1)/(d*(m + 1))), x] - Dist[2*I, Int[(c + d*x) m*x(E~(2*I*(e
+ £xx))/(1 + ET(2%I*x(e + £*x)))), x], x] /; FreeQl{c, d, e, £}, x] && IGtQ
[m, O]

Rule 3801

Int[((c_.) + (d_.)*(x_))"(m_.)*((b_.)*tan[(e_.) + (f_.)*(x_)]1)"(n_), x_Symb
0l] :> Simp[b*(c + d*x) m*x((b*Tan[e + f*x])"(n - 1)/(f*x(n - 1))), x] + (-Di
st[bxd*(m/(fx(n - 1))), Int[(c + d*x)"(m - 1)*(bxTan[e + f*x])~(n - 1), x],
x] - Dist[b~2, Int[(c + d*x) m*(b*Tan[e + f*x])~(n - 2), x], x]) /; FreeQ[
{b, c, d, e, f}, x] && GtQ[n, 1] && GtQ[m, O]

Rubi steps

ztan’*(a+bx) [ tan’(a +bz)dz
2b 2b

__iz®  tan(a+bx) N z tan?(a + bx) N 2,/ g2ilatbz)y [1ldz

2 202 2 13 e T+

integral =

- /xtan(a + bz) dz
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z iz zlog (14 €e*(@t))  tan(a + bx) L2 tan?(a + bx) [ log (14 e*(@+2)) dg

N b 26 2b b
oz ia? N zlog (14 €2(+))  tan(q + be)
2 2 b 5
z tan®(a + bx) N iSubst ( [ loslte) gy g, 62i(a+bm)>
2b op2
oz g L@ log (1 + €%(a+42)) 4 PolyLog (2, —e2(+%)  tan(a + bz) X s tan(a + ba)
2 2 b oF2 552 -

Mathematica [A] (verified)

Time = 4.58 (sec) , antiderivative size = 171, normalized size of antiderivative = 1.90

/x tan®(a + bx) dz
__ibz(m 4 2arctan(cot(a))) 4 wlog (1 4 e72**) + 2(bx — arctan(cot(a))) log (1 — e(br—arctan(cot(@))) _ 7]

[In] Integrate[x*Tan[a + b*x]~3,x]

[Out] (Ixb*x*(Pi + 2%ArcTan[Cot[al]) + PixLog[l + E~((-2*%I)*b*x)] + 2%(b*x - ArcT

an[Cot[al])*Log[1l - E~((2*I)*(b*x - ArcTan[Cot[a]l]l))] - Pi*Log[Cos[b*x]] +

2xArcTan[Cot [a] ]*Log[Sin[b*x - ArcTan[Cot[al]l]] - I*PolyLogl[2, E~((2*I)*(b*

x - ArcTan[Cot[a]]))] + b*x*Sec[a + bxx]~2 - Sec[al*Sec[a + b*x]*Sin[b*x] -
b~2*x"2*Tan[a] + (b~2*x~2*Sqrt[Csc[al~2]*Tan[al)/E~(I*ArcTan[Cot[al])) /(2%

b~2)

Maple [A] (verified)

Time = 0.27 (sec) , antiderivative size = 122, normalized size of antiderivative = 1.36

method | result size

. ix2 2i(bz+a) _;2i(bz+a) _; ; ia2 zIn(e2i(bz+a) 1 i Lig (—e2i(bz+a) 2a In (et (bz+a)
I'lSCh _% + 2bmeb2 (ezi(sz:)_'_l)? i 21;)19: _ zb% + ( ) 2( ) ( ) 122

b 2b2 b2

[In] int(x*tan(b*x+a)~3,x,method=_RETURNVERBOSE)

[Out] -1/2%I*x"2+(2*%b*x*exp(2*I*(b*x+a))-I*exp (2*xI*(b*x+a))-I)/b~2/(exp(2*I*(bxx+
a))+1)~2-2xI/b*a*xx-I/b~2*a"2+x*1n(exp (2*I*(b*x+a))+1)/b-1/2*I*polylog(2,-ex
p(2xI*(b*x+a)))/b~2+2/b"2*a*1n(exp (I* (bxx+a)))
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Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 146 vs. 2(71) = 142.

Time = 0.26 (sec) , antiderivative size = 146, normalized size of antiderivative = 1.62

/x tan®(a + bx) dz

2btan (be + a)” + 200 log (280t ) 4 9 pylog (2Lt ) | gpy 4 T, (2L taletg
- 452

[In] integrate(x*tan(b*x+a)~3,x, algorithm="fricas")

[Out] 1/4*%(2*b*x*tan(b*x + a)~2 + 2xb*x*log(-2*(I*tan(b*x + a) - 1)/(tan(b*x + a)
“2 + 1)) + 2xb*x*log(-2*(-Ixtan(b*x + a) - 1)/(tan(b*x + a)~2 + 1)) + 2xbx*x

+ Ixdilog(2*(I*tan(b*x + a) - 1)/(tan(b*x + a)”2 + 1) + 1) - I*dilog(2*(-I
xtan(b*x + a) - 1)/(tan(b*x + a)”2 + 1) + 1) - 2+tan(b*x + a))/b~2

Sympy [F]
/xtan3(a +bz)dz = /x tan® (a + bx) dz

[In] integrate(x*tan(b*x+a)**3,x)

[Out] Integral(x*tan(a + b*x)**3, x)

Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 386 vs. 2(71) = 142.

Time = 0.78 (sec) , antiderivative size = 386, normalized size of antiderivative = 4.29

/xtan3(a + bz) dz =
b2x? cos (4bz + 4a) + i b?x%sin (4bx + 4a) + b?2% — 2 (bxcos (4bx +4a) + 2brcos (2bx +2a) +ibrs

[In] integrate(x*tan(b*x+a)~3,x, algorithm="maxima")
[Out] -(b~2*x"2*xcos(4*xbxx + 4xa) + I*b~2*xx"2*sin(4xb*x + 4%a) + b~ 2%xx"2 - 2x(b*x*

cos (4*%b*x + 4*a) + 2xbxx*xcos(2*b*x + 2%a) + Ixbkx*sin(4xbxx + 4*a) + 2%I*bx*
x*sin(2xbxx + 2*a) + b*x)*arctan2(sin(2xbxx + 2*a), cos(2%b*x + 2*a) + 1) +
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2% (b"2%x"2 + 2xIxbxx + 1)*cos(2*b*x + 2%a) + (cos(4xbxx + 4*a) + 2*cos(2*b
*X + 2%a) + I*sin(4xb*x + 4xa) + 2xI*sin(2*bxx + 2*a) + 1)*dilog(-e~ (2*I*bx*
X + 2xIxa)) - (-Ixb*x*cos(4*bxx + 4*a) - 2xIxbkx*cos(2xb*x + 2*a) + b*x*sin
(4%b*x + 4*a) + 2xbxx*sin(2*bxx + 2%a) - I*b*x)*log(cos(2*b*x + 2¥a)~2 + si
n(2xbxx + 2*a)”2 + 2*cos(2xb*x + 2*a) + 1) + 2% (I*b"2*x"2 - 2%b*x + I)*sin(
2%bxx + 2%a) + 2)/(-2*%I*b"2xcos(4*b*x + 4*a) - 4*xIxb"2*kcos(2*bxx + 2%a) + 2
*b~2*sin (4*%b*x + 4*a) + 4xb"2*sin(2xbxx + 2%a) - 2xI*b~2)

Giac [F]

/:ctan3(a + bzx) dz = /xtan (bx + a)® dz

[In] integrate(x*tan(b*x+a)~3,x, algorithm="giac")
[Out] integrate(x*tan(b*x + a)~3, x)

Mupad [F(-1)]
Timed out.

/xtan3(a+bx) dz = /xtan(a+bx)3dx

[In] int(x*tan(a + b*x)~3,x)
[Out] int(x*tan(a + b*x)~3, x)



3.14 [ farby) gy

Optimal result . . . . . . . . . . . . e
Rubi [N/A] . . .

Mathematica [N/A]
Maple [N/A] (verified)

Fricas [N/A] . . . . o o
Sympy [N/A] . .
Maxima [N/A] . . . .
Giac [N/A] .« . o o
Mupad [N/A] . . o

Optimal result

Integrand size = 12, antiderivative size = 12

/ tan®(a + br)

[Out] Unintegrable(tan(b*x+a)~3/x,x)

Rubi [N/A]
Not integrable

104

105}
105}
105}
1100}
106}
106!

Time = 0.03 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00, number
= 0.000, Rules used = {}

of steps used = 0, number of rules used

/

3
tan (0; + bx) i

[In] Int[Tan[a + b*x]~3/x,x]

[Out] Defer[Int] [Tan[a + b*x]~3/x, x]

Rubi steps

integral = /

— . humber of rules

’ integrand size

_ / tan3(a + bx)

T

tan®(a + bx)

T

dz

dz
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Mathematica [N/A]

Not integrable
Time = 4.85 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

3 3
/tan (a+ bx) dm=/tan (a+ bzx) da

T T

[In] Integrate[Tan[a + b*x]~3/x,x]
[Out] Integrate[Tan[a + b*x]~3/x, x]

Maple [N/A] (verified)

Not integrable
Time = 0.17 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00

/ tan® (bx + a) i

T

[In] int(tan(b*x+a)~3/x,x)
[Out] int(tan(b*x+a)~3/x,x)

Fricas [N/A]

Not integrable
Time = 0.24 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/ tan®(a + bx) dp — / tan (bz + a)® i

T T

[In] integrate(tan(b*x+a)~3/x,x, algorithm="fricas")

[Out] integral(tan(b*x + a)~3/x, x)

Sympy [N/A]

Not integrable
Time = 0.33 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.83

/ tan3(a + bx) dp — / tan? (a + bx) i

T T

[In] integrate(tan(b*x+a)**3/x,x)

[Out] Integral(tan(a + b*x)**3/x, x)
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Maxima [N/A]
Not integrable

Time = 0.91 (sec) , antiderivative size = 534, normalized size of antiderivative = 44.50

Z T

3 3
/tan (a + bx) dx:/tan(bx+a) iz

[In] integrate(tan(b*x+a)~3/x,x, algorithm="maxima")

[Out] (4xbxx*cos(2*b*x + 2+%a) 2 + 4d*xb*x*sin(2xbxx + 2*a)~2 + 2*b*x*kcos(2xbxx + 2%
a) + (2%bxx*cos(2xb*x + 2*a) - sin(2xb*x + 2*a))*cos(4*xbxx + 4xa) - (b~2%x~
2%cos (4*xb*x + 4*a)”2 + 4%b"2xx”"2*cos (2*b*x + 2%a)”2 + b"2*x"2*sin(4*b*x + 4
*a) "2 + 4%b"2xx”"2*sin(4xbxx + 4*a)*sin(2*%b*x + 2*a) + 4*b"2xx"2*sin(2*bxx +
2%a) "2 + 4*xb"2xx"2*cos (2xb*x + 2%a) + bT2*x"2 + 2% (2*%b"2*x"2*cos (2*b*x + 2
*a) + b72%x72)*cos(4*xb*x + 4*a))*integrate(2x(b~2*x~2 - 1)*sin(2*b*x + 2%a)
/ (b~ 2*%x"3*%cos (2xbxx + 2*a)~2 + b~ 2*x"3*sin(2xb*x + 2*a)~2 + 2*b~2*x"3*cos(2
*bxx + 2%a) + b"2*x73), x) + (2%b*x*sin(2*b*x + 2*a) + cos(2xbxx + 2%a) + 1
)*sin(4*b*xx + 4*a) + sin(2*b*x + 2*a)) /(b 2*x"2*cos (4*b*x + 4*a)”2 + 4xb~2x*
X"2%cos(2xb*xx + 2*a)”~2 + b 2*x"2xsin(4*b*x + 4*a) "2 + 4xb"2*x"2*sin(4xb*x +
4*a)*sin(2xbxx + 2*a) + 4*b"2*x"2*sin(2*b*x + 2*a) "2 + 4*b"2*x"2%cos (2xb*x
+ 2%a) + b72*x72 + 2% (2*%b"2*x"2*cos (2¥b*x + 2%a) + b"2*xx"2)*cos(4xbxx + 4%

a))

Giac [N/A]
Not integrable

Time = 0.92 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

3 3
/tan (c;—i— bx) d$=/tan(bi+a) s

[In] integrate(tan(b*x+a)~3/x,x, algorithm="giac")

[Out] integrate(tan(b*x + a)~3/x, x)
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Mupad [N/A]
Not integrable

Time = 3.18 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

3 3
/tan (c;—i— bx) d :/tan(a;—bx) i

[In] int(tan(a + b*x)~3/x,x)

[Out] int(tan(a + b*x)~3/x, x)



3.15 [ et gy

xz

Optimal result . . . . . . . . . . . e
Rubi [N/A] . . .
Mathematica [N/A] . . . . . ...
Maple [N/A] (verified) . . . . . . . ...
Fricas [N/A] . . . . o o
Sympy [N/A] . .
Maxima [N/A] . . . . .
Giac [N/A] . . .
Mupad [N/A] . . . o

Optimal result

Integrand size = 12, antiderivative size = 12

xr2

/ tan3(a + bx) d — Int(

[Out] Unintegrable(tan(b*x+a)~3/x72,x)

Rubi [N/A]
Not integrable

tan3(a + bx)

T2

)

108

10s)
108}
109
109
1109
109

L10)

Time = 0.04 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00, number

of steps used = 0, number of rules used =

[In] Int[Tan[a + b*x]~3/x"2,x]

[Out] Defer[Int] [Tan[a + b*x]~3/x"2, x]

Rubi steps

tan®(a + b
integral = / tat la =+ 5%) (a2+ 7)
z

0 number of rules

> integrand size

3
/tan (a2+ bx) i :/
T

tan®(a + br)

12

dz

dz

= 0.000, Rules used = {}
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Mathematica [N/A]

Not integrable
Time = 2.58 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

3 3
/tan (a+ bx) dm=/tan (a+ bzx) da

x2 2

[In] Integrate[Tan[a + b*x]~3/x"2,x]
[Out] Integrate[Tan[a + b*x]~3/x72, x]

Maple [N/A] (verified)

Not integrable
Time = 0.19 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00

/ tan® (bx + a) i

xr2

[In] int(tan(b*x+a)~3/x"2,x)
[Out] int(tan(b*x+a)~3/x"2,x)

Fricas [N/A]

Not integrable
Time = 0.24 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/ tan®(a + bx) dp — / tan (bz + a)® i

2 2

[In] integrate(tan(b*x+a)~3/x"2,x, algorithm="fricas")

[Out] integral(tan(b*x + a)~3/x"2, x)

Sympy [N/A]

Not integrable
Time = 0.28 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00

/ tan3(a + bx) dp — / tan? (a + bx) i

2 x2

[In] integrate(tan(b*x+a)**3/x**2,x)

[Out] Integral(tan(a + b*x)#**3/x**2, x)
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Maxima [N/A]
Not integrable

Time = 0.71 (sec) , antiderivative size = 536, normalized size of antiderivative = 44.67

2 2

3 3
/tan (a + bx) dx:/tan(bx+a) iz

[In] integrate(tan(b*x+a)~3/x72,x, algorithm="maxima")

[Out] (4xbxx*cos(2*b*x + 2+%a) 2 + 4d*xb*x*sin(2xbxx + 2*a)~2 + 2*b*x*kcos(2xbxx + 2%
a) + 2%(bxx*cos(2xb*x + 2*a) - sin(2xb*x + 2*a))*cos(4*xbxx + 4xa) - (b~2%x~
3*xcos (4*xb*x + 4*a)”2 + 4%b"2xx"3*cos(2*xb*x + 2%a)”2 + b"2*x"3*sin(4*b*x + 4
*a) "2 + 4%b"2xx"3*sin(4xbxx + 4*a)*sin(2*%b*x + 2*a) + 4*b"2xx"3*sin(2*bxx +
2%a) "2 + 4*xb"2*xx"3*cos(2*xb*x + 2%a) + b"2*x"3 + 2% (2*%b"2*x"3*cos (2*b*x + 2
*a) + b”2%x73)*cos(4*xb*x + 4*a))*integrate(2x(b~2*x~2 - 3)*sin(2*b*x + 2%a)
/ (b~ 2*%x"4*cos (2xbxx + 2*a)~2 + b~ 2*x"4*xsin(2xbxx + 2*a)~2 + 2*b~2*x"4*cos(2
*bxx + 2%a) + b"2*x"4), x) + 2*%(b*x*sin(2*b*x + 2*a) + cos(2xbxx + 2%a) + 1
)*sin(4*b*xx + 4*a) + 2*xsin(2*b*x + 2*a))/(b"2*x"3*cos(4*b*x + 4*a)”~2 + 4*xb~
2%x"3*cos (2%b*x + 2%a) "2 + b~ 2*xx"3*sin(4xb*xx + 4*a)”~2 + 4*b"2*x"3*sin(4*b*x
+ 4*a)*sin(2xbxx + 2%a) + 4*b~2*x"3*sin(2xbxx + 2*a)”2 + 4*xb~2*x"3*cos(2*b
*x + 2*%a) + bT2%x"3 + 2% (2xb"2*x"3*cos(2%b*x + 2*a) + b"2*x"3)*cos(4*xb*x +
4xa))

Giac [N/A]
Not integrable

Time = 0.96 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

2 2

/tan3(a + bx) dp — / tan (bz + a)° i

[In] integrate(tan(b*x+a)~3/x72,x, algorithm="giac")

[Out] integrate(tan(b*x + a)~3/x72, x)
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Mupad [N/A]
Not integrable

Time = 2.83 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/tan3(a + bx) dp — / tan(a + bz)® i

2 2

[In] int(tan(a + b*x)~3/x"2,x)

[Out] int(tan(a + b*x)~3/x"2, x)
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2
3.16 | 7 — Ao + z?\/tan(a + bx) | dz
tan2 (a+bx) by/tan(a-+bz)
Optimal result . . . . . . . . . . 1121
Rubi [A] (verified) . . . . . . ... .. 112
Mathematica [A] (verified) . . . . . . . . ... L 119
Maple [F] . . . . 119
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ... .... 119
Sympy [F] . . o o 119
Maxima [F] . . . . . . 1201
Giac [F] . . . . o o 120
Mupad [B] (verification not implemented) . . . ... ... .. ... ... ...... 120

Optimal result

Integrand size = 45, antiderivative size = 18

2 2
/ (t 3 i - i +x2\/tan(a+bx)> dx = — 22
an?

(a+bzx) by/tan(a+ bx) by/tan(a + bx)

[Out] -2*x~2/b/tan(b*x+a)~(1/2)

Rubi [A] (verified)

Time = 3.20 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00, number

of steps used = 76, number of rules used = 12, number of rules _ 0.267, Rules used =
integrand size

{3802, 3819, 209, 281, 6857, 6139, 6057, 2449, 2352, 2497, 6131, 6055}

z? Az 0 272
— +z°y/tan(a + br) | dov = —
/ (tang (a+bz) by/tan(a+ bx) ( )> b\/tan(a + bx)

[In] Int[x"2/Tan[a + b*x]~(3/2) - (4*x)/(b*Sqrt[Tan[a + b*x]]) + x"2*Sqrt[Tan[a
+ b¥x]],x]

[Out] (-2*x~2)/(b*Sqrt[Tan[a + b*x]])
Rule 209

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]1*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rt[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 0]1)

Rule 281
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Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> With[{k = GCD[m
+ 1, nl}, Dist[1/k, Subst[Int[x~((m + 1)/k - 1)*(a + b*x~(n/k))"p, x], X, X
“k], x] /; k != 1] /; FreeQ[{a, b, p}, x] && IGtQ[n, 0] && IntegerQ[m]

Rule 2352

Int[Logl(c_.)*(x_)1/((d.) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQl{c, 4, e}, x] && EqQle + cx*d, 0]

Rule 2449

Int[Logl(c_.)/((d)) + (e_.)*x(x_))1/((f_ ) + (g_.)*(x_)"2), x_Symbol] :> Dist
[-e/g, Subst[Int[Log[2xd*x]/(1 - 2*d*x), x], x, 1/(d + exx)], x] /; FreeQ[{
c, d, e, £, g}, x] & EqQlc, 2%d] &k EqQle~2%f + d~2%g, 0]

Rule 2497

Int[Loglu_J*(Pq_)~(m_.), x_Symbol] :> With[{C = FullSimplify[Pq m*((1 - u)/

D[u, x1)1}, Simp[C*PolyLog[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&

PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents[u,
x] [[2]], Expon[Pq, x]]

Rule 3802

Int[((c_.) + (d_.)*(x_))"(m_.)*((b_.)*tan[(e_.) + (£f_.)*(x_)1)"(n_), x_Symb
0l] :> Simp[(c + d*x) m*((bxTan[e + fxx])~(n + 1)/(bxfx(n + 1))), x] + (-Di
st [d*(m/ (bxfx(n + 1))), Int[(c + d*x)"(m - 1)*(b*xTan[e + f*x])"(n + 1), x],
x] - Dist[1/b"2, Int[(c + d*x) “m*(b*Tan[e + f*x])~(n + 2), x], x]) /; Free
Ql{b, c, d, e, f}, x] && LtQ[n, -1] && GtQ[m, O]

Rule 3819

Int[((c_.) + (d_.)*(x_))/Sqrtl(a_.) + (b_.)*tan[(e_.) + (f_.)*(x_)]1], x_Sym
bol] :> Simp[(-I)*((c + d*x)/(f*Rt[a - Ixb, 2]))*ArcTanh[Sqrt[a + b*Tan[e +
fxx]]/Rt[a - I*b, 2]], x] + (Dist[Ix(d/(f*Rt[a - I*b, 2])), Int[ArcTanh[Sq
rt[a + bxTan[e + f*x]]/Rt[a - Ixb, 2]], x], x] - Dist[I*(d/(f*Rt[a + Ix*b, 2
1)), Int[ArcTanh[Sqrt[a + bxTan[e + f*x]]/Rt[a + I*b, 2]1], x], x] + Simp[I*
((c + d*x)/(f*Rt[a + I*b, 2]))*ArcTanh[Sqrt[a + b*Tan[e + f*x]]/Rt[a + I*Db,
211, x1) /; FreeQ[{a, b, c, d, e, £}, x] && NeQ[a~2 + b~2, 0]

Rule 6055

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((d) + (e_.)*(x_)), x_Symbol
1 :> Simp[(-(a + b*ArcTanh[c*x]) “p)*(Log[2/(1 + ex(x/d))]1/e), x] + Dist[bx*c
*x(p/e), Int[(a + b*ArcTanh[c*x])~(p - 1)*(Log[2/(1 + ex(x/d))]1/(1 - c™2*xx~2
)), x1, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQl[c~2%d"2 - e~2,
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0]

Rule 6057

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> S
imp[(-(a + b*ArcTanh[c*x]))*(Log[2/(1 + c*x)]/e), x] + (Dist[b*(c/e), Int[L
ogl2/(1 + c*xx)]/(1 - c™2%x72), x], x] - Dist[b*(c/e), Int[Log[2*c*x((d + e*x
)/ ((cxd + e)*(1 + c*x)))]1/(1 - c™2*x~2), x], x] + Simp[(a + b*ArcTanh[c*x])
*(Log[2*c*((d + exx)/((cxd + e)*(1 + c*x)))]/e), x]) /; FreeQ[{a, b, c, d,
e}, x] && NeQ[c™2*xd"2 - e~2, 0]

Rule 6131

Int [(((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)*(x_))/((d_) + (e_.)*(x_)"2),
x_Symbol] :> Simp[(a + b*ArcTanh([c*x])~(p + 1)/(b*ex(p + 1)), x] + Dist[1/
(cxd), Int[(a + bxArcTanh[c*x])~p/(1 - c*x), x], x] /; FreeQ[{a, b, c, d, e
}, x] & EqQlc™2#d + e, 0] && IGtQ[p, O]

Rule 6139

Int[(((a_.) + ArcTanh[(c_.)*(x )]1*(b_.))*(x )" (m_.))/((d) + (e_.)*x(x_)"2),
x_Symbol] :> Int[ExpandIntegrand[a + b*ArcTanh[c*x], x"m/(d + e*x~2), x],
x] /; FreeQ[{a, b, c, d, e}, x] & IntegerQ[m] && !(EqQ[m, 1] && NeQ[a, O]
)

Rule 6857

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x1}, Intlv, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rubi steps

A Ve @
integral = tan(a+bz / dz + / Vtan(a + bx) dz
tanz (a+ bx)

4(—1)3/4xarctanh({‘/—h/tan(a + bx)) 4\4/—1xarctanh<(—1)3/4 tan(a + bx))
+

b2 b2
902 (4v-1) farctanh((—1)3/4 tan(a + bx)) dx
b tan(a + bx) - b?
(4(=1)%/4) [ arctanh({‘/_—l\ /tan(a + bx)> dz N 4] s de
b? b
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92 (4v/—1) Subst ( Ik arctanh((-1)*/*ve) dz, z,tan(a + bx))

142
~by/tan(a + bz) b3
(4(—1)3/4) Subst ( i arctan}ig;/—_lﬁ) dz,z,tan(a + bz))
b3
(4v/-1) farctanh((—1)3/4 tan(a—l—bx)) dz
b2
(4(—1)34) farctanh( V—1y/tan(a + bx)) dz

b2

902 (4v/—1) Subst < J arctanllli(z;m/‘*\/i) dz,z,tan(a + bx))

+

_|_

+
by/tan(a + bx) b
(8v/—1) Subst ( f zarctanh ((-1)*/%) dz,z, \/tan(a + bx))

1+z4
b3
arctanh( v/ —1yz
(4(—1)%/*) Subst (f 1J(rx2 ) dz,z,tan(a + b:c))

b3
sarctanh( v/ —1z
(8(—1)3/*) Subst (f 1+g4 ) dz,z,/tan(a + bx))

b3
92 (84/—1) Subst <f xamtal&i&_nw%) dz,z, \/tan(a + bx))

+
b/tan(a + bx) b

(8 4/—_1) Subst ( i (_ima.l'ctza(J_lg_(iZ—)l)3/4z) n z‘xarctz;gljg(cg;1)3/4z)> dz, 7, \/tan(a + bx))
b3
zarctanh(\4/— w)
8(—1 ubst 1 z,x,/tan(a + bx
(8(—1)*/%) Subst | [ ——— dz,z, \/tan(a + bx)

b3
izarctanh( v/ —1e izarctanh( v/ —1z
(8(—1)*/*) Subst (f (— 2(_i+(x2) ) + 2(i+52) )) dz,z, \/tan(a + ba:))

+

+

b3
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sarctanh ( V- w)
\ (4\4/ —1) Subst| [ —o dz,z, /tan(a + br)
2z

tan(a —|— bz b3

xarctanh

V-1
(4v/—1) Subst (f z+x2 ) dz,z, \/tan(a + bx))

(8\/ Subst( ( ”ar“anh( D) +"”ar‘3tan.h<<‘”3“m>) da, z, tan(a+bx))

2(—i+z2?) 2(i+xz2)
+ B
1)%/4) Subst( [ warCta?g(iz Y*/a) dz,z,/tan(a + bx))

+ B

4( 1)3/4 Subst f xarctaer}:zg 1)3/4) iz.z. t_an(a—i—bx))
B3
izarctanh ( {/—_Lc)

warctanh V- x)
f 2(— z+x2) + 2(i+ta?) dCC, X,/ tan(a + ba‘;)

(8(—1)3/*) Subst

b3
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2+v/—1larctanh ( v/— 2
v h<ﬂm> 2(_1)3/46““’%“}1((—1)3/4 tan( +b)>2

b +
arctanh v
: ctanh( V-1«
2 (44)Subst (f ; ) P
; _ -3/ 1. y Ly tan(a + bq;)
tan(a + bx) =
(47)Subst ( I arctanh ((—1)%/4x)
+ 1—(—1)3/3¢ dz,x,/tan(a + bz))
b3
(4v/—1) Subst ( i zarctanh( ) _L”)
+ it a2 dz,z,/tan(a + bx))
b3
(4/=1) Subst ( [ rrctanh (VL)
_ itz? dx,x, tan(a, + b:l:))
b3

(4¢/~T) Subst < Ii <_arctanh({/__1z) arctanh \/_19;
| ) ) )

B (4(—1)3/4) Subst (f zarctanh ((—1)3/4z) b’
Zita? dz, x, \/m )
b3
. (4(—1)?/4) Subst (  “2rctanb(-0*)
z+;; dr, tan(a + bx))
(4(_1)3/ 4) Subst arctanh
— ((=1)%z
<f< 2(=(=1)*/1-2) : + arc}(ca?li)(g/41)3/4 > dz,x
+o) , T, tan(a+bx)>

b3
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4\4/—1a1rctanh(\/4 —1\/M) log (1_ %/__1\2/t(7+b)>

b3
4(—1)3/4arctanh<(—1)3/4 tan(a + bz)) log <1_(_1)3/4\2/tan(a+bx))
_ 3
S arctanh(%/—h) ; ;
43 t t
o2 ) (4¢)Subst | [ UL z,z, /tan(a + bx)
b\/tan(a + bx) b
(41)Subst ( i arc)cffgf;;ﬁf %) dz, z, \/tan(a + bx))
_ 3
(4i)Subst | [ —7—%dz,z, \/tan(a + bx)
+ b3
1o %
(43)Subst (f w dz,z, /tan(a + bz))
_ 3
arctanh( v/ —1s
(2v/—1) Subst <f . (1 ) dz,z, \/tan(a + bx))
+ B
arctanh( v/ —1s
(2v/—1) Subst (f V_(l ) dz,x, \/tan(a + ba:))
4o
_ 3

arctanh( v/—1z arctanh( v/ —1z
(4v-1) Subst(f (- ;(4 _(196) )—i— ;(V—Lhz) )> dx,:c,\/tan(a—l—bw))

_|_

b3
2(—1)3/%) Subst arc’c_arihg(;i)3/4x) dx,z, \/tan(a + bz
(=1)3/4—2
+
b3
(2(—1)%/*) Subst ( / amt_a(li}ll)g(;i)j/%) dz,x,/tan(a + bx))
_ s
arctanh ((-1)3/4z arctanh ((-1)3/4z
.\ (4(—1)3%) Subst(f (— 2(_(_1)(3/4_z) ) 4 2(_(_1§3/4+x) )> dz,z, tan(a—i—bx))
b3

= Too large to display
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Mathematica [A] (verified)
Time = 1.81 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00
272

/ 2 - do + z2\/tan(a + bz) | dz = —
tanz(a+bz) by/tan(a + bx) by/tan(a + bx)

[In] Integrate[x~2/Tan[a + b*x]~(3/2) - (4*x)/(b*Sqrt[Tan[a + b*x]]) + x~2*Sqrt[
Tan[a + b*x]],x]
[Out] (-2*x~2)/(b*Sqrt[Tan[a + b*x]])

Maple [F]

4z ) z?
— +z°(Vtan(br +a) ) + ———— 5 | dzx
/ < by/tan (bz + a) < ( )) tan (bx+a)2)
[In] int(-4*x/b/tan(b*x+a)~(1/2)+x"2*tan(b*x+a) " (1/2)+x~2/tan(b*x+a)~(3/2) ,x)
[Out] int(-4*x/b/tan(b*xx+a)~(1/2)+x"2*xtan(b*x+a) " (1/2)+x~2/tan(b*x+a)~(3/2),x)

Fricas [A] (verification not implemented)

none
Time = 0.26 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.89

z? Az . 2 x?
3 - +2°y/tan(a + bz) | dov = —
tan2(a + bxr) by/tan(a + bx) b\/tan (bx + a)

[In] integrate(-4*x/b/tan(b*x+a)”(1/2)+x"2*tan(b*x+a)”(1/2)+x"2/tan(b*x+a)~(3/2)
,X, algorithm="fricas")
[Out] -2%x"2/(b*sqrt(tan(b*x + a)))

Sympy [F]

/ z? — 4z + 22 tan(a + bz) | dx
tanz(a +bz) by/tan(a + bx)
f( \/TW> dr + [ —*——dz + [ ba?®\/tan (a + bz) dz

tanf (a-l-b )

- b

[In] integrate(-4*x/b/tan(b*x+a)**(1/2)+x**2*xtan(bxx+a)**(1/2)+x**2/tan (b*x+a)**
(3/2) ,x%)

[Out] (Integral(-4*x/sqrt(tan(a + b*x)), x) + Integral(b*x**2/tan(a + b*x)**x(3/2)
, X) + Integral (b*x**2*sqrt(tan(a + b*x)), x))/b
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Maxima [F]

z? 4z )
— +z°y/tan(a + bx) | dz
/ (tang (a+bx) by/tan(a + bx) ( )>
2
=/ac2 tan (bx + a) + i 5 — iz dx
tan (bx +a)>  by/tan (bz + a)

[In] integrate(-4*x/b/tan(bxx+a)”~(1/2)+x"2*tan(b*x+a)~(1/2)+x"2/tan(b*x+a)~(3/2)
,X, algorithm="maxima")
[Out] integrate(x~2*sqrt(tan(b*x + a)) + x~2/tan(b*x + a)~(3/2) - 4x*x/(b*sqrt(tan

(bxx + a))), x)

Giac [F]

z? 4z 5
- +z°y/tan(a + bx) | dz
/ (tang (a+bx) by/tan(a + bx) ( )>
2
:/a:2 tan (bz + a) + i 5 — i dx
tan (bx +a)2  by/tan (br +a)

[In] integrate(-4*x/b/tan(b*x+a)”(1/2)+x"2*tan(b*x+a)”(1/2)+x"2/tan(b*x+a)~(3/2)
,X, algorithm="giac")

[Out] integrate(x~2*sqrt(tan(b*x + a)) + x"2/tan(b*x + a)~(3/2) - 4x*x/(b*sqrt(tan
(b*xx + a))), x)

Mupad [B] (verification not implemented)

Time = 3.61 (sec) , antiderivative size = 50, normalized size of antiderivative = 2.78

2 4
/ @ _ r + 2*/tan(a + bz) | dz
tanz(a +br) by/tan(a + bx)
. sin(2a+2bz
_x2 sin(2a+2bx) m

bsin (a + bz)?

[In] int(x"2*tan(a + b*x)~(1/2) + x~2/tan(a + b*x)~(3/2) - (4*x)/(b*tan(a + b*x)

~(1/2)),x)
[Out] -(x"2*sin(2*a + 2*b*x)*(sin(2*a + 2xb*xx)/(cos(2*a + 2*b*x) + 1))~(1/2))/(b*

sin(a + bx*x)"2)
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2 \/ tan (a+bx?2 3
3.17 | 2 + (b ) + z?tan? (a + bx?) | dz
\/ tan (a+bz?)
Optimal result . . . . . . . . .. e [121]
Rubi [F] . . o 121
Mathematica [A] (verified) . . . . . . . . ... L 122
Maple [F] . . . . o 122
Fricas [A] (verification not implemented) . . . . . . . ... . ... ... ....... 122
Sympy [F] . . . 122
Maxima [F] . . . . . . o 123
Giac [F] . . . o o 123
Mupad [B] (verification not implemented) . . . ... ... .. ... .. ....... 123

Optimal result

Integrand size = 49, antiderivative size = 17

2 t bx? 3 Vb ba?
/ i + an (a + x)—l—m?tani (a + bz?) dz =~ an (a + bz?)
V/tan (a + bx?) b b

[Out] x*tan(b*x~2+a)~(1/2)/b

Rubi [F]
2 t bx2
/ Z + ¥R (a+bz’) + 2% tan? (a+bz?) | do
tan (a + bz?) b
2 t bx? 3
=/ a + an (e + z)+m2tan5 (a+bz?) | dz
tan (a + bx?) b

[In] Int[x"2/Sqrt[Tan[a + b*x~2]] + Sqrt[Tan[a + b*x~2]]/b + x"2+Tan[a + b*x~2]"
(3/2) ,x]

[Out] Defer[Int] [x"2/Sqrt[Tan[a + b*x~2]], x] + Defer[Int] [Sqrt[Tan[a + b*x~2]],
x]/b + Defer[Int] [x"2*Tan[a + b*x~2]~(3/2), x]

Rubi steps

J v/tan ( a-l—bac2 dz

2% tan? (a + bxz) dzx

integral =

/ dx+/
\/tan (a + bz?)
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Mathematica [A] (verified)

Time = 0.92 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00

2 t bx? 3 Var bx?
/ i + an (a + $)+x2tan5 (a + bz?) dz =2 an (a + bz?)
tan (a + bx?) b b

[In] Integrate[x~2/Sqrt[Tan[a + b*x~2]] + Sqrt[Tan[a + b*x~2]]/b + x"2*Tan[a + b

*x~2]7(3/2) ,x]
[Out] (x*Sqrt[Tan[a + b*x~2]])/b

Maple [F]
/ ( _ z2 V'tan(z?b + a) g (tan% (x2b+a)>> da

+
(2b + a) b
[In] int(x"2/tan(b*x~2+a)~(1/2)+tan(b*x"2+a) " (1/2) /b+x"2*tan(b*x~2+a) " (3/2),x)
[Out] int(x~2/tan(b*x"2+a) " (1/2)+tan(b*x"2+a) " (1/2) /b+x"2*tan(b*x~2+a) ~(3/2) ,x)

Fricas [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.88

2 V1t bx? /tan (bz?
/( - e an (o F $)+w2tan% (a+bx2)> gy = Zv/tanbr® +a)
an

+
(a+ bz?) b b

[In] integrate(x~2/tan(b*x~2+a)~(1/2)+tan(b*x~2+a)~(1/2)/b+x"2xtan(b*x~2+a)~(3/2
) ,x, algorithm="fricas")

[Out] x*sqrt(tan(b*x~2 + a))/b

Sympy [F]
2 t b 2 3
/ z + an (a + bz?) + 2z’ tanz (a + bz?) | dz
tan (a + bz?) b
_ [ \/ﬁm dz + [ ba? tan? (a + bz?) dz + [ /tan (a + bz?) dz

b

[In] integrate(x**2/tan(b*x*x2+a)**(1/2)+tan (b*xx**2+a)**(1/2) /b+x**2xtan (b*x**2+

a)**(3/2) ,x)
[Out] (Integral(b*x**2/sqrt(tan(a + b*x**2)), x) + Integral (bxx**2*tan(a + b¥x**2

)*x(3/2), x) + Integral(sqrt(tan(a + b*x**2)), x))/b
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Maxima [F]

2 /t b 2
/ d + an (a + bz?) + 22 tan? (a+bz?) | dz
V/tan (a + bz?) b

3 2 t b 2
:/x2tan(bx2+a)2+ d an (ba? + a)

+ dx
tan (bz? + a) b

[In] integrate(x~2/tan(b*x~2+a)~(1/2)+tan(b*x"2+a)~(1/2) /b+x~2xtan(b*x~2+a)~(3/2
) ,x, algorithm="maxima")

[Out] integrate(x~2*tan(b*x~2 + a)~(3/2) + x"2/sqrt(tan(b*x”2 + a)) + sqrt(tan(b*
x"2 + a))/b, x)

Giac [F]

Jtan (a + b2?) b

= /x2tan (bx2+a)% +

2 /t b 2
/ ( ad + an (a + bz?) + 22tan? (a+bx2)> dx

z? tan (bz2 + a)

+ dx
tan (bz? + a) b

[In] integrate(x~2/tan(b*x~2+a)~(1/2)+tan(b*x~2+a)~(1/2)/b+x"2*tan(b*x~2+a)~(3/2
) ,x, algorithm="giac")

[Out] integrate(x~2*tan(b*x~2 + a)~(3/2) + x"2/sqrt(tan(b*x”2 + a)) + sqrt(tan(b*
x"2 + a))/b, x)

Mupad [B] (verification not implemented)

Time = 5.45 (sec) , antiderivative size = 45, normalized size of antiderivative = 2.65

2 tan (a + bz?) Z B
A 2ibx2+a2i
/ ( - + 22tan? (a-i—bxz)) dx = i
an

+
(a+ b2?) b b

[In] int(tan(a + b*x~2)~(1/2)/b + x~2/tan(a + b*x~2)~(1/2) + x"2%tan(a + b*x~2)"~

(3/2) ,%)
[Out] (x*(-(exp(a*2i + b*x"2x2i)*1i - 1i)/(exp(a*2i + b*x"2%2i) + 1))~(1/2))/b
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3.18 [ lrd gy

a+iatan(e+fx)
Optimal result . . . . . . . . . . e 124
Rubi [A] (verified) . . . . . . . . . 124
Mathematica [A] (verified) . . . . . . . . ... 126
Maple [A] (verified) . . . . . . . . . 126
Fricas [A] (verification not implemented) . . . . . . . . ... .. ... ... ... ... 127
Sympy [A] (verification not implemented) . . . . . ... .. ... ... ... 127
Maxima [F(-2)] . . . . . o o 128
Giac [A] (verification not implemented) . . . . . . ... ... .. L. 128
Mupad [B] (verification not implemented) . . . ... ... ... ... ........ 128

Optimal result

Integrand size = 23, antiderivative size = 189

/ (c+dzx)3 i — 3idz  3d(c+dz)? i(c+dz)? N (c+dz)*

a+ iatan(e + fz) v= 8af3  8af2  daf 8ad
3d3 3id?*(c + dx)
~ 8f%(a+iatan(e+ fz)) 4f3(a+ iatan(e + fz))
3d(c + dx)? i(c + dz)3

4f%(a+iatan(e + fz))  2f(a+iatan(e + fz))

[Out] 3/8*I*d"3*x/a/f~3-3/8*d*(d*x+c) ~2/a/f~2-1/4%Ix(d*x+c) ~3/a/f+1/8*%(d*x+c)~4/a
/d-3/8%d"3/f"4/ (at+Ixa*xtan(f*x+e))-3/4xI*d~ 2% (d*x+c)/f~3/(a+I*axtan(f*xx+e))+
3/4xd* (d*xx+c) ~2/f"2/ (a+I*axtan(f*x+e))+1/2xI* (d*x+c) ~3/f/(a+I*axtan(f*x+e))

Rubi [A] (verified)

Time = 0.22 (sec) , antiderivative size = 189, normalized size of antiderivative = 1.00,

number of steps used = 5, number of rules used = 3, number of rules _ 0.130, Rules used
integrand size

— {3804, 3560, 8}

(c+dz)? dp — 3id*(c + dx) 3d(c + dz)?
/ a + iatan(e + fz) v 4f3(a+iatan(e + fz))  4f%(a + iatan(e + fz))
i(c+ dz)? 3d(c+dz)? i(c+dz)?
2f(a+iatan(e + fz))  8af?  4daf
(c+ dx)* 3d3 3id3z

8ad  8f%(a+ iatan(e + fz)) + 8af3

[In] Int[(c + d*x)~3/(a + I*a*Tan[e + f*x]),x]
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[Out] (((3*I)/8)*d~3*x)/(a*f~3) - (3*d*(c + d*x)~2)/(8xaxf~2) - ((I/4)*(c +
3)/(axf) + (c + d*x)~4/(8*axd) - (3*d~3)/(8*f"4x(a + I*axTan[e + f*xx])) - (
((3*I)/4)*d~2x(c + d*x))/(f"3*(a + I*axTan[e + f*x])) + (3*xd*x(c + d*x)~2)/(
4xf~2%(a + I*axTan[e + fxx])) + ((I/2)*(c + d*x)~3)/(f*x(a + I*a*xTan[e + f*x
1))

Rule 8
Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQla, x]

Rule 3560

Int[((a_) + (b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[ax((a +
b*xTan[c + d*x]) n/(2*%b*d*n)), x] + Dist[1/(2#a), Int[(a + b*Tan[c + d*x])~(
n+ 1), x], x] /; FreeQ[{a, b, c, d}, x] && EqQ[a"2 + b~2, 0] && LtQ[n, O]

Rule 3804

Int[((c_.) + (@_.)*(x))"(m_.)/((a_) + (b_.)*tan[(e_.) + (£f_.)*(x_)]1), x_Sy
mbol] :> Simp[(c + d*x)~(m + 1)/(2xaxd*(m + 1)), x] + (Dist[axd*(m/(2*bxf))
, Int[(c + d*x)"(m - 1)/(a + b*Tan[e + f*x]), x], x] - Simp[a*((c + d*x) m/
(2xbxf*(a + b*Tan[e + f*x]))), x]1) /; FreeQl[{a, b, c, d, e, f}, x] && EqQ[a
2 + b2, 0] &% GtQ[m, O]

Rubi steps
begral — (c+ dx)* N i(c+ dx)3 B (3id) [ 'a+u(zct+a_ﬁ2+f{) dx
8 = T 8ad 2f(a+ iatan(e + fz)) 2f
_i(c+dx)® N (c+ dx)* 3d(c + dz)?
B daf 8ad 4f%(a + iatan(e + fz))
i(c + dz)® () [ it 90
2f(a + iatan(e + fx)) 2f2
_3d(c+dz)?® i(c+dx)® N (c+dz)* 3id*(c + dx)
B 8a f? daf 8ad 4f3(a + iatan(e + fx))
3d(c + dz)? i(c+ dx)3 (3id®) [ _a-i-iat_arll(e-i-fx_) dx
4f%(a+iatan(e + fz)) 2f(a+iatan(e + fx)) 43
_3d(c+dz)?®  i(c+dx)® N (c+dz)* 3d3
B 8a f? 4af 8ad 8f*(a +iatan(e + fx))
B 3id*(c + dz) 3d(c+ dz)?
4f3(a+iatan(e + fz))  4f2%(a+iatan(e + fz))
i(c+ dz)? (3id?) [1dz

2f(a +iatan(e + fx)) 8af3

dxx)”
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_ 3id’z  3d(c+dx)®  i(c+dw)® N (c+dzx)* 3d3
~ 8af3 8a f? 4af 8ad 8f%(a + iatan(e + fz))
3id*(c + dz) 3d(c + dx)? i(c+ dzx)?

~ 4f3(a+iatan(e + fz))  4f%(a+iatan(e + fz))  2f(a+ iatan(e + fz))

Mathematica [A] (verified)

Time = 0.80 (sec) , antiderivative size = 278, normalized size of antiderivative = 1.47

/ (c+ dzx)? i

a + iatan(e + fz)
_ sec(e + fx)(cos(fz) + isin(fz)) ((4ic® 3 + 6c2df2(1 + 2ifz) + 6cd® f(—i + 2fx + 26 f?2®) + d®(—3 — 6if

[In] Integrate[(c + d*x)~3/(a + I*axTan[e + f*x]),x]

[Out] (Secle + f*x]*(Cos[f*x] + I*Sin[f*x])*(((4*I)*c"3*f"3 + 6xc~2xd*f"2x(1 + (2
*I)xf*kx) + 6xckxd™2xf* (-1 + 2xf*kx + (2*xI)*f"2%x"2) + d"3*%(-3 - (6*I)*f*x + 6
*f2xx"2 + (4*I)*f~3%x"3))*Cos[2*%f*x]*(Cos[e] - I*Sin[e]) + 2xf~4*x*(4*c~3

+ 6xc”2xd*x + 4*xc*xd"2*x"2 + d"3*x"3)*(Cos[e] + I*Sin[e]) + (4*c™3*f"3 + 6*c
“2%d*fT2% (-1 + 2kfxx) + 6xckd"2xf* (-1 - (2*I)*kfkx + 2%xF"2%x"2) + d"3*%(3*I -
6xfxx — (6*%I)*f~2xx"2 + 4%xf~3*xx"3))*(Cos[e] - I*Sin[e])*Sin[2*f*x]))/(16%*f

~4x(a + I*axTan[e + f*x]))

Maple [A] (verified)

Time = 0.67 (sec) , antiderivative size = 170, normalized size of antiderivative = 0.90

method | result

. Bt | Bexd | 3d2z? . Pz ct i(4d323 f3+12cd? 322 —6id3 f222+12c2d f3z—12icd? f2z+4c f3—6ic?d f2—6d3 fa
risch 85 T 22 T 40 T2 Tsad ™ 16a /7

default | Expression too large to display

[In] int((d*x+c)~3/(a+I*axtan(f*x+e)),x,method=_RETURNVERBOSE)

[Out] 1/8/a*d"3*xx"4+1/2/a*xd~2*%c*x~3+3/4/axd*xc”2*xx"2+1/2/a*xc”3*x+1/8/a/d*c~4+1/16x%
I* (4%d~3%x"3%xf ~3-6%xI*d"3*%f ~2*x~2+12%ckd~2*f " 3xx"2-12xI*ckxd~2*f " 2xx+12%c~2*d

*f " 3kx—6*I*c™2xd*f " 2+4*c”3*f " 3-6%d "3k f*kx+3*I*d"3-6%c*kd~2*f) /a/f"4*exp (-2*I*
(f*x+e))
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Fricas [A] (verification not implemented)

none

Time = 0.26 (sec) , antiderivative size = 164, normalized size of antiderivative = 0.87

/ (c+dz)? i

a + iatan(e + fz)
(i dPf32® + 403 f2 4+ 6 2df? — 6icd®f —3d® — 6 (—2icd’ f2 — d®f2)x* — 6 (—2i *df — 2cd® f2 + i dPf
16 af4

[In] integrate((d*x+c)~3/(a+I*axtan(f*x+e)),x, algorithm="fricas")

[Out] 1/16%(4*I*d~3*f"3*x"3 + 4xI*c " 3*%f~3 + 6%c"2*%d*f~2 - 6*%I*cxd"2*f - 3*d~3 - 6
*(—2%I*c*kd"2*%f"3 — d"3*f"2)*x"2 - 6% (-2*%I*c”2*%d*f~3 - 2xcxd"2*%f~2 + I*d"3*f

Yxx + 2% (d"3*%f74%x"4 + dkckd"2xFT4*x"3 + 6*%cT2*d*fT4*x"2 + 4kcT3xf"4*xx)*e”(
2+Ixfxx + 2%I*e))*e” (-2*%I*xfxx — 2*I*e)/(axf"4)

Sympy [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 258, normalized size of antiderivative = 1.37

/ (c+ dx)? i

a +iatan(e + fx)
4ic3 f34+12ic2df3x+6c2df2+12icd? f3224+12cd? f2x—6icd? f+4id3 f3234-6d3 f2x2 —6id> fr—3d3)e—2iee2ifz ;
f 4 _2ie 0

_ T6a7? or a f*e”'c #£
- 3 —2ie 2 2_—2ie 2,.3 ,—2ie 3,4 ,—2ie .

“—+ S d”jlae od o d — otherwise

Ar 3c2dz? N cd®z?  d3xt

2a 4a 2a 8a

[In] integrate((d*x+c)**3/(at+I*axtan(f*x+e)),x)

[Out] Piecewise(((4*Ixcx*3xfx*3 + 12kxIkck*2xd*xf**3*xx + Bkck*2kd*xfx*2 + 12%Ixcxd**
2%kfxk3kxk*k2 + 12%kckdk*Qkf**k2%x — O6kI*ckd**2%f + 4xIkd**k3*kf*x*k3kx*k*3 + Okd**3
*xExkDkxx*k2 — GxI*kd**3*f*x — 3xd**3)*exp(-2xIxe)*exp (-2xIxf*x) /(16*a*xf**4) ,

Ne (a*xf**4*xexp(2%I*e), 0)), (c*kx3xxxexp(-2*I*e)/(2%a) + 3xcx*2*d*x**2xexp (-2
xIxe)/(4*xa) + cxd**2xx*x*3*exp(-2%I*xe)/(2*%a) + dx*3*x*x4dxexp(-2*I*e)/(8%a),

True)) + c*x*3%x/(2%a) + 3kckx*2kd*xx*x*2/(4*a) + ckxd*x*2*xx*x*3/(2%a) + d**3kx**4

/(8xa)
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Maxima [F(-2)]

Exception generated.

c+dz)?

/ ( + dr) dx = Exception raised: RuntimeError
a +iatan(e + fx)

[In] integrate((d*x+c)~3/(a+I*axtan(f*x+e)),x, algorithm="maxima")

[Out] Exception raised: RuntimeError >> ECL says: expt: undefined: O to a negativ
e exponent.

Giac [A] (verification not implemented)

none

Time = 0.38 (sec) , antiderivative size = 188, normalized size of antiderivative = 0.99

3
/ '(c + dx) i
a + iatan(e + fzx)
(2 d3f4x4e(2i fz+2ie) +8 Cd2f4£(336(2i fz+2ie) +12 C2df4.’£26(2i fz+2ie) + 44 d3f3.’173 +8 c3f4xe(2i fz+2ie) + 12 cd
16 a f*

[In] integrate((d*x+c) 3/ (a+I*axtan(f*x+e)),x, algorithm="giac")

[Out] 1/16%(2%d"3*f~4*xx"4*e” (2xI*xf*x + 2%xIxe) + 8*ckxd 2xf 4*x"3*e” (2xI*f*x + 2xIx*
e) + 12xc™2*d*f~4xx"2%e” (2*xI*f*xx + 2%Ixe) + 4*I*d~3*xf"3*x"3 + 8*xc”~3*f 4x*x*e
T(2xIkf*xx + 2xIxe) + 12%Ixckd"2*%f 3%x"2 + 12+%I*c™2xd*f~3*x + 6xd"3*f "2*xx"2

+ 4*I*c™3*%f"3 + 12xcxd"2*%f"2%x + 6kc”2*%d*f~2 - 6%I*d"3xf*xx - 6*%I*xcxd~2*xf -
3xd~3) ke~ (-2%Ixf*x - 2%Ixe)/(a*xf~4)

Mupad [B] (verification not implemented)
Time = 4.12 (sec) , antiderivative size = 423, normalized size of antiderivative = 2.24

(c+ dx)3
/ a +iatan(e + fx) do

8 flx—3dcos(2e+2fx)+4c fPsin(2e+2fx)+2d° frat +6cPd f? cos(2e+2fx)+12c2d,

[In] int((c + d*x)~3/(a + axtan(e + f*xx)*1i),x)

[Out] (d~3*sin(2*e + 2xf*x)*3i - 3*d~3*cos(2*e + 2*xf*xx) + 8*c~3*f 4*xx + c~3*f " 3*c
0s(2%e + 2%fxx)*4i + 4*xc”3*xf"3xsin(2%e + 2xf*xx) + 2%xd"3*xf"4*xx"4 + 6xc”2xdx*f
“2xcos(2%e + 2%fxx) — cT2*%dxf"2xsin(2%e + 2*fxx)*6i + 12%c " 2xd*xf 4*xx"2 + 8%
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cxd"2*f"4%x"3 + 6xd"3*%f"2xx"2*%cos(2*xe + 2xf*x) + d"3*f"3*x"3*cos(2*e + 2xfx*
X)*4i - d73*f"2+%x"2*xsin(2%e + 2xf*x)*6i + 4*d"3*f " 3*x"3*sin(2%e + 2xf*x) -

cxd~2xf*xcos(2xe + 2*%f*x)*6i — 6kc*d " 2xfxsin(2%e + 2xf*x) - d~3*f*xx*kcos(2*xe

+ 2xfxx)*6i - 6*%d"3*xf*x*sin(2%e + 2kf*x) + 12%cxd"2*xf " 2*x*cos(2*e + 2*xf*xx)

+ c"2xd*xf"3xx*kcos (2*e + 2*f*x)*12i - cxd"2xf"2xx*sin(2*e + 2*kf*x)*12i + 12x%
c~2xd*f"3*x*sin(2*%e + 2*xfxx) + c*d"2*xf"3*x"2*cos(2xe + 2*f*x)*12i + 12%cxd”
2+%f"3xx"2*sin(2*xe + 2*f*x))/(16*%a*xf~4)
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3.19 [l gy

a+iatan(e+fx)
Optimal result . . . . . . . . . . . e 130
Rubi [A] (verified) . . . . . . . .. 130
Mathematica [A] (verified) . . . . . . . . . ... 1321
Maple [A] (verified) . . . . . . . . . . 132
Fricas [A] (verification not implemented) . . . . . . . ... . ... ... ....... 132
Sympy [A] (verification not implemented) . . . . .. ... ... ... ... ... . T33]
Maxima [F(-2)] . . . . . o o 133
Giac [A] (verification not implemented) . . . . . . .. ... ... Lo oL 133
Mupad [B] (verification not implemented) . . .. ... ... ... ... .. ...... 134

Optimal result

Integrand size = 23, antiderivative size = 137

/ (c+ dx)? dp = — d*z  i(c+dw)? N (c+dzx)® id?
a-+iatan(e + fz) =~ 4daf? daf 6ad 4f3(a + iatan(e + fx))
d(c+ dx) i(c+ dzx)?

2f2(a + tatan(e + fz)) * 2f(a+iatan(e + fz))

[Out] -1/4*d"2*x/a/f~2-1/4%Ix(d*x+c)~2/a/f+1/6%(d*x+c) ~3/a/d-1/4xIxd~2/£f"3/(a+Ix*a
*tan (fxx+e) ) +1/2xd* (d*xx+c) /£~2/ (a+I*a*xtan (f*xx+e) ) +1/2%Ix (d*x+c) ~2/f/ (a+I*ax*
tan(f*xx+e))

Rubi [A] (verified)

Time = 0.14 (sec) , antiderivative size = 137, normalized size of antiderivative = 1.00,
number of steps used = 4, number of rules used = 3 number of rules _ 0.130, Rules used

' integrand size
= {3804, 3560, 8}

(c+dz)? B d(c+ dx) i(c+ dz)?
/ a + iatan(e + fz) v 2f%(a+iatan(e + fz)) 2f(a+iatan(e+ fz))
i(c+dz)? (c+dz)? id? d*z
"~ daf T 6ad 4f3(a+ iatan(e + fz)) 4ajf?

[In] Int[(c + d*x)~2/(a + I*axTan[e + f*x]),x]

[Out] -1/4x(d"2*x)/(a*xf"2) - ((I/4)*(c + d*x)~2)/(a*xf) + (c + d*x)~3/(6*a*d) - ((
I/4)*d"2)/(£f"3*%(a + I*axTan[e + f*xx])) + (d*(c + d*x))/(2xf~2x(a + I*axTan[
e + f*xx])) + ((I/2)*(c + d*x)~2)/(f*(a + I*axTan[e + f*x]))

Rule 8
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Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQla, x]

Rule 3560

Int[((a_) + (b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[ax((a +
b*xTan[c + d*x]) n/(2*%b*d*n)), x] + Dist[1/(2*a), Int[(a + b*Tan[c + d*x])~(
n + 1), x], x] /; FreeQ[{a, b, c, d}, x] && EqQ[a"2 + b~2, 0] &% LtQ[n, O]

Rule 3804

Int[((c_.) + (d_.)*(x))"(m_.)/((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)]), x_Sy
mbol] :> Simp[(c + d*x)~(m + 1)/(2xaxd*(m + 1)), x] + (Dist[axd*(m/(2*bxf))
, Int[(c + d*x)"(m - 1)/(a + b*Tan[e + f*x]), x], x] - Simp[a*((c + d*x) m/
(2xbxf*(a + b*Tan[e + f*x]))), x]) /; FreeQl[{a, b, c, d, e, f}, x] && EqQ[a
2 + b2, 0] &% GtQ[m, O]

Rubi steps

(c+ dz)? i(c+ dz)? (@d) [ sty 4o
6ad 2f(a + iatan(e + fz)) f
_i(c+dx)? N (c+ dx)? d(c+ dz)
daf 6ad 2f%(a +iatan(e + fzr))
i(c + dz)? @ [ iz 9
2f(a+ iatan(e + fz)) 22
_i(c+dx)? N (c+dzx)® id?
daf 6ad 4f3(a + iatan(e + fz))
d(c+ dx) i(c+dz)? d? [1dz
2f2(a+ iatan(e + fz)) = 2f(a+iatan(e+ fz))  4daf?
&z i(c+dx)? | (c+dx)? id?
T daf? daf 6ad  4f3(a+ iatan(e + fx))
d(c+dzx) i(c+ dzx)?
2f%(a+iatan(e + fz)) 2f(a+iatan(e + fx))

integral =

+
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Mathematica [A] (verified)

Time = 0.49 (sec) , antiderivative size = 178, normalized size of antiderivative = 1.30

/ (c+dz)? i

a + iatan(e + fz)
_ sec(e + fz)(cos(fz) + isin(fz)) ((d+ (1 +i)cf + (1 +3)dfz)((1 +3)ef +d(—i + (1 + 1) fz)) cos(2fz)(c

[In] Integrate[(c + d*x)~2/(a + I*axTan[e + fxx]),x]

[Out] (Secle + f*x]*(Cos[f*x] + I*Sin[f*x])*((d + (1 + I)*kc*f + (1 + I)*d*fxx)x*((
1 + I)xcxf + d*(-I + (1 + I)*f*x))*Cos[2*f*x]*(Cos[e] - I*Sin[e]) + (4*f~3x
x*(3*%c™2 + 3xckxd*x + d"2*xx"2)*(Cos[e] + I*Sinf[e]))/3 - Ix(d + (1 + I)xc*xf +

(1 + I)*d*fxx)*((1 + I)*cxf + d*(-I + (1 + I)*fxx))*(Cos[e] - I*Sin[e])*Si

n[2xfxx]))/(8*f"3%(a + I*axTan[e + f*x]))

Maple [A] (verified)

Time = 0.52 (sec) , antiderivative size = 108, normalized size of antiderivative = 0.79

method | result

. 223 | dex? | Bz, B (242 fPtded fPa—2id? fo42c? f2—2icdf—d?)e~ 2= te)
risch 6a + 2a + 2a + 6ad + 8a f3

2id2e —(fLe)((
)

gicd| — (fz+e) (cosz(fz+e)) +sin(fz+e) cos(fz+e) +ﬁ+2
ic2 (0052 (fm+e)) icde (0052 (fm+e)) 2 1 474 id2e2 (0052 (fz+e)

2 B f B f 252

default

[In] int((d*x+c)~2/(at+I*a*tan(f*x+e)),x,method= RETURNVERBOSE)
[Out] 1/6/a*xd~2*x~3+1/2/a*d*c*x"2+1/2/axc™2xx+1/6/a/d*c”3+1/8*I* (2*xd"~2*x~2*f~2-2%

Ixd~2*f*xx+4*ckd*f~2xx-2xI*xckd*xf+2xc™2xf~2-d"2) /a/f~3*exp (-2*I* (f*x+e))
Fricas [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 105, normalized size of antiderivative = 0.77

/ (c+ dx)?
- dz
a +iatan(e + fx)
B (6id?f2z® + 6ic?f2 + 6 cdf —3id> — 6 (—2icdf? — d2f)z + 4 (d* 32 + 3cdf3a? + 3 2 f3x)eli fot2ie)) o0
N 24 af3

[In] integrate((d*x+c)~2/(a+I*axtan(f*x+e)),x, algorithm="fricas")



133

[Out] 1/24%(6%xI*xd"2%f"2%x"2 + 6*%I*c™2%f~2 + 6kckxd*xf - 3xI*d"2 — 6% (-2xI*ckxd*xf~2 -
d~2xf) kx + 4% (d"2*%f"3%x"3 + 3kckd*xf~3*x"2 + 3kcT2xf"3kx) ke (2xI*f*xx + 2%Ix*
e))xe” (-2xIxfxx — 2%I*e)/(a*xf~3)

Sympy [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 165, normalized size of antiderivative = 1.20

2ic? f2+dicdf2x+-2cdf +2id? 222 42d2? fx—id?) e~ 2ice—2ifz i
( f Iif Iif f f ) for af3e2ze # 0

/ (C + dz')z de — 8af3
a+itatan(e 4+ fx 2..,—2ie dz2e—2ie d2Be—2ie .
(e+ fz) “H—+ e — + otherwise
cr  cdx? d?23
+ =4

2a 2a + 6a

[In] integrate((d*x+c)**2/(at+I*axtan(f*x+e)),x)

[Out] Piecewise(((2*xIkc**2*f*x*x2 + 4A*xI*ckdxfx*x2kx + 2xckd*f + 2xIxd*kkf**2kx**2 +
2kdx*2xfxx — I*d**2)*xexp(-2xI*e)*xexp (-2*I*f*x)/(8*a*f*x3), Ne(a*f**3*exp(2
xIxe), 0)), (cx*x2+x¥xexp(-2*xI*xe)/(2*a) + cxdxxx*2*exp(-2xIxe)/(2xa) + d**2*x
*x*x3xexp (-2xI*e) /(6xa), True)) + cx*2xx/(2xa) + cxd*x**2/(2*a) + d**2*xx**3/(

6%*a)

Maxima [F(-2)]

Exception generated.

d 2
/ .(c + dz) dxr = Exception raised: RuntimeError
a+iatan(e + fx)

[In] integrate((d*x+c) 2/ (a+I*a*tan(f*x+e)),x, algorithm="maxima")

[Out] Exception raised: RuntimeError >> ECL says: expt: undefined: O to a negativ
e exponent.

Giac [A] (verification not implemented)

none

Time = 0.36 (sec) , antiderivative size = 119, normalized size of antiderivative = 0.87

/ (c+ dz)? i

a + iatan(e + fz)
(4 d2f3x3e(2ifz+2i e) +12 Cdf3$26(2i fz+2ie) +12 02f3$€(2i fz+2ie) + 61 d2f2$2 + 124 Cdf2.’L' + 64 02f2 +6 d2f
24 af3
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[In] integrate((d*x+c)~2/(a+I*axtan(f*x+e)),x, algorithm="giac")

[Out] 1/24%(4%d~2*%f " 3%xx"3*%e” (2*%I*xfxx + 2%Ixe) + 12%ckd*xf~3*x"2xe” (2xI*f*x + 2*I*e
) + 12%c”2%f"3xxke” (2% I*xfxx + 2%Ixe) + 6xI*d"2*xf"2%x"2 + 12%xI*cxd*xf~2*x + 6
*Ixc™2xf"2 + 6%d"2%f*xx + 6kckxd*xf - 3*%Ixd"2)*e” (-2xI*fxx - 2%Ixe)/(axf~3)

Mupad [B] (verification not implemented)

Time = 3.71 (sec) , antiderivative size = 241, normalized size of antiderivative = 1.76

/ (c+ dz)?
- dz
a + iatan(e + fz)

123 fPr—-3d*sin(2e+2fx)+6c f2sin(2e+2fx)+4d* fPa+6cdfcos(2e+2fx)+6d° fix

[In] int((c + d*x)~2/(a + a*tan(e + f*xx)*1i),x)

[Out] (12*%c™2%f"3*x — 3*d"2*sin(2*e + 2*xfxx) — d"2*cos(2*e + 2*f*x)*3i + c 2xf~2x%

cos(2*xe + 2xfxx)*6i + 6*xc”2*xf"2*sin(2*e + 2*f*x) + 4*d"2*%f " 3*x"3 + 6*ckdxfx*

cos(2%e + 2*f*x) - cxd*xfxsin(2*e + 2*f*x)*6i + d~2*xf"2xx"2*cos(2*e + 2*f*x)

*61 + 6%d"2*f"2%x"2*sin(2%xe + 2*f*x) + 12*%ckd*f~3*x"2 + 6xd"2*f*x*cos(2*e +
2xfxx) — d"2*fxx*sin(2%e + 2xf*x)*6i + cxd*f 2*x*xcos(2*e + 2xf*xx)*12i + 12
xcxdxf"2*x*sin(2%e + 2xfxx))/(24*axf~3)
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3.20 [—4¥ __dry

a+iatan(e+fx)
Optimal result . . . . . . . . . . e 135
Rubi [A] (verified) . . . . . . . . 135
Mathematica [A] (verified) . . . . . . . . . ... L 1361
Maple [A] (verified) . . . . . . . .. 137
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... 137
Sympy [A] (verification not implemented) . . . . . ... ... ... ... . ... .. 137
Maxima [F(-2)] . . . . . . o 138
Giac [A] (verification not implemented) . . . . . . . .. ... . Lo L. 138
Mupad [B] (verification not implemented) . . . .. ... ... ... ... ...... 138

Optimal result

Integrand size = 21, antiderivative size = 84

c+dr i — idr  (c+dz)? d
/a-l—z'atan(e—l—fx) = daf LEPY R 4f%(a +iatan(e + fz))
i(c+ dx)
2f(a+iatan(e + fx))

[Out] -1/4xIxd*x/a/f+1/4*(d*x+c) 2/a/d+1/4xd/f~2/ (a+tI*a*xtan(f*x+e))+1/2%xI*(d*x+c)
/f/(a+I*axtan(f*xx+e))

Rubi [A] (verified)

Time = 0.06 (sec) , antiderivative size = 84, normalized size of antiderivative = 1.00, number

_ _ o number of rules _ _
of steps used = 3, number of rules used = 3, integrand size 0.143, Rules used = {3804,

3560, 8}
/ c+dz i(c+ dx) (c + dx)?
. dr = . +
a + iatan(e + fz) 2f(a + iatan(e + fx)) 4ad
d udx

+ 4f2(a + iatan(e + fz)) 4af

[In] Int[(c + d*x)/(a + I*axTan[e + f*x]),x]

[Out] ((-1/4xI)*d*x)/(a*f) + (c + d*x)~2/(4xaxd) + d/(4*f"2*«(a + I*axTan[e + f*x]
)) + ((I/2)*(c + d*x))/(f*(a + I*a*xTan[e + f*x]))

Rule 8
Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Rule 3560
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Int[((a_) + (b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[ax((a +
b*Tan[c + d*x]) "n/(2*bxd*n)), x] + Dist[1/(2*a), Int[(a + b*Tan[c + d*x])~(
n+ 1), x], x] /; FreeQ[{a, b, c, d}, x] & EqQ[a~2 + b~2, 0] && LtQ[n, 0]

Rule 3804

Int[((c_.) + (d_)*(x_))"(m_.)/((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)]1), x_Sy
mbol] :> Simp[(c + d*x)~(m + 1)/(2*%axd*(m + 1)), x] + (Dist[a*xd*(m/(2*b*f))
, Int[(c + d*x)"(m - 1)/(a + b*Tan[e + f*x]), x], x] - Simp[ax((c + d*x)"m/
(2xbxf*x(a + bxTan[e + f*x]))), x]) /; FreeQ[{a, b, c, 4, e, f}, x] && EqQ[a
~2 + b~2, 0] && GtQ[m, O]

Rubi steps
2 ; id) [ ———L——dx
integral = (c+ dx) n z(c + dzx) B (id) | Yy
4ad 2f(a+ iatan(e + fx)) 2f
_ (C+d£l7)2 n d i(C-I—d:C) B (Zd)fldx
4ad 4f%(a +iatan(e + fz))  2f(a+iatan(e + fz)) daf
__ids | (e do)’ i o+ da)

daf 4ad + 4f2(a +iatan(e + fx)) 2f(a+iatan(e + fx))

Mathematica [A] (verified)

Time = 0.74 (sec) , antiderivative size = 96, normalized size of antiderivative = 1.14

/ c+dz
. dz
a +iatan(e + fx)
_ —i(2ef(i +2fx) + d(1 + 2ifx + 2f%2?)) + 2cf(—i + 2fz) + d(—1 — 2ifz + 2f?z?)) tan(e + fx)
B 8af2(—i + tan(e + fx))

[In] Integrate[(c + d*x)/(a + I*axTan[e + f*x]),x]

[Out] ((-I)*(2kcxf*x(I + 2%f*xx) + d*x(1 + (2xI)*f*xx + 2*%xf~2%x"2)) + (2xc*xf*x(-I + 2%
£fxx) + dk(-1 - (2xI)*xfxx + 2%f~2%x~2))*Tan[e + f*xx])/(8*a*xf~2%(-I + Tan[e +
fxx]))
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Maple [A] (verified)

Time = 0.47 (sec) , antiderivative size = 50, normalized size of antiderivative = 0.60

method | result

i(2dfx+2cf—id)e2i(fz+te)

: dz? cx
risch 4a + 2a + 8a f2
dz? | 2icf+d da® (tanz(fz+e)) (2cf—id) tan(fz+e) | (2cf+id)z | dztan(fz+e) (26f—id):c(tan2(fx+e))
ﬂ_‘_ 4a f2 4a + 4a f2 + 4a f + 2af + 4fa
norman T+tan2(fzte)

id (7 (fz+e) (00252(f9:+e)) +sin(fm+e)4cos(fa:+e) +%+§>

e cos? ;f”e)) _ idE(COSE;f“e)) _ . o(Snlfate) conlfate) gy o) e
af

default

[In] int((d*x+c)/(a+I*axtan(f*x+e)),x,method=_ RETURNVERBOSE)
[Out] 1/4/axd*x~2+1/2/axc*x+1/8*I*(2xd*xf*xx-I*d+2xc*f)/a/f ~2%exp (-2*I* (f*x+e))

Fricas [A] (verification not implemented)

none
Time = 0.24 (sec) , antiderivative size = 55, normalized size of antiderivative = 0.65

/ c+dr _ (2idfz 4 2icf + 2 (df*z® + 2 cf?z)efatic) 4 g)e(-2fo=2ic)
a + iatan(e + fz) v 8af?

[In] integrate((d*x+c)/(a+I*axtan(f*x+e)),x, algorithm="fricas")
[Out] 1/8*(2xIxd*xf*xx + 2%Ixc*xf + 2% (d*xf~2%x"2 + 2%cxf~2%xx)*xe” (2*%I*xf*xx + 2xI*xe) +
d)*e” (-2xI*xf*xx — 2%Ixe)/(axf~2)

Sympy [A] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 92, normalized size of antiderivative = 1.10

2 2id; d —2ie,—2ifx .
(2icf+2idfz+d)e e for (]Jf262ze 7& 0 cx d?

d a
/ . c+ax de — | 8af2 | L
a +iatan(e + fx) cme;’w n dx2z;2w otherwise 20 4a

[In] integrate((d*x+c)/(a+I*a*xtan(f*x+e)),x)

[Out] Piecewise(((2xIkc*f + 2xIkd*fxx + d)*exp(-2*%I*e)*exp(-2*xI*xf*x)/(8*xaxf**2),
Ne (axf**2xexp(2xI*e), 0)), (ckxxexp(-2xIxe)/(2*a) + d*x*x*2xexp(-2*xIxe)/(4*a

), True)) + c*xx/(2%a) + dxx**2/(4*a)
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Maxima [F(-2)]

Exception generated.

d
/ - ctar dx = Exception raised: RuntimeError
a+ iatan(e + fz)

[In] integrate((d*x+c)/(at+I*axtan(f*x+e)),x, algorithm="maxima")
[Out] Exception raised: RuntimeError >> ECL says: expt: undefined: O to a negativ

e exponent.

Giac [A] (verification not implemented)

none
Time = 0.35 (sec) , antiderivative size = 62, normalized size of antiderivative = 0.74

/ c+dz
; dx
a+iatan(e + fx)
B (2 df2x2e(2i fz+2ie) +4 cf2x6(2i fz+2ie) + 24 dffL' + 24 Cf + d) 6(—2z'fx—2i e)
N 8af?

[In] integrate((d*x+c)/(at+I*axtan(f*x+e)),x, algorithm="giac")

[Out] 1/8%(2%d*xf~2%x"2xe” (2kxIxf*xx + 2%Ike) + 4kxcxf~2kxke™ (2xIxfxx + 2xI*e) + 2%Ix*
dxf*xx + 2%Ikcxf + d)*xe” (-2xIxf*xx — 2%I*xe)/(axf~2)

Mupad [B] (verification not implemented)

Time = 3.45 (sec) , antiderivative size = 105, normalized size of antiderivative = 1.25

/ c+dz

- dz
a + iatan(e + fz)
_dcos(2e+2fz)+2df*a*+2cfsin(Qe+2fz)+4cfPr+2dfrsin(2e+2fz)—dsin(2e+2f
B 8a f?

[In] int((c + d*x)/(a + a*tan(e + f*xx)*1i),x)

[Out] (d*cos(2%e + 2%fxx) - d*sin(2%e + 2xfxx)*1i + 2xd*xf~2%x~2 + cxfxcos(2xe + 2
*fxx)*21 + 2kckfxsin(2%e + 2%fxx) + 4dxckxf~2xx + dxfxxkcos(2*e + 2*xf*xx)*2i +

2xdxfxxksin (2%e + 2xf*x))/(8*xaxf~2)
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1

3.21 f (c+dz)(a+iatan(e+fz)) dz

Optimal result . . . . . . . . . . . . . e 139
Rubi [A] (verified) . . . . . . . . . 139
Mathematica [A] (verified) . . . . . . . . . ... 141
Maple [A] (verified) . . . . . . . . .. 141
Fricas [A] (verification not implemented) . . . . . . . .. ... ... ... ... ... I47]
Sympy [F] . . o 142
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 142
Giac [A] (verification not implemented) . . . . . . .. ... .. Lo oL 142
Mupad [F(-1)] . . . . 143]

Optimal result

Integrand size = 23, antiderivative size = 161

/ 1 dp — oS (2e - Z%f) Coslntegral (% + 2fx) N log(c + dx)
(c+dzx)(a+iatan(e + fz)) 2ad 2ad
1 CosIntegral (% + 2fz) sin (2e — %)
- 2ad
icos (2e — 2L) Si(%L + 2fx)
a 2ad
sin (2 - %) Si(%f + 2/0)
B 2ad

[Out] 1/2%Ci(2%c*f/d+2xf*x)*cos (-2%e+2*c*xf/d)/a/d+1/2%x1n(d*x+c)/a/d-1/2*%I*cos (-2%
e+2%cxf/d) *Si (2xc*f/d+2xf*xx) /a/d+1/2%xI*Ci (2%c*f/d+2*xf*x) *sin (-2*e+2xc*xf/d) /
a/d+1/2%Si (2*cxf/d+2*f*xx)*sin(-2*e+2xc*xf/d) /a/d

Rubi [A] (verified)

Time = 0.32 (sec) , antiderivative size = 161, normalized size of antiderivative = 1.00,
number of steps used = 7, number of rules used = 4 number of rules _ 0.174, Rules used

' integrand size
= {3807, 3384, 3380, 3383}

/ 1 Jo — _ i CoslIntegral (2zf + 2—%) sin (2e — 2—?)
(c+dz)(a +iatan(e + fx)) 2ad
N CosIntegral (fo + 2%0) cos (2@ — 2%0)
2ad
sin (26 — %) Sj(2xf + %)
B 2ad

icos (2e — 22 Si(2zf + %) N log(c + dx)
2ad 2ad
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[In] Int[1/((c + d*x)*(a + I*a*xTan[e + f*x])),x]

[Out] (Cos[2*e - (2*cxf)/d]*CosIntegral [(2*c*f)/d + 2xf*x])/(2xaxd) + Loglc
1/(2*%axd) - ((I/2)*CosIntegral[(2*xcxf)/d + 2*f*x]*Sin[2*e - (2xcxf)/d])/(ax
d) - ((I/2)*Cos[2*e - (2*c*f)/d]*SinIntegral [(2*c*f)/d + 2*xf*xx])/(axd) - (S
in[2*%e - (2xcxf)/d]*SinIntegral [(2*c*f)/d + 2*xf*x])/(2xaxd)

Rule 3380

Int[sinl(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[SinInte
gralle + f*x]1/d, x] /; FreeQl[{c, d, e, f}, x] && EqQ[d*e - c*f, 0]

Rule 3383

Int[sinl(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[CosInte
gralle - Pi/2 + fxx]/d, x] /; FreeQl{c, d, e, f}, x] && EqQ[dx(e - Pi/2) -
cxf, 0]

Rule 3384

Int[sinl(e_.) + (f_.)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Dist[Cos[(d*
e - cxf)/d], Int[Sin[c*(f/d) + f*x]/(c + d*x), x], x] + Dist[Sin[(d*e - c*f
)/d], Int[Cos[cx(f/d) + f*xx]/(c + d*x), x], x] /; FreeQ[{c, d, e, f}, x] &&
NeQ[d*e - cxf, 0]

Rule 3807

Int[1/(((c_.) + (d_.)*(x_))*((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)])), x_Symb
ol] :> Simp[Loglc + d*x]/(2*a*xd), x] + (Dist[1/(2*a), Int[Cos[2xe + 2xf*x]/
(c + d*x), x], x] + Dist[1/(2%b), Int[Sin[2%e + 2%f*x]/(c + d*x), x], x]) /
; FreeQ[{a, b, c, d, e, £}, x] && EqQ[a"2 + b~2, 0]

Rubi steps
o logletdn) [ R | e g
integral = 50d % + %
. c sin( 2¢£ fz c cos( 2¢£ fr
_ log(c+dr) (icos (2 — %)) | % dz  cos (2e— 2L | % dz
2ad 2a 2a
cos( 2¢f T sin( 2¢f T
B (isin (2e — %)) f%dw _sin (2e — 22 f%dw
2a 2a
_ cos (2e — 24 Coslntegral (% + 2fz) N log(c + dx)
2ad 2ad
B 1 CosIntegral (% + Qfm) sin (26 — %)
2ad

_ icos (2e — 2L) Si (%L + 2fx) _ sin (2e — 24) Si(%L + 2f7)
2ad 2ad

+ d*x
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Mathematica [A] (verified)

Time = 0.61 (sec) , antiderivative size = 166, normalized size of antiderivative = 1.03

1
/ (c+dz)(a+iatan(e + fx)) do
sec(e + fz) (—icos (f(S+z)) +sin (f($+x))) (CosIntegral (L‘J{dw)) (cos (e — <L) —isin (e — ¥))
B 2ad(—i + tan(e

[In] Integrate[1/((c + d*x)*(a + I*a*Tan[e + f*x])),x]

[Out] (Secle + f*xx]*((-I)*Cos[f*(c/d + x)] + Sin[fx*(c/d + x)])*(CosIntegral [(2*xfx*
(c + d*x))/d]l*(Cos[e - (c*f)/d] - I*Sin[e - (cxf)/d]) + Loglf*(c + dxx)]1*(C

os[e - (c*f)/d] + I*Sin[e - (cxf)/d]) + ((-I)*Cos[e - (c*f)/d] - Sin[e - (c
*xf)/d])*SinIntegral [(2xf*(c + d*x))/d]))/(2*%a*d*(-I + Tan[e + f*x]))

Maple [A] (verified)

Time = 0.60 (sec) , antiderivative size = 65, normalized size of antiderivative = 0.40

method | result
2i(cf—de) . . 2i(cf—de)

risch In(datc) _ ¢ T Eh (2ifa-+2ie+ 2eLzd))

2ad Sad

i (2 Si(2fz+2e+ 2Cf;2de) cos(%ffde) 2 Ci(2fm+ze+ 2Cf;2de) sin(%ffde) ) I (2 Si(2fa:+2e+ 2cf;2de) sin(ZCffde) N 2 Ci

d L :
- +
default . 4
af

[In] int(1/(d*x+c)/(a+I*axtan(f*x+e)),x,method=_RETURNVERBOSE)

[Out] 1/2*1n(d*x+c)/a/d-1/2/a/d*xexp(2*I*(c*f-d*e)/d)*Ei(1,2*%I*f*x+2xI*e+2*I* (ckf-
dxe)/d)

Fricas [A] (verification not implemented)

none

Time = 0.25 (sec) , antiderivative size = 51, normalized size of antiderivative = 0.32

R
(c+ dx)(a + iatan(e + fz)) = 2ad

[In] integrate(1/(d*x+c)/(a+I*axtan(f*x+e)),x, algorithm="fricas")

[Out] 1/2%(Ei(-2%(I*d*fxx + Ikcxf)/d)*e” (-2x(I*d*e - I*c*f)/d) + log((d*x + c)/d)
)/ (axd)
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Sympy [F]

dzx

. 1
/ 1 de = ¢ f ctan (e+fz)—ict+dz tan (e+fz)—idx
: T =—
(c+dz)(a+iatan(e + fz)) a

[In] integrate(1/(d*x+c)/(at+I*axtan(f*x+e)),x)
[Out] -IxIntegral(l/(c*tan(e + f*x) - I*c + d*x*tan(e + fxx) - Ixd*x), x)/a

Maxima [A] (verification not implemented)

nomne

Time = 0.28 (sec) , antiderivative size = 112, normalized size of antiderivative = 0.70

1
/ (c+dz)(a+iatan(e + fx))
£ cos <_@> B (_2(—i (fx-i—e)(;i-i—ide—icf)) +ifE, <_2(—z’ (fx—i—e)dd+ide—z'cf)> sin <_@> — flog ((,

2 adf

dr =

[In] integrate(1/(d*x+c)/(at+I*a*xtan(f*x+e)),x, algorithm="maxima")

[Out] -1/2%(f*cos(-2*(d*e - c*f)/d)*exp_integral_e(1l, -2*%(-Ix(f*x + e)*d + I*d*e
- Ixcxf)/d) + Ixfxexp_integral_e(1l, -2x(-Ix(f*x + e)xd + I*xdxe - Ixc*f)/d)x*
sin(-2*(d*e - cxf)/d) - fxlog((f*x + e)xd - d*e + cxf))/(axd*f)

Giac [A] (verification not implemented)

none

Time = 0.37 (sec) , antiderivative size = 138, normalized size of antiderivative = 0.86

1
(c+dz)(a +iatan(e + fz))
cos (2¢0) Ci (—2Wztel) ) 4 cos(2e log (dz + c) + i log (dx + ¢)sin (2¢e) + ¢ Ci —2(dfeef) ) gin (2<F) —
_ d d d d
B 2(adcos(2e)+iadsin(2e))

dz

[In] integrate(1/(d*x+c)/(a+I*axtan(f*x+e)),x, algorithm="giac")

[Out] 1/2*(cos(2*c*f/d)*cos_integral (-2 (d*f*x + cxf)/d) + cos(2*e)*log(d*x + c)
+ Ixlog(d*x + c)*sin(2%e) + I*cos_integral (-2x(d*f*x + c*f)/d)*sin(2*c*xf/d)

- Ixcos(2*c*f/d)*sin_integral (2*(d*f*x + c*f)/d) + sin(2*cxf/d)*sin_integr
al(2x(d*xf*x + c*f)/d))/(a*d*cos(2%e) + I*axd*sin(2*e))
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Mupad [F(-1)]

Timed out.

dx

1 1
/ (c+dzx)(a+iatan(e + fz)) do = / (a+atan(e+ fz) 1i) (c+dx)

[In] int(1/((a + axtan(e + f*x)*1i)*(c + d*x)),x)
[Out] int(1/((a + a*tan(e + f*xx)*1i)*(c + d*x)), x)
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3.22 [ o d

a+iatan(e+fx))
Optimal result . . . . . . . . . . e 144
Rubi [A] (verified) . . . . . . . . 144
Mathematica [A] (verified) . . . . . . . . . ... L 1461
Maple [A] (verified) . . . . . . ... 147
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... 147
Sympy [F] . . o o 147
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... .. 148
Giac [B] (verification not implemented) . . . . . . .. ... .. ... ... 148]
Mupad [F(-1)] . . . oo 149

Optimal result

Integrand size = 23, antiderivative size = 168

1 e — if cos (2e — %) CosIntegral (2 + 2fz)
/ (c+ dz)?(a +iatan(e + fx)) T=T ad?
f Coslntegral (% +2 fx) sin (2e — %)
- ad?
B f cos (26 - 2%f) Si(% + 2fx)
ad?
4 if sin (2e — Z%f) Si(% +2fz)
ald2

d(c+ dx)(a + iatan(e + fz))

[Out] -I*xf*Ci(2xc*xf/d+2xf*x)*cos(-2xe+2xc*xf/d)/a/d~2-f*cos (-2xe+2*c*xf/d)*Si (2*c*f
/d+2xfxx) /a/d"2+f*Ci (2xc*xf/d+2xf*x) *sin (-2xe+2*c*xf/d) /a/d~2-I*f*Si (2xcxf/d+
2%f*xx)*sin(-2%e+2*c*xf/d)/a/d~2-1/d/ (d*x+c)/ (a+I*a*xtan(f*x+e))

Rubi [A] (verified)

Time = 0.28 (sec) , antiderivative size = 168, normalized size of antiderivative = 1.00,

number of steps used = 7, number of rules used = 4, Bumber of rules _ 174 Ryles used
integrand size
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= {3805, 3384, 3380, 3383}

(c+dz)*(a +iatan(e + fz)) de = ad?

if Coslntegral (2zf + 2) cos (2e — %I)
- ad?
%_@fﬁn(2e—-%¥)sm2xf4_%¥)
ad?
fcos (2e — 2L) Si(2zf + %)
_ aiP

/ 1 _f Coslntegral (fo + %) sin (26 — %)

~ d(c+ dz)(a+ iatan(e + fz))

[In] Int[1/((c + d*x)~"2*(a + I*axTan[e + f*x])),x]

[Out] ((-I)*f*Cos[2*e - (2*cxf)/d]*CosIntegral [(2*c*f)/d + 2xfxx])/(axd™2) - (£*C
osIntegral[(2*c*f)/d + 2%f*x]*Sin[2xe - (2xc*f)/d])/(a*d™2) - (f*Cos[2%e -
(2%c*f) /d] *SinIntegral [(2«c*f)/d + 2%f*x])/(a*d~2) + (I*fxSin[2%e - (2%cxf)
/d]*SinIntegral [(2%c*f)/d + 2%f*x])/(a*xd~2) - 1/(d*(c + d*x)*(a + I*a*Tan[e

+ £*x]))

Rule 3380

Int[sinl(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[SinInte
gralle + f*x]/d, x] /; FreeQ[{c, d, e, f}, x] && EqQ[d*e - c*f, O]

Rule 3383

Int[sin[(e_.) + (f_.)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[CosInte
gralle - Pi/2 + f*x1/d, x] /; FreeQl{c, d, e, £}, x] && EqQ[d*(e - Pi/2) -
cxf, 0]

Rule 3384

Int[sinf(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Dist[Cos[(d*
e - C*f)/d], Int[Sin[cx(f/d) + fxx]/(c + d*X), X], x] + Dist[Sin[(d*e - c*f
)/d]l, Int[Cosl[cx(£f/d) + f*x]/(c + d*x), x], x] /; FreeQl{c, 4, e, £}, x] &&
NeQ[d*e - cx*f, 0]

Rule 3805

Int[1/(((c_.) + (d_.)*(x_))"2%((a_) + (b_.)*tan[(e_.) + (£f_.)*(x_)])), x_Sy
mbol] :> -Simp[(d*(c + d¥x)*(a + b¥Tan[e + £*x]))7(-1), x] + (-Dist[f/(axd)
, Int[Sin[2%e + 2xfxx]/(c + d*x), x], x] + Dist[f/(b*d), Int[Cos[2%e + 2xfx
x]/(c + d*x), x], x]1) /; FreeQ[{a, b, c, d, e, £}, x] && EqQ[a~2 + b~2, 0]
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Rubi steps
. cos(2e+2fx) d sin(2e42fz) d
integral = — 1 — (@f) | ctdx r f J ctdz %
d(c+ dx)(a + iatan(e + fz)) ad ad
COS y xr
B 1 (ifcos(2e—2—§i))f%dx
d(c+ dz)(a +iatan(e + fz)) ad
2cf sin(%+2fz)
_ (feos(2e—2)) | —Sg—~dx
ad
sin( 2¢f T cos( 2¢£ T
Gy o= 20)) I gy (gn (oo - 2t)) T
ad ad
if cos (2e — %) CosIntegral (%L + 2fz)
N ad?
_ [ Coslntegral (%L +2fx) sin (2e — Qﬂc) fcos (2e — %) Si(%L + 2fx)
ad? ad?
+ifsin(26—%)81(%+2fa:) B 1
ad? d(c+ dz)(a + iatan(e + fz))

Mathematica [A] (verified)

Time = 0.77 (sec) , antiderivative size = 224, normalized size of antiderivative = 1.33

1
(c+dz)*(a +iatan(e + fz))

sec(e + fz) (cos (<L) +isin (<)) (d(z’cos (e+ f(=<+x)) +icos(e+ f(5+z)) —sin(e+ f(—5+z)

dz

[In] Integrate[1/((c + d*x)~2*(a + I*a*xTan[e + f*x])),x]

[Out] (Secle + f*x]*(Cos[(c*f)/d] + I*Sin[(c*f)/d])*(d*(I*Cos[e + f*x(-(c/d) + x)]
+ Ix*Cos[e + f*(c/d + x)] - Sin[e + f*(-(c/d) + x)] + Sin[e + f*x(c/d + x)])

- 2xfx(c + d*x)*CosIntegral [(2xfx(c + d*x))/d]l*(Cos[e - (f*(c + d*x))/d] -
I*Sin[e - (f*(c + d*x))/d]) + 2xf*(c + d*x)*(I*Cos[e - (fx(c + d*x))/d] +

Sin[e - (fx(c + d*x))/d])*SinIntegral [(2xf*(c + d*x))/d]))/(2xaxd~2x(c + d*
x)*(-I + Tan[e + fx*x]))
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Maple [A] (verified)

Time = 0.51 (sec) , antiderivative size = 96, normalized size of antiderivative = 0.57

method | result
2i(cf—de) e
i ch L fo-tilfs+e) | ife 4 Ei <2ifx+2ie+%dde))
T1s¢ T 2d(dz+c)a ~ 2a(dfz+cf)d ad?
s ein(ages20) 4 8i(2fa+2e+ 26"52‘16) sin(chfde) L Ci(2fa+2e+ 2°f;2de) cos(chfde) 2| _2cosraioe)
) sin(2fz+2e = '
U~ Ger—detd(Fatend T d d d (cf—de+d(fxz+e))
af

default

[In] int(1/(d*x+c)"~2/(a+I*axtan(f*x+e)),x,method= RETURNVERBOSE)
[Out] -1/2/d/(d*x+c)/a-1/2/axf*xexp(-2*I* (f*x+e))/(d*f*x+c*f)/d+I/a*xf/d"2*exp (2*I*
(cxf-dxe) /d) *Ei(1,2*Ixf*x+2*I*xe+2*Ix (c*f-d*e)/d)

Fricas [A] (verification not implemented)

none
Time = 0.26 (sec) , antiderivative size = 83, normalized size of antiderivative = 0.49

1
/ (c+dz)*(a +iatan(e + fz))

((2 (i dfz + icf)Ei(—z(idfTi cf)) e@%[””) + d) (2 fot2ie) | d) o(—2i fo—2ie)

- 2 (ad?z + acd?)

dz

[In] integrate(1/(d*x+c)~2/(a+I*axtan(f*x+e)),x, algorithm="fricas")

[Out] -1/2*%((2%(I*d*f*xx + Ikc*f)*Ei(-2%(Ixd*f*xx + Ikc*xf)/d)*e~(-2%x(Ixd*e — I*cx*f)
/d) + d)xe” (2*%Ixf*xx + 2xIkxe) + d)*e” (—2%Ixfxx - 2*I*e)/(a*d~3*x + a*xc*xd™2)

Sympy [F]

1
/ (c+ dx)%(a + iatan(e + fm))

i f c? tan (e+ fz)—ic2+2cdzx tan (e+fac) —2icdz+d?z? tan (e+ fz)—id?z?
a

dz

[In] integrate(1/(d*x+c)**2/(a+I*a*tan(f*x+e)),x)
[Out] -IxIntegral(1l/(c**2*tan(e + f*x) - I*c**2 + 2kckxdxx*tan(e + f*x) - 2*I*kckd*
X + dxx2xx*xx2xtan(e + f*xx) - Ikdx*x2xx**x2), x)/a
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Maxima [A] (verification not implemented)

none

Time = 0.58 (sec) , antiderivative size = 119, normalized size of antiderivative = 0.71

1
dx =
/ (c+ dz)2(a + atan(e + fz)) "
f? cos <_Lﬂ) E, (_2(—i (fw+e)dd+ide—z'cf)> +i f2E, (_2(—i (fW+eLd+z' de—i cf)) gin (_Z(ded—cf)) + 2
B 2 ((fz + €)ad? — ad?e + acdf) f

[In] integrate(1/(d*x+c)~2/(a+I*axtan(f*x+e)),x, algorithm="maxima")

[Out] -1/2%(f"2*cos(-2%(d*e - c*f)/d)*exp_integral_e(2, -2x(-I*(f*xx + e)*d + I*xd*
e — Ixcxf)/d) + Ixf~2%exp_integral_e(2, -2x(-I*(f*x + e)*d + Ixdxe — I*cxf)
/d)*sin(-2x(d*e - c*f)/d) + £72)/(((f*x + e)*axd™2 - a*d~2*e + akxcxd*f)x*f)

Giac [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 1013 vs. 2(161) = 322.

Time = 2.30 (sec) , antiderivative size = 1013, normalized size of antiderivative = 6.03

1

dz = Too large to displ
/(C+d$)2(a+iatan(e+fx)) X 00 large to display

[In] integrate(1/(d*x+c)~2/(a+I*a*tan(f*x+e)),x, algorithm="giac")

[Out] 1/2%x(-2*%I*(d*x + c)*(d*e/(d*x + c) - cxf/(d*x + c) + f)*f~2*cos(-2x(d*e - ¢
xf)/d)*cos_integral (2% ((d*x + c)*(d*e/(d*x + c) - cxf/(d*x + c) + f) - dxe
+ cxf)/d) + 2xIxd*xexf~2xcos(-2x(d*e - c*f)/d)*cos_integral (2x((d*x + c)*(d*
e/(d*x + c) - cxf/(d*x + c) + f) - d¥e + cxf)/d) - 2*I*xcxf~3*cos(-2*(d*e -
c*xf)/d)*cos_integral (2x((d*x + c)*(d*e/(d*x + c) - cxf/(d*x + c) + f) - dxe
+ cxf)/d) + 2x(d*x + c)*(d*e/(d*x + c) - cxf/(d*x + c) + f)*f~2%cos_integr
al(2x((d*x + c)*(dxe/(d*x + c) - c*f/(d*x + c) + f) - d*e + cxf)/d)*sin(-2*
(d*e - c*f)/d) - 2*d*exf~2xcos_integral (2% ((d*x + c)*(dxe/(d*x + c) - cxf/(
d¥x + ¢) + f) - d¥e + cxf)/d)*sin(-2x(d*e - c*f)/d) + 2*xc*f~3*cos_integral(
2x((d*x + c)*(dxe/(d*x + c) - c*xf/(d*x + c) + f) - dxe + c*f)/d)*sin(-2*(d*
e - cxf)/d) - 2x(d*x + c)*(d*e/(d*x + c) - c*f/(d*x + c) + f)*f"2*xcos(-2*(d
xe — c*f)/d)*sin_integral (2x((d*x + c)*(d*e/(d*x + c) - cxf/(d*x + c) + f)
- d*e + c*f)/d) + 2*d*exf~2xcos(-2*x(d*xe - c*f)/d)*sin_integral (2x((d*x + c)
*(d*e/(d*x + c) - cxf/(d*x + c) + f) - d¥e + c*f)/d) - 2xcxf"3xcos(-2*(dxe
- cxf)/d)*sin_integral (2% ((d*x + c)*(d*e/(d*x + c) - cxf/(d*x + c) + f) - d
*xe + c*f)/d) - 2%Ix(d*x + c)*(dxe/(d*x + c) - c*f/(d*x + c) + f)*f"2*xsin(-2
x(d*e - c*f)/d)*sin_integral (2x((d*x + c)*(dxe/(d*x + c) - c*f/(d*x + c) +
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f) - dxe + cxf)/d) + 2xI*d*exf~2xsin(-2*(dxe - c*f)/d)*sin_integral (2x((d*x
+ c)*x(d*xe/(d*x + c) — cxf/(d*x + c) + f) - d*xe + c*f)/d) - 2*I*cxf~3*sin(-
2x(d*e - cxf)/d)*sin_integral (2*((d*x + c)*(d*e/(d*x + c) - c*xf/(d*x + c) +
f) - dxe + c*xf)/d) - d*f"2*cos(-2x(d*x + c)*(d*xe/(d*x + c) - c*xf/(d*x + c)
+ £)/d) - I*d*f"2*xsin(-2*(d*x + c)*(d*e/(d*x + c) - cxf/(d*x + c) + f)/d)
- d*xf~2)*d"2/(((d*x + c)*axd~4*x(d*e/(d*x + c) - cxf/(d*x + c) + f) - a*d~5x%

e + axckxd™4x*f)xf)

Mupad [F(-1)]

Timed out.

1 1
/(c+dm)2(a+iatan(e+fx)) de = / (a+ atan (e + fz) 1i) (c+ dz)? e

[In] int(1/((a + a*tan(e + f*x)*1i)*(c + d*x)~2),x)

[Out] int(1/((a + axtan(e + f*x)*1i)*(c + d*x)~2), x)
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1

3.23 f (c+dz)3(a+iatan(e+fx)) dx

Optimal result . . . . . . . . . . e 150
Rubi [A] (verified) . . . . . . . . [151]
Mathematica [A] (verified) . . . . . . . . . ... L 1531
Maple [A] (verified) . . . . . . . .. 153
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... 154
Sympy [F] . . o o 154
Maxima [A] (verification not implemented) . . . . . . . .. ... ... ... 154
Giac [B] (verification not implemented) . . . . . . .. ... .. ... ... 1551
Mupad [F(-1)] . . . oo 155

Optimal result

Integrand size = 23, antiderivative size = 227

1 B if

/ (c+ dx)3(a +iatan(e + fx)) dz =  2ad?(c + dz)
2 cos (2e — %) Coslntegral (2L + 2fz)

_ d
ad?
N if? CosIntegral (% + 2fz) sin (2e — %)
ad3
N if? cos (2e — %) Si(% +2fx)
ad3
N f?sin (2e — 20 Si (%L + 2f2)
ad?
_ 1
2d(c + dz)?(a + iatan(e + fz))
if

_+_

d*(c+ dz)(a + iatan(e + fz))

[Out] -1/2*%I*f/a/d~2/(d*x+c)-f~2xCi (2%c*f/d+2*xf*x) *cos (-2*e+2*c*f/d)/a/d"~3+I*f 2%
cos (—2xe+2xcxf/d) *Si (2*cxf/d+2*f*x) /a/d~3-I*f"2xCi (2kc*f/d+2xf*x) *sin (-2*e+
2%c*xf/d) /a/d"3-f"2xSi (2*c*f/d+2*f*x) *sin(-2*xe+2xcxf/d) /a/d"3-1/2/d/ (d*xx+c)”

2/ (a+I*axtan(f*xx+e))+Ixf/d~2/(d*x+c)/(a+I*axtan(f*xx+e))
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Rubi [A] (verified)

Time = 0.38 (sec) , antiderivative size = 227, normalized size of antiderivative = 1.00,
number of steps used = 8, number of rules used = 5 number of rules _ 0.217, Rules used

' integrand size
= {3806, 3805, 3384, 3380, 3383}

/ 1 s — if? CosIntegral (2zf + %) sin (2e — %)
(c+dz)3(a + iatan(e + fx)) ad?
B f? CosIntegral (2zf + 2L) cos (2e — %)
ad3
N f?sin (2e — 2%f) Si(2zf + %)
ad3
N if? cos (26 — 2%0) Si(Qxf + %)
ad® ,
+ iof _ if
d?(c+ dx)(a +iatan(e + fz)) 2ad?*(c+ dz)
1

 2d(c+ dz)%(a + iatan(e + fz))

[In] Int[1/((c + d*x)~3*(a + I*a*Tan[e + f*x])),x]

[Out] ((-1/2*I)*f)/(axd”2*(c + d*x)) - (£72*Cos[2*e - (2*c*f)/d]*CosIntegral [(2x*c
*xf)/d + 2+f*x])/(axd"3) + (I*f~2*CosIntegral[(2xcxf)/d + 2*f*x]*Sin[2*e - (
2xcxf)/d])/(axd~3) + (I*f~2xCos[2*e - (2xcxf)/d]*SinIntegral [(2*c*xf)/d + 2%
f*x])/(a*xd~3) + (£72xSin[2%e - (2xcxf)/d]l*SinIntegral [(2*cxf)/d + 2*xf*x])/(
a*d~3) - 1/(2xdx(c + d*x)~2x(a + I*a*Tan[e + f*x])) + (I*f)/(d"2x(c + d*x)*

(a + Ixa*Tan[e + £*x]))

Rule 3380

Int[sinl(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[SinInte
gralle + f*x]1/d, x] /; FreeQl[{c, d, e, f}, x] && EqQ[d*e - c*f, 0]

Rule 3383

Int[sinl(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[CosInte
gralle - Pi/2 + fxx]/d, x] /; FreeQl{c, d, e, f}, x] && EqQ[dx(e - Pi/2) -
cxf, 0]

Rule 3384

Int[sinl(e_.) + (f_.)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Dist[Cos[(d*
e - cxf)/d], Int[Sin[cx(f/d) + f*x]/(c + d*xx), x], x] + Dist[Sin[(d*e - cx*f
)/d], Int[Cos[cx(f/d) + fxx]/(c + d*x), x], x] /; FreeQ[{c, d, e, f}, x] &&
NeQ[d*e - cxf, 0]
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Rule 3805

Int[1/(((c_.) + (d_)*(x_))"2x((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)]1)), x_Sy
mbol] :> -Simp[(d*(c + d*x)*(a + bxTan[e + f*x]))~(-1), x] + (-Dist[£f/(a*d)
, Int[Sin[2*e + 2*f*x]/(c + d*x), x], x] + Dist[f/(b*d), Int[Cos[2*e + 2*f*
x]/(c + d*x), x], x]) /; FreeQ[{a, b, c, 4, e, f}, x] && EqQ[a"2 + b~2, 0]

Rule 3806

Int[((c_.) + (d_)*(x_))"(m_)/((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)]), x_Sym
bol] :> Simp[f*((c + d*x)~(m + 2)/(bxd"2*(m + D*(m + 2))), x] + (Dist[2*b*
(f/(axd*x(m + 1))), Int[(c + d*x)"(m + 1)/(a + b*Tan[e + f*x]), x], x] + Sim
pl(c + d*x)"(m + 1)/(d*(m + 1)*(a + bxTan[e + f*x])), x]) /; FreeQ[{a, b, c
, d, e, f}, x] && EqQ[a"2 + b~2, 0] &% LtQ[m, -1] && NeQ[m, -2]

Rubi steps
integral = — Zf — 1 _ (Z‘f) f (C+dm)2(a+i1atan(e+fz)) dz
2ad*(c+dz) 2d(c+ dz)%(a+iatan(e + fz)) d

_ if B 1
"~ 2ad?(c+dzx) 2d(c+ dz)%(a+iatan(e + fz))

. if LG [ REE R de f iR da

d*(c+ dz)(a + iatan(e + fz)) ad? ad?
N 1 N if
~ 2ad?(c+dz) 2d(c+dx)%(a+iatan(e + fx))  d2(c+ dz)(a +iatan(e + fz))
. 9 2cf sin(%—i&fﬂ:) 9 2f cos(%-l&fx)
n (Zf COS(2€—T)>f—c+dx dx_ (f COS(ZG—T))ITCZCC
ad? ad?
. . c cos( 2L yofe . c sin( 2L 42fg
L (osn (o= 20) U n(n (oo - 28)) 1S
ad? ad?
_ if B f? cos (2e — %L) Coslntegral (2 + 2fz)
2ad?*(c + dz) ad?
if? CosIntegral (%L + 2fz) sin (2e — 2¥)
+ ad?
N if? cos (2e — 2L Si(%L + 2fx) N f?sin (2e — 2L) Si (%L + 2f7)
ad? ad?
1 if

 2d(c + dz)*(a + iatan(e + fz)) * d*(c+ dz)(a + iatan(e + fz))
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Mathematica [A] (verified)

Time = 1.00 (sec) , antiderivative size = 285, normalized size of antiderivative = 1.26

1
(c+dz)3(a+iatan(e + fz))
B sec(e + fz) (cos (gdt) + ¢sin (5})) (d(z’dcos (e+ f(=<+2)) + (id+ 2¢f + 2dfz)cos (e + f(S +x)) —

dz

[In] Integrate[1/((c + d*x)~3x(a + I*axTan[e + f*x])),x]

[Out] (Secl[e + fxx]*(Cos[(c*f)/d] + I*Sin[(c*f)/d])*(d*(I*d*Cos[e + f*x(-(c/d) + x
)] + (I*d + 2*xc*xf + 2xdxf*xx)*Cos[e + f*(c/d + x)] - d*Sin[e + f*(-(c/d) + x

)] + d*Sin[e + f*(c/d + x)] - (2*I)*cxf*Sin[e + f*x(c/d + x)] - (2%I)*d*f*xx*

Sin[e + f*x(c/d + x)]) + 4*%f~2%(c + d*x) 2*CosIntegral [(2xf*(c + d*x))/d]*(I
*Cos[e - (f*(c + d*x))/d] + Sin[e - (f*(c + d*x))/d]) + 4*f~2x(c + d*x) " 2%(

Cos[e - (fx(c + d*x))/d] - I*Sin[e - (f*(c + d*x))/d])*SinIntegral [(2*f*(c

+ d#*x))/d]))/(4*axd"3*(c + d*x)"2*(-I + Tan[e + f*x]))

Maple [A] (verified)

Time = 0.57 (sec) , antiderivative size = 216, normalized size of antiderivative = 0.95

method | result
5 2i(ef—
isch 1 if36—2i(fz+e)z f2e—2i(fz+e) if3e—2i(fz+e)c n fee d

T1sC T Zad(dato)? t A 2ed et D) T Tad( @2 P 42ed et D) T 9 (B 1 20d ot D)

(28 (2f2+2e+ 2“";2‘16) cos( chgz‘ie) 20 (2f2+2e+ 26";2‘16) sin 2Cf;2de) )

___ 2cos(2fz+2e) 4 4
'if3 _ sin(2fz+2e) + (cf—de+d(fz+e))d d
(cf—de+d(fz+e))2d d
- 4

default

[In] int(1/(d*x+c)~3/(a+I*axtan(f*x+e)),x,method=_RETURNVERBOSE)

[Out] -1/4/a/d/(d*x+c) ~2+1/2*1/a*f " 3*%exp (-2*xI*(f*x+e))/d/ (d"2%f"2%xx"2+2*ckd*f~2*x
+c72%f£72) *xx-1/4/a*xf"2%exp (-2*I* (f*x+e) ) /d/ (A72*f~2%x"2+2xcxd*f " 2xx+c™2xf72)
+1/2%I/axf~3%exp (-2%I* (f*x+e)) /d~2/ (d"2*f " 2%x"2+2*ckd*f~2xx+c~2%f~2) *c+1/ax
£72/d"3%exp(2%xIx (cxf-dxe) /d) *Ei (1,2*xIxf*x+2*I*e+2xI* (cxf-d*e)/d)



154

Fricas [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 130, normalized size of antiderivative = 0.57

1
(c+dz)3(a+iatan(e + fx))

. . _ 2(ide—icf) ) )
<2i & fx+ 2icdf —d? — (4 (2 f2x? + 2 cdf?x + czfz)Ei<——2 (de?wf)) e< ) + d2> (2t fot2i 6)> el
- 4 (ad®z? + 2 acd*x + ac®d?)

dz

[In] integrate(1/(d*x+c)~3/(a+I*axtan(f*x+e)),x, algorithm="fricas")

[Out] 1/4%(2%I*d~2*f*xx + 2%Ixckd*f - d~2 - (4*%(d"2*%f"2%x"2 + 2kxc*d*xf~2%x + c~2%f~
2)*Ei (-2% (I*d*fxx + I*cxf)/d)*e” (-2*%(I*d*e - I*cxf)/d) + d"2)*xe” (2xI*xf*xx +
2%xIxe)) ke~ (-2%Ixfxx — 2xI*e)/(a*d~5xx"2 + 2*a*xckxd~4*x + a*c”~2xd~3)

Sympy [F]

1
dz
/ (c+dz)3(a + iatan(e + fz))
. 1
_ v f c3 tan (e+ fz)—ic3+3c2dx tan (e+ fr) —3ic2dz+3cd?z? tan (e+ fx)—3icd?z2+d3z3 tan (e+ fz)—id3z3
a

dz

[In] integrate(1/(d*x+c)**3/(a+I*a*xtan(f*x+e)),x)

[Out] -I*Integral(l/(c**3*tan(e + f*x) - Ixc**3 + 3kck*2xd*x*tan(e + f*xx) - 3*I*c
*k2kdkx + 3kckdkk2kx*x*x2xtan(e + fxx) — 3kIkckd**2xx**x2 + d**x3*xx*x*3xtan(e +
f*x) - I*d**3*x**3), x)/a

Maxima [A] (verification not implemented)

none
Time = 0.60 (sec) , antiderivative size = 158, normalized size of antiderivative = 0.70

1
(c+dz)3(a +iatan(e + fx))
2 f3 cos (_M> E; (_2(—z‘ (fx+e)dd+ide—icf)> +2i f3E; (_2(—i (fx+e)dd+ide—icf)> sin (_Q(ded—cf)> 4 f3

4((fz+ e)’add + ad3e? — 2 acd?ef + ac?df? — 2 (ad3e — acd?f)(fz + e)f

dz =

[In] integrate(1/(d*x+c)~3/(a+I*axtan(f*x+e)),x, algorithm="maxima")

[Out] -1/4%(2xf~3*cos(-2*(d*e - c*f)/d)*exp_integral_e(3, -2x(-Ix(f*x + e)*d + I
dxe - Ikcxf)/d) + 2xI*f~3xexp_integral_e(3, -2%(-Ix(f*x + e)*d + Ixd*e - Ix
cxf)/d) *sin(-2x(d*e - cxf)/d) + £73)/(((f*x + e) 2*xaxd"3 + axd~3*e”2 - 2xax
cxd"2xexf + axc”2xd*f"2 - 2x(a*xd"3*e - akckd"2*f)*x(f*x + e))x*f)



155

Giac [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 532 vs. 2(212) = 424.

Time = 0.44 (sec) , antiderivative size = 532, normalized size of antiderivative = 2.34

1
/ (c+ dx)3(a + iatan(e + fz))
42 [0 cos (1) Ci (— 2422 ) 4 4 202 Ci (- 29250 ) sin (2F) — 4id? 222 cos (25F) Si (24

dz =

[

[In] integrate(1/(d*x+c)~3/(a+I*axtan(f*x+e)),x, algorithm="giac")

[Out] -1/4%(4xd~2*f~2xx"2*cos(2*cxf/d)*cos_integral (-2*(d*f*x + cxf)/d) + 4*Ixd~2
*xf~2%x"2%cos_integral (-2 (d*f*x + c*f)/d)*sin(2*kc*xf/d) - 4*I*d~2*f~2*x"2*co
s(2*c*f/d)*sin_integral (2% (d*f*x + c*f)/d) + 4*d~2*f 2*x"2*sin(2*c*f/d)*sin
_integral (2x(d*f*x + c*f)/d) + 8xc*d*f 2xx*cos(2*c*xf/d)*cos_integral (-2*(d*
fxx + c*xf)/d) + 8*I*ckd*f~2xx*cos_integral (-2x(d*xf*x + c*f)/d)*sin(2*c*f/d)
- 8xIxcxd*f ~2*xx*cos(2*c*f/d)*sin_integral (2% (d*f*x + cxf)/d) + 8xcxd*f ~2*x
xsin(2*c*f/d)*sin_integral (2% (d*f*x + cxf)/d) + 4xc™2*f " 2*cos(2*c*f/d)*cos_
integral (-2*(d*f*x + c*f)/d) + 4*xI*xc~2xf"2*cos_integral (-2x(d*xf*x + c*f)/d)
*sin(2%cxf/d) - 4*I*c™2xf"2%cos(2xc*xf/d)*sin_integral (2% (dxf*x + cxf)/d) +
4xc~2+f"2*sin(2*c*f/d) *sin_integral (2« (d*f*x + c*f)/d) - 2*Ixd~2xf*x*cos(2*
f*x) - 2%d"2xf*x*ksin(2xf*x) - 2*Ixckd*f*cos(2xf*xx) - 2kckdxfxsin(2*fxx) + d
~2xcos (2xf*x) + d"2xcos(2*e) - I*d"2*sin(2xfxx) + I*d~2*sin(2xe))/(a*xd”5*x~
2%cos(2%e) + Ixaxd~5xx"2xsin(2%e) + 2*a*xckd~4*x*cos(2%e) + 2xI[*xaxckd 4*x*si
n(2%e) + a*xc™2*%d"3*cos(2%e) + Ika*xc™2%d"3*sin(2%e))

Mupad [F(-1)]

Timed out.

1 1
/ (c+dz)3(a +iatan(e + fx)) do = / (a +atan (e + f ) 1i) (c+dz)® de

[In] int(1/((a + a*tan(e + fxx)*1i)*(c + d*x)~3),x)
[Out] int(1/((a + ax*tan(e + f*xx)*1i)*(c + d*x)~3), x)
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3.24 [l gy

a+iatan(e+fx))
Optimal result . . . . . . . . . . e 156
Rubi [A] (verified) . . . . . . . . . . 1561
Mathematica [A] (verified) . . . . . . .. ... . L o 158
Maple [A] (verified) . . . . . . . .. 159
Fricas [A] (verification not implemented) . . . . . . . ... ... ... .. ..... 159
Sympy [A] (verification not implemented) . . . ... ... ... ... ... .... 160
Maxima [F(-2)] . . . . . . o 160
Giac [A] (verification not implemented) . . . . . . . ... ... Lo L. 161l
Mupad [B] (verification not implemented) . . . ... ... ... ... ... ...... 161

Optimal result

Integrand size = 23, antiderivative size = 270

(c + dz)? | 3Betielife  gBetiedifs  3qRe-2ie-2ifs(c 4 )
/ (a + tatan(e + fz))? T 16a2f4  512a2f% 8a?f3
Jid?e4e~4i/z(c 4 dx)  3de~%e~2/%(c + dx)?
B 128423 8a2 f?
N 3de~%ie—4i17 (¢ 4 dg)? . je~%ie=2i17 (¢ 4 dz)3
64a?2 f2 4a?f
| le die—difz(c 4 dx)3 N (c+ dx)*
16a2 f 16a2d

[Out] -3/16%d"3*exp(-2*I*e-2xIxf*x)/a~2/f"4-3/512*%d " 3*exp (-4*xI*xe-4*xI*xf*xx)/a~2/f~4
-3/8*I*d"2xexp (—2*I*e-2xIxf*x)* (d*x+c)/a~2/£~3-3/128*I*d"2*exp (-4*I*xe—-4*I*f

*x) * (d*x+c) /a~2/£"3+3/8*d*exp (-2*I*e—-2%I*f*x) * (d*x+c) “2/a~2/£~2+3/64*d*exp(
—4xI*xe-4xIxf*x)* (d*x+c)~2/a~2/f"2+1/4*I*exp (-2*I*e-2xI*f*x) * (d*x+c) ~“3/a~2/f
+1/16*I*exp (-4*I*e-4*I*f*x)*(d*x+c) ~3/a~2/f+1/16%(d*x+c)~4/a~2/d

Rubi [A] (verified)

Time = 0.33 (sec) , antiderivative size = 270, normalized size of antiderivative = 1.00,

_ _ o number of rules _
number of steps used = 10, number of rules used = 3, integrand size 0.130, Rules used
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= {3810, 2207, 2225}

/ (c+ dx)3 do— 3id%(c + dz)e2e~2ifz ~ 3id?(c + dx)e—%ie—4if=
(a +iatan(e + fx))? 8a? f3 128a? f3
3d(c + dm)2e—2ie—2ifx 3d(c + dx)2e—4ie—4ifx
8a? f2 64a2 f2
i(c+ dz)de~2ie=2ife (e 4 dg)detietife
da?f 16a2 f
(c+dx)t  3dde2ie-2ifz 3 Be—tie—tifz
16a2d  16a2f*  512a2f*

[In] Int[(c + d*x)~3/(a + I*a*Tan[e + f*xx])~2,x]

[Out] (-3*d"3*E~((-2*I)*e - (2xI)*f*x))/(16*a~2*%f~4) - (3*d"3*E~((-4*I)*e - (4x*I)
*xfxx))/(5612%a~2xf74) - (((3*I)/8)*d"2*E~((-2*xI)*e - (2xI)*f*xx)*(c + d*x))/(
a~2xf~3) - (((3%I)/128)*d~2+E~((-4*I)*e - (4xI)xfxx)*(c + d*x))/(a~2%f"3) +
(3*%d*E~((-2*I)*e - (2%I)*f*xx)*(c + d*x)~2)/(8*a~2*f~2) + (3*xd*E~((-4*I)=*e
- (AxI)*f*x)*(c + d*x)"2)/(64*xa"2%f~2) + ((I/4)*E~((-2*I)*e - (2xI)*f*x)*(c

+ d*x)73)/(a"2%f) + ((I/16)*E~((-4*I)*e - (4*I)*f*x)*(c + d*x)~3)/(a~2%f)
+ (c + d*x)~4/(16*a~2x*d)

Rule 2207

Int[((b_.)*(F_)~((g_.)*((e_.) + (£_.)*(x_)))) " (n_.)*((c_.) + (d_.)*(x_))"(m
_.), x_Symbol] :> Simp[(c + d*x) “m*((bxF~(gx(e + f*x))) n/(f*g*n*Logl[F]l)),

x] - Dist[d*(m/(f*g*n*Log[F])), Int[(c + d*x)"(m - 1)*(b*F~(gx(e + £*x))) n
, x1, x]1 /; FreeQ[{F, b, c, d, e, f, g, n}, x] && GtQ[m, 0] && IntegerQ[2*m
1 && !TrueQ[$UseGamma]

Rule 2225

Int [((F_)~((c_.)*((a_.) + (b_.)*(x_))))"(n_.), x_Symbol] :> Simp[(F~(cx(a +
b*x))) "n/(bxcxn*Log[Fl), x] /; FreeQ[{F, a, b, c, n}, x]

Rule 3810

Int[((c_.) + (d_)*(x_))"(m_)*((a_) + (b_.)*tan[(e_.) + (f£_.)*(x_)1)"(n ),
x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(2*%a) + E~(2*(a/b)*(e + fx
x))/(2xa))~(-n), x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && EqQ[a"2 + b"2
, 0] && ILtQ[n, O]

Rubi steps

) (C+ dx)3 e—2ie—2ifm(c+dx)3 e—4ie—4ifm(c+dx)3
integral = / ( 1a2 + 942 + 122 dx
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_ (c+dx)* [ e~tiem4iie (¢ + dz)3 dx N [ el (¢ + dz)3 dx

16a2d 4a2 2a?
i BT (c dx)d  jemteT (¢ + dx)® | (c+dz)?
N 4a2 f 16a2 f 16a2d
(3id) [ e~He~4ifz(c + dx)2dx  (3id) [ e %e7%%(c + dx)* dx
B 16a2f B 4a2f
_ 3d€—2ie—2ifa:(c+ dx)? N 3de—4ie—4ifz(c+ d.’L’)2 i€—2ie—2ifz(c+ d$)3
8a? f2 64a2 f2 4a?f
N ie4e=4ifz (¢ 4 dr)3 N (c+dz)*  (3d%) [e ¥ */*(c+dzx)dx
16a2 f 16a2d 32a2 f?
(3d?) [ e~%e=%I%(c + dz) dz
o 4a2 f?
Jid?e%e"2e(c 4 dx)  3id?e~He~4IT(c +dx) 3de %%/ (c + dx)?
T 8a2 f3 B 12842 f3 8a2 f2
N 3de—4ie—4ifa:(c+ dIE)2 ie—2i6—2ifx(c+ d$)3 ie—4ie—4ifw(c+ d[L‘)3
64a? f? 4a?f 16a2 f
(C + d$)4 (3Zd3) J’ e—4ie—4z'fx dz N (3Zd3) f 6—2ie—2ifm dr
16a2d 128a2 f3 8a? f3
_ 3d3e—2ie—21fx 3d36—4ie—4ifx 3id2e—2ie—2ifz (C + de‘)
T 16a2ff  512a2fF 8a2 f3
Sid?e~4e—4/e(c + dx)  3de %2/ (c+ dx)?  3de*e4f2(c + dx)?
a 12842 f3 8a2 f? 64a? 2
N ie~2e=2%fz(c 4 dx)®  je ¥ 4fr(c +dx)®  (c+ dx)*
4a?f 16a2f 16a2d

Mathematica [A] (verified)

Time = 2.54 (sec) , antiderivative size = 473, normalized size of antiderivative = 1.75
(c+ dz)?

(a +iatan(e + fx))?
_sec®(e+ fxz)(cos(fz) +isin(fx))? ((4ic® f* + 6c*df*(1 + 2ifx) + 6¢cd® f(—i + 2fx + 2if?2?) + d*(—3 — 6

dz

[In] Integrate[(c + d*x)~3/(a + I*axTan[e + f*x])~2,x]

[Out] (Secle + f*x]~2*(Cos[f*x] + I*Sin[f*x]) " 2*x(((4*I)*c~3*f~3 + 6xc”~2*xd*f 2% (1
+ (2*I)*f*xx) + 6*cxd™2xf* (-1 + 2xf*xx + (2*I)*f"2*%x"2) + d"3*% (-3 - (6*I)*f*x
+ 6%f72xx"2 + (4xI)*xf~3%x"3))*Cos[2*%f*x] + (((32*I)*c~3*f"3 + 24xc~2xd*f~2
*(1 + (4*I)*f*x) + 12%cxd"2xf+ (-1 + 4*f*x + (8*I)*f~2*xx"2) + d~3*%(-3 - (12%
D) *f*x + 24*%£72%x72 + (32+I)*f~3%x"3))*Cos[4*f*x]*(Cos[2*e] - I*Sin[2%e]))/
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32 + f74x*xx*(4%c™3 + 6*%c™2*d*x + 4*c*d"2*xx"2 + d"3*x"3)*(Cos[2*e] + I*Sin[2*
e]) + (4*xc™3*f~3 + 6xc™2*d*xf 2% (-1 + 2xf*xx) + 6*cxd~2xf*x (-1 - (2xI)*f*x + 2
*f72%xx"2) + d73*(3*I - 6xfxx — (6*%I)*f~2%x"2 + 4xf~3*x"3))*Sin[2*xf*x] + ((3
2%c”3*f"3 + 24xc”2xd*xf 2% (-1 + 4*f*x) + 12%xcxd"2xfx (-1 - (4*I)*f*x + 8kf~2x%
X"2) + d73%(3*%I - 12%f*x - (24*I)*f~2xx"2 + 32*%f~3%x"3))*(Cos[2*e] - I*Sin[
2%e] )*Sin[4*f*x])/32))/(16*xf~4*x(a + I*axTan[e + f*x])~2)

Maple [A] (verified)

Time = 0.75 (sec) , antiderivative size = 283, normalized size of antiderivative = 1.05

method | result

. Bzt | d?ca® | 3dc2a® | Sz ct i(4d323 f3+12cd? 322 —6id® f222+12c%d f3z—12icd? f2a+4c3 f3—6ic?d f2—6¢
risch 16aZ T 402 T 82 T 22t 162 T 16a2f%

[In] int((d*x+c)~3/(at+I*axtan(f*x+e)) 2,x,method=_RETURNVERBOSE)

[Out] 1/16/a"2%d"3*x"4+1/4/a"2+d"2xc*x"3+3/8/a"2xd*c"2*xx"2+1/4/a"~2*c"3*x+1/16/a"2
/d*c”4+1/16%I* (4%d~3*x"3*f "3-6%I*d~3*f "2%x"2+12%c*d"2%f "3*xx"2-12*T*c*d~2*f~
2%x+12%Cc"2xd*f ~3kx—6xI*c”2kd*f " 2+4*c”3*f"3-6%d "3k f*x+3*%I*d"3-6*c*xd~2*f) /a"2

/£ 4*%exp (-2%Ix (f*xx+e))+1/512%I* (32*%d"~3*x"3*f ~3-24*I*d"~3*f ~2%x~2+96*c*d~2*f~
3*x"2-48*%Ixc*kd™2%xf"2%x+96%c™2xd*f " 3kx—24*I*xc"2*d*f~"2+32%c"3*f " 3-12%d " 3*f*x+
3%xI*xd~3-12xc*xd~2*f) /a~2/f 4xexp (—4*I* (f*x+e))

Fricas [A] (verification not implemented)

none

Time = 0.25 (sec) , antiderivative size = 267, normalized size of antiderivative = 0.99

(c+ dz)?
(a +iatan(e + fz))
(32 d® 325 + 32i ¢ f3 + 24 2df? — 12i cd?f — 3d® — 24 (—di cd® f* — d®£2)22 — 12 (—8i c2df?® — 4 cd? 2

2dx

[In] integrate((d*x+c)~3/(at+I*axtan(f*x+e))~2,x, algorithm="fricas")

[Out] 1/512%(32*%I*d"3*f"3*x"3 + 32%I*kc~3*f~3 + 24*c~2*d*f~2 - 12*%I*kckd~2xf - 3*d~
3 - 24x(—4*I*c*xd~2*xf"3 - d73*f"2)*x"2 - 12%x(-8*I*c~2xd*f~3 - 4xcxd"2*f"2 +
I*xd~3*f)*x + 32%(d"3*f"4*x"4 + 4xcxd~2*%f~4*x"3 + 6*%c”2xd*f"4*xx"2 + 4xc~3*f"
4xx)*e” (AxIxf*x + 4xIxe) - 32%(-4*xI*d"3*f~3*x"3 - 4*I*xc”3*f"3 - 6xc~2xd*f"2

+ 6kIxckd™2*xf + 3*%d"3 + 6% (—2*%I*kckd"2%f~3 - d~3*f"2)*x"2 + 6% (-2*%I*c~2*kd*f

~3 - 2xckd"2%xf"2 + I*xd"3*f)*xx)*e” (2%Ixf*xx + 2%Ixe))*e” (-4xIxfxx - 4xIxe)/(a
~2xf~4)
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Sympy [A] (verification not implemented)
Time = 0.42 (sec) , antiderivative size = 665, normalized size of antiderivative = 2.46

/ (c+dz)? i
(a +iatan(e + fx))?

((512ia2c3 f7e2i+1536ia2c2df "we2i+384a2c2dfSe?i®+1536ia2cd? f7 w2 e21¢+768a2cd? fOze2i®—192ia2cd? fOe?ie+512iad3 f w3 e2?¢+384a2d

m4-(2d382ie+d3)6_4ie + :173-(2Cd262ie+cd2)6_4ie + z2.(602de2ie+302d)6—4ie + w(2c3e2ie+03)e—4ie

16a2 402 8a? 4a2
Ar  3cdx?  cd?r®  dPrt
4q? 8a? 4q2 16a2

[In] integrate((d*x+c)**3/(a+I*a*xtan(f*x+e))**2,x)

[Out] Piecewise((((512*I*a**2kcx*3*xf*x*T*xexp(2*xI*e) + 1536*Ikak*2*ck*x2*xd*f**T*x*kex
p(2xIxe) + 384*ax*2xc*x2*xd*xfx*x6xexp(2*I*xe) + 1536k Ixa**x2kckd**x2*f**Txx**x2*e
xp(2%Ixe) + 768*a*x2xckd*x*x2*f**x6*x*kexp(2xI*xe) — 192*kIkax*k2kckd**2xfx*5xexp (
2xIxe) + B512+I*ak*2*d**x3*f*xT*x**x3*exp(2*xIxe) + 384*a*x2*xd**3*f**x6xx**x2xexp
(2%Ixe) - 192xIxax*2kd**x3xfx*E*kx*kexp(2*%I*e) - 48*a*x*2xd**3*f**x4*xexp(2xI*e))
*xexp (—4*xI*f*x) + (2048*Ixa*x*2xc*x*x3xf**xTxexp(4*I*xe) + 6144*Ikax*k2kck*k2kd*f*x*
Txxxexp (4*Ike) + 3072kax*2kck*2kd*xfx*6kexp(4*xI*e) + 6144*Ikax*x2kckd*r*2*f**7
xxxk2kexp (4*I*xe) + 6144*ax*2kckd**2xfx*B*xxkexp (4*I*xe) — 3072*Ikak*2kckd**2x*
fx*x5kexp(4xI*e) + 2048+ I*a*x*2*d**3*f*x7*x*x3*exp(4*xIxe) + 3072xax*2xd**3xfx
*xGxx**¥2%exp (4*%Ixe) — 3072*Ixax*k2kd**x3*xfx*kEkxkexp(4*I*ke) - 1536*a**2xd**3*f*
*x4xexp (4xI*e) ) *exp (—2xI*f*x) ) *exp (-6xI*e) / (8192*ax*4*xf**8) , Ne (ax*4*f**8xex
p(6xIxe), 0)), (xx*4*(2xd**3*exp(2*I*e) + d**3)*exp(-4*Ixe)/(16*a*x2) + x**
3k (2kckd**2kexp (2+%I*e) + ckd**2)xexp(—4*I*e)/(4*xax*2) + xx*2k (B*ck*x2*d*exp (
2xIxe) + 3xc**2xd)*exp(-4xIxe)/(8*ax*2) + x*(2*c**x3*exp(2xIxe) + c**3)*exp(
-4xIxe) /(4xax*x2), True)) + c**3*xx/(4*a*x*2) + 3kck*x2kxd*x**2/(8*a*x*2) + cxd*xx*
2xx**3/ (4*a*x*x2) + dx*x3kx**4/(16%a*x*2)

Maxima [F(-2)]

Exception generated.

d 3
/ (ot i(ﬁ; (:1_ )2 dx = Exception raised: RuntimeError

[In] integrate((d*x+c)~3/(atI*axtan(f*x+e))”2,x, algorithm="maxima")

[Out] Exception raised: RuntimeError >> ECL says: expt: undefined: O to a negativ
e exponent.
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Giac [A] (verification not implemented)

none

Time = 0.43 (sec) , antiderivative size = 368, normalized size of antiderivative = 1.36

(c+dz)3

(a +iatan(e + fx))?
(32 d3f4x4e(4i fz+4ie) + 128 cd2f4x36(4i fz+die) +192 czdf4x26(4i fz+4ie) + 1283 d3f3x3e(2i fz+2ie) + 32¢ dBfE

dz

[In] integrate((d*x+c)~3/(a+Ixa*tan(f*x+e))”2,x, algorithm="giac")

[Out] 1/512%(32%d"3*f~4*x"4*e” (4d*I*f*xx + 4xIxe) + 128*c*d~2*f "4*x"3*ke” (dxIxf*xx +
4xI*e) + 192%c™2*d*f"4*xx"2%e” (4xI*f*x + 4xIxe) + 128*%I*d”~3*f " 3*x"3*xe” (2*I*f

*x + 2%I*e) + 32%xI*d"3*f " 3*x"3 + 128*c~3*f 4d*x*e” (4xI*xf*x + 4xIxe) + 384*Ix*
cxd"2xf"3*x"2xe” (2% I*f*x + 2%I*e) + 96*xIkckd™2*%f 3%x”2 + 384*I*xc”2kd*f " 3xx*

e (2%I*xf*xx + 2xIxe) + 192*%d"3*f 2*x"2%e” (2xI*fxx + 2xIxe) + 96*I*c~2*kd*xf 3%

X + 24xd"3xf"2xx"2 + 128*I*c 3*f"3ke” (2xI*xfxx + 2%I*e) + 384*c*d™2xf " 2xx*e”
(2xI*f*x + 2xIkxe) + 32*xI*xc™3*f"3 + 48*ckd™2+f 2xx + 192%c™2xd*f " 2%e”™ (2*xI*f*

X + 2xIxe) — 192%Ixd”"3*kf*x*e” (2xI*xf*xx + 2xI*xe) + 24*c™2xd*f~2 - 12xI*xd~3*f*

X — 192xIxcxd " 2*fxe” (2xI*f*x + 2xIke) — 12xIxckd"2*f - 96xd"3*e” (2xI*xf*x +
2%I*e) - 3*d"3)*e” (-4*xIxf*x - 4*I*e)/(a~2xf~4)

Mupad [B] (verification not implemented)

Time = 4.30 (sec) , antiderivative size = 289, normalized size of antiderivative = 1.07

/ (c+dz)3 o — o—c2i—f22 <(4c3 f2—ctdf?6i—6cd® f + d33i) 1i+d3ac3 1i
(a +iatan(e + fx))? 16 a? f* 4a? f
dz (=2 f2+cdf2i+d*) 3i d?x?(—2cf+d1li) 3i
o 8a2 f3 o 8a? f2 )
| edi-fad ((32 SfP—c2df?24i—12cd? f + d° 3i) 1i
512a2 f4
dBz31li dz(—8c f*+cdfdi+d?) 3i
16a f 12842 f3

d?>x? (—4cf+d1i) 3i c3z+d3:c4+3czd:c2+cd2x3
64 a? f? 4a? 16 a? 8a? 4 a?

[In] int((c + d*x)~3/(a + a*tan(e + f*xx)*1i)~2,x)

[Out] exp(- ex2i - f*x*2i)*(((d"3*3i + 4xc™3*f"3 - c™2*d*f"2x6i - 6xc*xd"2*f)*1i)/
(16xa~2*xf~4) + (d"3*x"3*1i)/(4*xa~2xf) - (d*x*(d"2 - 2%c™2*xf"2 + cxd*f*2i)*3
i)/ (8*%a~2xf73) - (d72*x"2*(d*1i - 2%c*f)*31i)/(8*a"2*x£72)) + exp(- ex4i - f*
x*41)*(((d"3*%31 + 32%c”3*f"3 - c”2xd*f"2%24i - 12%c*d"2xf)*1i)/(512*xa~2*xf~4
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) + (d73%x"3%1i)/(16%a~2*%f) - (d*xx*(d"2 - 8*%c™2*%f"2 + c*d*xf*x4i)*3i)/(128%a”
2%f~3) - (d"2%x"2x(d*1i - 4xcxf)*3i)/(64%a~2*xf"2)) + (c~3*x)/(4*xa~2) + (d"3
*x74) /(16%a”~2) + (3*c~2*d*x"2)/(8*a"2) + (c*d"2*xx"3)/(4*a"2)
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3.25 [ 4y

a+iatan(e+fx))
Optimal result . . . . . . . . . . e 163
Rubi [A] (verified) . . . . . . . . 163
Mathematica [A] (verified) . . . . . . .. ... L o 165
Maple [A] (verified) . . . . . . ... 165
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Maxima [F(-2)] . . . . . . o 166
Giac [A] (verification not implemented) . . . . . . . ... ... Lo L 167l
Mupad [B] (verification not implemented) . . . ... ... ... ... ... ...... 167

Optimal result

Integrand size = 23, antiderivative size = 202

/ (c + dz)? . | idle e tfe e tie—iifa . de~2e=2f% (¢ 4 di)
(a + iatan(e + fz))? 8a? f3 128a2 f3 4a? f2
de—4ie—4ifac (C + d:L‘) ,L-e—2ie—2ifx (C + d.’l})2
+ 32a2 f? 402 f
ie~4e~4fT(c + dx)?  (c+dzx)?
16a2 f 12a2d

[Out] -1/8%I*d~2*exp(-2xI*xe-2*%I*xf*xx)/a~2/f73-1/128*I*d"~2*exp(-4*I*e-4*xI*xf*x)/a~2/
£°3+1/4*d*exp (-2*I*e-2*I*f*x) * (d*x+c) /a~2/f~2+1/32xd*exp (—4*I*e—-4*Ixf*xx)*(d

*xx+c) /a~2/f72+1/4xI*exp (-2*I*e-2xI*f*x) * (d*x+c) ~"2/a~2/f+1/16*%I*xexp (-4*xIxe-4
*xIxf*x)* (d*x+c)~2/a~2/f+1/12*% (d*x+c) ~3/a"2/d

Rubi [A] (verified)

Time = 0.24 (sec) , antiderivative size = 202, normalized size of antiderivative = 1.00,
number of steps used = 8, number of rules used = 3, Bumber of rules _ 134 Ryles used

integrand size
= {3810, 2207, 2225}

¢+ dx)? d(c + dz)e~2e=2fz  J(c + dp)etie—4ifz
( dr =
(a+iatan(e + fz))2 da? f2 32022
i(c + dx)2e~2e2ife (¢ 4 dg)2etietife
4a? f 16a2f
(c+dx)®  id?e%e-%fz  j2e—tiedife
12a2d 8a2f3 12842 f3

[In] Int[(c + d*x)~2/(a + I*a*Tan[e + f*xx])~2,x]
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[Out] ((-1/8*I)*d~2*E~((-2*I)*e — (2*I)*fxx))/(a"2+%f73) - ((I/128)*d"2*E~((-4*I)x*
e - (AxI)*f*x))/(a"2*f"3) + (d*E~((-2*I)*e — (2*I)*fxx)*(c + d*x))/(4*a"2xf

~2) + (d*E~((-4*I)*e - (4*I)*fxx)*x(c + d*x))/(32*%a~2+%f"~2) + ((I/4)*E~((-2*I

Yxe - (2*xI)*f*x)*(c + d*x)"2)/(a"2*xf) + ((I/16)*E~((-4*I)*e - (4*I)*fxx)*(c

+ dxx)~2)/(a"2*xf) + (c + d*x)~3/(12*a~2*d)

Rule 2207

Int [((b_)*(F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m
_.), x_Symbol] :> Simp[(c + d*x) “m*x((b*xF~(g*(e + f*x))) n/(f*g*n*Logl[Fl)),
x] - Dist[d*(m/(f*g*n*Log[F])), Int[(c + d*x)~(m - 1)*(b*F~(gx(e + £*x))) n
, x]1, x]1 /; FreeQ[{F, b, c, d, e, f, g, n}, x] && GtQ[m, 0] && IntegerQ[2*m
] && !'TrueQ[$UseGammal

Rule 2225

Int[((F_)~((c_)*((a_.) + (b_.)*(x_))))"(n_.), x_Symbol] :> Simp[(F~(c*(a +
b*x))) "n/(bxcxn*Log[F]), x] /; FreeQ[{F, a, b, c, n}, x]

Rule 3810

Int[((c_.) + (d_)*(x_))"(m_)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)]1)"(n ),
x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(2*a) + E~(2*(a/b)*(e + fx
x))/(2xa))~(-n), x], x] /; FreeQl[{a, b, c, d, e, £, m}, x] && EqQ[a"2 + b~2
, 0] && ILtQ[n, O]

Rubi steps

. (c+dz)? e 2e%fo(cy dr)? e die=tife(c 4 dy)?
integral = / ( 12 52 + 1a? dz

(c+da)® | [etietilz(c 4 dr) da . [ e~%e=2if2(c 4 dz)? dy

12a2d 402 2a?
_demfenhle (o 4 dg)? e te i (et dx)? (¢ +dz)?
B 4a? f 16a2f 12a2d
(id) [ e~¥e4ie(c + dx)dx  (id) [ e %/ (c + dx) dz
B 8af B 202 f

de¥e2fa(cy dg)  de~diedfa(c 4 dx) e~ %o (o 4 dap)?
B 4a? f2 32a? f? 4a? f
ie—4ie—4ifz(c + d$)2 (C + d.’IJ)3 d2 f e—4ie—4ifa: dz d2 f €—2ie—2ifm dz

16a2f 12a2d 3202 f? B 4a2 f?
id2e—2ie—2ifx id2e—4ie—4ifx de—2i6—2ifx(c+ dx) de—4ie—4z’fx(c+ dl‘)

82/ 12843 4a? f? 32a2 f2

i3 (e 4 dr)? e~z (¢ 4 dy)? . (c + dz)?

4a2 f 16a2 f 12a2d

_|_

+
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Mathematica [A] (verified)

Time = 1.61 (sec) , antiderivative size = 282, normalized size of antiderivative = 1.40

/ (c+ dz)? i
(a +iatan(e + fx))?

_ sec’(e + fx)(cos(fz) + isin(fz))* ((d+ (1 +i)cf + (1 +3)dfz)((1 +3)cf +d(—i + (1 + i) fz)) cos(2fz

[In] Integrate[(c + d*x)~2/(a + I*axTan[e + f*x])~2,x]

[Out] (Secle + f*x]~2*(Cos[f*x] + I*Sin[f*x])~2%((d + (1 + I)*cxf + (1 + I)*d*xfx*x
Yk((1 + I)xcxf + d*(-I + (1 + I)*fxx))*Cos[2*f*xx] + ((d + (2 + 2*I)*cxf + (
2 + 2%I)kdxfxx)*((2 + 2*%I)*c*f + d*x(-I + (2 + 2xI)*f*x))*Cos[4*f*x]*(Cos[2*

e] - IxSin[2%e]))/16 + (2*f~3*xx*(3*%c™2 + 3*kc*d*x + d~2*x"2)*(Cos[2*e] + I*S
in[2%e]))/3 - Ix(d + (1 + I)*cxf + (1 + I)*d*f*xx)*((1 + I)*c*xf + dx(-I + (1

+ I)*fxx))*Sin[2*xfxx] - (I/16)*(d + (2 + 2xI)*kcxf + (2 + 2*%I)*d*xfxx)*((2 +

2%I) kckf + dx(-I + (2 + 2*I)*f+*x))*(Cos[2*%e] - I*Sin[2*e])*Sin[4*f*x]))/(8
*f~3x(a + I*axTan[e + fx*x])~2)

Maple [A] (verified)

Time = 0.78 (sec) , antiderivative size = 173, normalized size of antiderivative = 0.86

method | result

3 i(2d2x2f2-|—4cd fzx—2id2fz+2c2f2—2icdf—d2)e_2i(fz+e) 4 i(8d2x2f2+160d flr—4id? f:

: d2z3 dcx? Az c
risch 127 T 20z T 22 T 202a T 82 f3 12

[In] int((d*x+c)~2/(at+I*axtan(f*x+e)) ~2,x,method=_RETURNVERBOSE)

[Out] 1/12/a"2%d"2*x"3+1/4/a~2xd*xc*x"2+1/4/a"~2*%c"2*x+1/12/a"2/d*c~3+1/8*I* (2*xd~2x*
XT2%f72-2%Ixd"2*f kx+4*xcxd*f ~2kx—2xI*xckd*f+2xc™2%f"2-d"2) /a~2/f " 3*exp (-2*I*(
fxx+e))+1/128+I* (8*d~2*x"2%f " 2-4*I*d~2*xf*xx+16*Cckd*f ~2xx—-4* [ *cxd*xf+8*c~2*f "2

-d~2) /a~2/f"3*xexp (-4*Ix*(f*x+e))

Fricas [A] (verification not implemented)

none

Time = 0.25 (sec) , antiderivative size = 163, normalized size of antiderivative = 0.81

/ (c+ dz)? i
(a +iatan(e + fx))?

B (240 d?f22? + 24i 2 f? + 12cdf — 3id? — 12 (—4icdf? — & f)z + 32 (d2 35 + B cdf32? + 3 2 fix)elti fot
= 384023
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[In] integrate((d*x+c) 2/ (a+I*axtan(f*x+e))”2,x, algorithm="fricas")

[Out] 1/384%(24*I*d~2*f"2%x"2 + 24*I*c™2%f~2 + 12%ckd*xf — 3*I*d"2 - 12*%(—4*I*cxdx*
£f72 - d72*f)*x + 32%x(d"2*f " 3%x"3 + 3kckd*f"3*kx"2 + 3kcT2xf"3*x) ke (4*I*f*x

+ 4xIxe) — 4A8%(-2*I*d"2*f"2%x"2 — 2%xI*c™2*xf"2 - 2kckxd*f + I*d"2 + 2% (-2xI*c
*dxf~2 - d72%f)*x) ke~ (2xI*f*xx + 2%I*e))*e” (-4*Ixf*xx - 4xIxe)/(a~2%f~3)

Sympy [A] (verification not implemented)

Time = 0.33 (sec) , antiderivative size = 418, normalized size of antiderivative = 2.07

(c + dx)?

(a + iatan(e + fx))?
64za202f5 2ie 4 1985a2cdf5 we?ic432a2 cdf*e2i€ +-64ia2d? f5 12 2i5+32a2d2f4x62ie—8ia2d2f362ie)e_4if“”+ (256ia202f5e4i5+512ia2cdf5xe4i‘

dz

102442 6
3 (2d2 21,e+d2 —4ie + x2.(2cde2ie+cd)e—4’ie + $(202€2ie+c2)€_4ie
12a2 4a? 4a?
cr  cdx? d2z3
+ 4_ 4a? 12a2

[In] integrate((d*x+c)**x2/(a+I*a*tan(f*x+e))**2,x)

[Out] Piecewise((((64*Ika**x2xcx*2*f*x5xexp(2xIxe) + 128*I*a**2kxckxd*f**5*xx*exp (2*I
*xe) + 32kax*k2kckdxfxkxdxexp(2%I*ke) + 64*Ikax*2kd**2kfx*5kx*k*2kexp(2*xI*e) + 3
2kax*k2kd**2kfx*k4*kxkexp (2%I*ke) — BkIkax*k2kd**2xfx*3kexp(2*I*e))*exp (—4*xI*f*x

) + (266%I*a*xx2xcx*2*f*xE5xexp(4*xIxe) + 512k I*a**2xckxd*f*x*5*xx*exp(4*Ixe) + 2
B6*a*xx2kckd*xfx*4*kexp (4*xI*e) + 256%Ixax*k2xdx*2xfx*E5xxx*2kexp (4*I*xe) + 256%ax
*x2xd**k2xfxx4xx*kexp (4xIxe) — 128+ Ikak*2*d*x*2*f**3*exp(4xIxe))*exp (-2*I*f*x))

xexp (-6*Ixe)/(1024*xax*x4*xf**6), Ne(ax*4*xf*x6xexp(6xIxe), 0)), (x**3*(2xd**2%
exp(2xIxe) + dx*2)*xexp(-4*Ixe)/(12%xa**2) + x**2x(2xc*kd*exp(2xI*e) + c*d)*ex
p(=4xIxe)/(4*xax*2) + x*(2*c**x2%exp(2xIxe) + c**2)*exp(-4*xIxe)/(4*a**2), Tru

e)) + c*x*x2xx/(4*%a*x*x2) + ckdxx*x*x2/(4*ax*x2) + dx*2xx**x3/(12%a*x*2)

Maxima [F(-2)]

Exception generated.

d 2
/ (ot z’c(Lcta—;l (::_ ) dx = Exception raised: RuntimeError

[In] integrate((d*x+c) 2/ (a+I*axtan(f*x+e))”2,x, algorithm="maxima")

[Out] Exception raised: RuntimeError >> ECL says: expt: undefined: O to a negativ
e exponent.
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Giac [A] (verification not implemented)

none

Time = 0.45 (sec) , antiderivative size = 217, normalized size of antiderivative = 1.07

/ (c+ dz)?
. dz
(a + iatan(e + fx))?2

(32 d2f3z3e(4i fz+4ie) + 96 Cdf3$2€(4i fzt+die) + 96 C2f311,'6(4i fzt+die) + 964 d2f2x2e(2i fz+2ie) + 244 d2f211,'2 +1

[In] integrate((d*x+c)~2/(a+I*axtan(f*x+e))”2,x, algorithm="giac")

[Out] 1/384%(32*%d~2*xf " 3*x"3*e” (4xI*xf*x + 4xIxe) + 96*ckxd*xf " 3*x"2xe~ (4d*xI*f*x + 4xI
*xe) + 96*c”2*xf " 3kxke” (A*xIxfxx + 4*I*e) + 96%I*d~2kxf " 2xx"2xe”~ (2*xI*f*x + 2*I*

e) + 24xTxd"2xf"2xx"2 + 192*I*ckd*f~2kxke”™ (2xI*xfxx + 2%Ixe) + 48*I*xckd*xf~2x%

X + 96*xIxc ™ 2*xf " 2%xe” (2xI*f*x + 2xIke) + 96xd~2xf*x*e” (2xI*f*x + 2xIxe) + 24x%
Ixc™2%f"2 + 12%d"2%f*xx + 96*kcxdxfxe™ (2*xI*xf*xx + 2%I*e) + 12*%ckxdxf — 48*%I*d~2

xe~ (2xI*f*x + 2xIke) - 3*xI*xd"2)*e” (—4xIxf*xx - 4xIxe)/(a"~2%f~3)

Mupad [B] (verification not implemented)

Time = 3.65 (sec) , antiderivative size = 183, normalized size of antiderivative = 0.91

/ (c+ dx)? o = Az _ getifati (-8 fP+ecdf4i+d*) 1l d?z*1i
(

a+ iatan(e + fz))? " 1 128 a2 f3 1642 f
dr(—4cf+dli) li
32a? f? )
_ oe2i—foli ((—202 fP+ecdf2i+d?) 1i B d? 22 1i
8a? f3 4a2 f
dz(—2cf+d1li) li> d2m3_|_cd:v2
4q2 f? 12a2  4a?

[In] int((c + d*x)"2/(a + a*tan(e + f*xx)*1i)~2,x)

[Out] (c™2#x)/(4*a~2) - exp(- ex4i - fxxx4i)*(((d"2 - 8xc™2*f"2 + cxd*f*4i)*1i)/(
128*%a~2+%f~3) - (d~2%xx"2%1i)/(16%a~2xf) + (d*x*x(d*1i - 4xc*f)*1i)/(32%xa~2*f~

2)) - exp(- e*2i - fxxx2i)*(((d"2 - 2%c™2+f72 + c*d*f*2i)*1i)/(8*a~2*f~3) -
(d~2xx"2%11) / (4*%a~2*f) + (dxx*x(d*1i - 2*c*xf)*1i)/(4*a~2*f~2)) + (d~2*x"3)/
(12%a~2) + (cxd*x~2)/(4%a~2)
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3.26 [ aimiegapds

a+iatan(e+fx))
Optimal result . . . . . . . . . . . . . e 168
Rubi [A] (verified) . . . . . . . . . 168
Mathematica [A] (verified) . . . . . . . . . .. . 170
Maple [A] (verified) . . . . . . . . .. 1701
Fricas [A] (verification not implemented) . . . . . . .. ... ... ... ... .... 1700
Sympy [A] (verification not implemented) . . . . . . ... ... ... ... Ival
Maxima [F(-2)] . . . . . o Ival
Giac [A] (verification not implemented) . . . . . . . . ... .. Lo oL 172
Mupad [B] (verification not implemented) . . . . . ... ... ... ... ...... 1721

Optimal result

Integrand size = 21, antiderivative size = 151

c+dz _ 3ide  di? | z(c+dx)
(a+ tatan(e + fz))? v " 16a2f  8a? L
d i(c+ dzx)
+ 16f2(a + iatan(e + fz))? * 4f(a + iatan(e + fx))?
3d i(c + dx)

+ 16f2 (a2 + ia? tan(e + fz)) * Af (a? +ia?tan(e + fx))

[Out] -3/16%Ixd*x/a”~2/f-1/8*d*x"2/a"2+1/4xx*(d*x+c)/a"2+1/16*d/f"2/ (a+I*axtan(f*x
+e)) " 2+1/4xIx(d*x+c) /f/ (a+I*xaxtan(fxx+e)) ~2+3/16xd/f~2/ (a~2+I*a~2xtan (f*x+e
))+1/4xI*(d*x+c)/f/ (a~2+I*a~2xtan(f*x+e))

Rubi [A] (verified)

Time = 0.18 (sec) , antiderivative size = 151, normalized size of antiderivative = 1.00,

number of steps used = 7, number of rules used = 3, number of rules _ 0.143, Rules used
integrand size

— {3560, 8, 3811}

c+dx dr — i(c+ dz) 4 z(c + dz)
(a + iatan(e + fx))? Af (a? + ia? tan(e + fz)) 402
3d 3idz  dx?
+ 162 (a® + ia®tan(e + fz)) 16a2f 8a?
i(c+dzx) d

4f(a +iatan(e + fx))? + 16 f2(a + tatan(e + fz))?

[In] Int[(c + d*x)/(a + I*a*Tan[e + f*x])~2,x]
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[Out] (((-3%I)/16)*d*x)/(a~2*f) - (d*x~2)/(8*a~2) + (x*(c + d*x))/(4*xa~2) + d/(16
*f~2x(a + I*axTan[e + f*xx])~2) + ((I/4)*(c + d*x))/(f*(a + I*axTan[e + fx*x]

)"2) + (3xd)/(16*%f"2x(a"2 + I*a~2xTan[e + f*x])) + ((I/4)*(c + d*x))/(fx(a~

2 + I*a~2*Tan[e + f*x]))

Rule 8
Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Rule 3560

Int[((a_) + (b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[ax((a +
b*Tan[c + d*x]) "n/(2*xbxd*n)), x] + Dist[1/(2*a), Int[(a + b*Tan[c + d*x])~(
n+ 1), x], x] /; FreeQ[{a, b, c, d}, x] && EqQ[a~2 + b~2, 0] && LtQ[n, 0]

Rule 3811

Int[((c_.) + (A_.)*(x))"(m_.)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_),
x_Symbol] :> With[{u = IntHide[(a + bxTan[e + f*x])~n, x]}, Dist[(c + d*x)
“m, u, x] - Dist[d*m, Int[Dist[(c + d*x)~(m - 1), u, x], x], x]] /; FreeQ[{
a, b, c, d, e, f}, x] && EqQ[a~2 + b~2, 0] && ILtQ[n, -1] && GtQ[m, O]

Rubi steps

z(c+ dx) i(c+ dx) i(c+ dx)
4a? 4f(a +iatan(e + fx))? + Af (a? +ia? tan(e + fz))

integral =

p T i i p
B / (4_a2 * Af(a+ iatan(e + fx))? + 4f (a? + ia® tan(e + fx))) v

__da? N z(c+ dzx) i(c+dx) i(c+dx)
~ 8a2 4a? Af(a+iatan(e+ fz))?2  4f (a? + ia?tan(e + fz))
(id) | eremnerar ¢ () | orrinerrs 9@

Af Af

d?  z(c+ dx) d
82T 4@ 16f%(a + iatan(e + fx))?
i(c+ dz) d
4f(a + iatan(e + fx))? + 812 (a? + ia? tan(e + fz))
i(c+ dzx) (id) [1dz  (id) [ m dz
Af (a? +ia’tan(e + fz))  8a2f 8af
idr  dz? z(c+dx) d i(c+ dx)
- - 8a?f _@4_ 4a? + 16f2(a + iatan(e + fx))?2 —I_4f(a—}-iatan(e-I—fﬂv))2
3d i(c+ dz) (id) [ 1dzx

* 162 (a® + ia® tan(e + fx)) + 4f (a® + ia? tan(e + fz)) 1602 f

+
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__ Bidz _d_ac2+av(c+dac)+ d N i(c+dx)
~ 16a2f 8a2 4a? 16f2(a + iatan(e + fz))?2  4f(a +iatan(e + fx))?
3d i(c+ dz)

* 16f2 (a? + ia? tan(e + fz)) + 4f (a? + ia? tan(e + fz))

Mathematica [A] (verified)

Time = 1.07 (sec) , antiderivative size = 130, normalized size of antiderivative = 0.86

c+dz
(a +iatan(e + fz))
sec’(e + fz) (8(d + 2icf + 2idfz) + (4cf (i + 4fx) + d(1 + 4ifz + 8f?x?)) cos(2(e + fz)) + (4def (1 + 4
a 64a?f2(—i + tan(e + fx))?

2dx=

[In] Integrate[(c + d*x)/(a + I*axTan[e + f*x])~2,x]

[Out] -1/64*(Sec[e + fxx] 2% (8*%(d + (2%I)*c*xf + (2*I)*xd*xf*x) + (4dxcxf*x(I + 4*fx*xx)
+ d*(1 + (4*I)*xfxx + 8xf~2%x"2))*Cos[2*(e + f*x)] + (dxcxf*x(1 + (4%I)*f*x)

+ d*(-I + 4*f*xx + (8%xI)*f~2xx~2))*Sin[2*%(e + f*xx)]))/(a~2*%f"2x(-I + Tan[e

+ £*x])72)

Maple [A] (verified)

Time = 0.80 (sec) , antiderivative size = 82, normalized size of antiderivative = 0.54

method | result size

. dz? | cx | i(2dfz+2cf—id)e”2[2+e) | j(4dfztdcf—id)e”4ifrte)
risch 87 T2z T 8aZf2 + 6daZ f2 82

[In] int((d*x+c)/(a+I*axtan(f*x+e)) 2,x,method= RETURNVERBOSE)
[Out] 1/8%d*x~2/a"2+1/4/a~2%c*x+1/8*I*(2xd*f*x-I*d+2*c*f)/a~2/f " 2xexp (-2*xI* (f*x+e
))+1/64xIx (4xd*xfxx-I*d+4*xcxf) /a~2/f " 2%exp (-4*I* (f*x+e))

Fricas [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 79, normalized size of antiderivative = 0.52

/ c+dx dx

(a +iatan(e + fx))?

 (4idfz 4 4dicf 4 8(df*s® 42 cf?z)etifatiic) _ 8 (—2idfy — 2icf — d)e® f=+2ie) 4 g)el-4ifodic)
B 64 a2 f2

[In] integrate((d*x+c)/(a+I*a*xtan(f*x+e))”2,x, algorithm="fricas")
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[Out] 1/64*(4xIxd*xfxx + 4*Ikxcxf + 8x(d*f~2%x"2 + 2%xc*xf~2xx) ke~ (4*I*xfxx + 4xIxe) -
8x (—2%Ikdxf*xx — 2%Ikcxf — d)*e” (2%Ixfxx + 2xI*e) + d)*e~ (-4*xIxfxx — 4xIxe)

/(a~2x£72)

Sympy [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 226, normalized size of antiderivative = 1.50

c+dx
(a +iatan(e + fx))?
32ia26 362ie+32ia2d 3ze2ie+8a2d 2622'6 e—4ifz+ 1281;‘120 3e4ie+128ia2d 3x64ie+64a2d 264i€ e—2if:v e—6ie .
((32ia2cf if if2e?*) ( f if if i) ) for a? f4eSie £ 0

dz

. 512a% f4
o x2-(2de%ie4-d) e i€ z(2ce?ie4-c)e—4ie .
( a2 ) + ( 4a2) otherwise
N cT N dz?
4a? = 8a?

[In] integrate((d*x+c)/(a+I*a*xtan(f*x+e))**2,x)

[Out] Piecewise((((32xIxa*x*2xc*xf*x3xexp(2*xIxe) + 32kIkax*2xdxf**3xx*xexp(2xIxe) +
8xax*2xdxfx*k2xexp (2%I*e) ) xexp (—4*xI*f*x) + (128*I*kax*2kcxf**3*kexp(4*xI*e) + 1
28*Ikax*2kd*xf**3*kxkexp (4*%I*xe) + 64*a*x*x2xd*f**2kexp(4*Ix*e))*exp(-2*xI*f*x))*e
xp(-6*I*e)/(512%a*x4xf*x4) , Ne(a*xdxf*xdxexp(6*Ixe), 0)), (x**2x(2*xd*exp (2%
Ixe) + d)xexp(-4xIxe)/(8xax*2) + x*x(2kckexp(2*I*xe) + c)*exp(-4*Ix*e)/(4*xa*x*2

), True)) + c*x/(4*a*x*2) + d*xx*x*x2/(8xax*x2)

Maxima [F(-2)]

Exception generated.

d
/ - ¢t dz dx = Exception raised: RuntimeError
(a+ iatan(e + fz))?

[In] integrate((d*x+c)/(a+I*a*xtan(f*x+e))”2,x, algorithm="maxima")

[Out] Exception raised: RuntimeError >> ECL says: expt: undefined: O to a negativ

e exponent.
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Giac [A] (verification not implemented)

none

Time = 0.42 (sec) , antiderivative size = 101, normalized size of antiderivative = 0.67

c+dx
(a +iatan(e + fx))?2
(8 df2z2eltifetiic) 4 16 cfipeltifattio) 4 16i dfre® fo+2e) 4 4idfz + 16i cfel® /=2 + dicf + 8 de( fo
64 a2 f?

dz

[In] integrate((d*x+c)/(a+I*axtan(f*x+e))”2,x, algorithm="giac")

[Out] 1/64%(8*xd*xf~2xx"2xe” (4*%Ixf*xx + 4xI*xe) + 16%c*f 2%x*e” (4%xIxf*xx + 4*xI*xe) + 16
*Ixd*fxxke™ (2xI*fxx + 2%I*xe) + 4*xIxd*fxx + 16%xIkcxfxe™ (2xI*xfxx + 2%xIxe) + 4
*Ixcxf + 8xdxe” (2xI*xfxx + 2%I*xe) + d)*e” (-4xIxfxx — 4%Ixe)/(a"~2xf~2)

Mupad [B] (verification not implemented)

Time = 3.13 (sec) , antiderivative size = 103, normalized size of antiderivative = 0.68

/ c+dz dr — da? _ gedifodi <(—4cf+d1i) li  dzli )
(a +iatan(e + fx))? 8a? 64 a? f? 16a? f
_e_em_fﬂi((—2cf+dli) i dxli) cx
8a? f? 4a? f 4a?

[In] int((c + d*x)/(a + a*tan(e + f*x)*1i)~2,x)

[Out] (d*x~2)/(8%a~2) - exp(- e*x4i - fxxx4i)*x(((d*1i - 4xcxf)*1i)/(64%a~2+f"2) -
(d*x*11)/(16%a~2*f)) - exp(- e*2i - fxxx2i)*(((d*1i - 2*c*f)*1i)/(8*a~2xf~2

) — (d*x*1i)/(4*a~2xf)) + (c*x)/(4*a~2)
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1

3.27 f (c+dz)(a+iatan(e+fx))? dx

Optimal result . . . . . . . . . . e 173
Rubi [A] (verified) . . . . . . . . Ive!
Mathematica [A] (verified) . . . . . . . . . ... L 176l
Maple [A] (verified) . . . . . . . .. I
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ..., 177
Sympy [F] . . o 178
Maxima [A] (verification not implemented) . . . . . . . ... ... .. ... ... 178
Giac [A] (verification not implemented) . . . . . . . .. ... ..o L. 178
Mupad [F(-1)] . . . o 179

Optimal result

Integrand size = 23, antiderivative size = 305

(c+dz)(a+iatan(e + fx))? dz = 2a%d

L cos (4e — &) Coslntegral (%< + 4fz)
4a%d

/ 1 cos (2e — %) CosIntegral (2 + 2fz)

log(c + dz)
4a%d
i CosIntegral (%< + 4fz) sin (4e — &)
B 4a%d
1 CosIntegral (2—§f + 2fx) sin (26 — Z—Zi)
B 2a%d
_icos (2 — 24) Si(%L + 2f7)
2a2d
sin (26 — %) Si(% + 2fx)
2a2d
i cos (46 — %) Si(% + 4fx)
4a02d
sin (46 — %) Si(% + 4fx)
4a02d

[Out] 1/4*Ci(4*cxf/d+4*xf*x)*cos(—4*xe+d*cxf/d)/a"~2/d+1/2xCi (2*c*f/d+2xf*x) *cos (2%
e+2xcxf/d) /a~2/d+1/4*x1n(d*x+c) /a~2/d-1/2xI*xcos (-2*e+2xc*xf/d) *Si (2xc*xf/d+2*f
*x)/a~2/d-1/4*xI*xcos (-4d*xe+dxcxf/d) *Si (d*xc*xf/d+4*xf*xx) /a~2/d+1/4*I*Ci(d*c*xf/d+
4xfxx)*sin(-4xe+d*c*xf/d) /a~2/d+1/4*Si (4dxcxf/d+4*xf*x)*sin(-4*e+d*xcxf/d) /a~2/
d+1/2*I*Ci (2%c*f/d+2xf*x) *sin(-2xe+2*c*f/d) /a~2/d+1/2xSi (2*c*f/d+2xf*x) *sin
(-2*%e+2*cxf/d)/a~2/d
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Rubi [A] (verified)

Time = 0.94 (sec) , antiderivative size = 305, normalized size of antiderivative = 1.00,
number of steps used = 21, number of rules used = 5 number of rules _ 0.217, Rules used

' integrand size
= {3809, 3384, 3380, 3383, 3393}

/ 1 i — _z'CosIntegral (2zf + %) sin (2e — %)
(c+dz)(a+iatan(e + fr))? 202d
B i CosIntegral (43: f+ %) sin (4e — 4%‘)
4a%d
N CoslIntegral (2zf + %) cos (2e — %)
2a%d
N Coslntegral (4z f + %) cos (4e — %)
4a2d
sin (26 — %) Si(gwf + 2%")
a 2a2d
sin (4e — 4—?}) Si(4zf + 4—?)
B 4a2d
i cos (26 — %) Si(2xf + %)
a 2a%d
B i cos (46 — %) Si(4xf + %) N log(c + dz)
4a2d 4a2d

[In] Int[1/((c + d*x)*(a + I*axTan[e + f*xx])~2),x]

[Out] (Cos[2%e - (2*c*f)/d]*CosIntegral [(2xcxf)/d + 2*f*x])/(2*xa"2*d) + (Cos[4x*e
- (4xcxf)/d]*CosIntegral [(4xc*xf)/d + 4xfxx])/(4xa~2+d) + Loglc + dxx]/(4*a”

2xd) - ((I/4)*CosIntegral[(4*cxf)/d + 4xf*x]*Sin[4*e - (4xcxf)/d])/(a~2xd)

- ((I/2)*CosIntegral [(2xcxf)/d + 2*f*x]*Sin[2*e - (2xcxf)/d])/(a~2xd) - ((I
/2)*Cos[2*e - (2*cxf)/d]*SinIntegral [(2*c*f)/d + 2xfxx])/(a~2*d) - (Sin[2*e

- (2xcxf)/d]*SinIntegral [(2*c*f)/d + 2xf*xx])/(2%a~2+d) - ((I/4)*Cos[4xe -
(4xcxf)/d]*SinIntegral [(4*cxf)/d + 4*f*x])/(a"2*d) - (Sin[4*e - (4*cx*f)/d]=*
SinIntegral [(4*c*f)/d + 4xfx*x])/(4*a~2%d)

Rule 3380

Int[sinl(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[SinInte
gralle + f*x]1/d, x] /; FreeQl{c, d, e, f}, x] && EqQ[d*e - c*f, 0]

Rule 3383

Int[sin[(e_.) + (£_.)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[CosInte
gralle - Pi/2 + f*x]/d, x] /; FreeQ[{c, d, e, f}, x] && EqQ[d*(e - Pi/2) -
cxf, 0]
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Rule 3384

Int[sinl(e_.) + (£_.)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Dist[Cos[(d*
e - cxf)/d], Int[Sin[c*x(£f/d) + f*x]/(c + d*x), x], x] + Dist[Sin[(d*e - cx*f
)/d], Int[Cosl[cx(f/d) + f*xx]/(c + d*x), x]1, x] /; FreeQ[{c, d, e, f}, x] &&
NeQ[d*e - cxf, 0]

Rule 3393

Int[((c_.) + (d_.)*(x_))"(m_)*sin[(e_.) + (£_.)*(x_)]1"(n_), x_Symbol] :> In
t [ExpandTrigReduce[(c + d*x)"m, Sinl[e + f*x]~n, x], x] /; FreeQ[{c, d, e, f
, m}, x] && IGtQ[n, 1] && ( !'RationalQ[m] || (GeQ[m, -1] && LtQ[m, 1]))

Rule 3809

Int[((c_.) + (d_)*(x_))"(m_)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)])"(n ),
x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(2*a) + Cos[2xe + 2xfxx]/(
2%a) + Sin[2xe + 2xfxx]/(2xb))~(-n), x], x] /; FreeQ[{a, b, c, d, e, f}, x]
&& EqQ[a~2 + ™2, 0] && ILtQ[m, 0] &% ILtQ[n, 0]

Rubi steps
inbegral — / 1 cos(2e +2fx)  cos’(2e +2fx) isin(2e +2fx)
grat = 4a?(c + dz) 2a%(c + dz) 4a?(c + dzx) 2a%(c + dx)
_ sin’(2e +2fx)  isin(4e +4fx) p
4a%(c + dx) 4a?(c + dx)
loglo ) i[O gy st g,
N 4a2d2 4q2 . 202
. f cos ﬁie;-;fw) dz f sin (j:iiffx) dz . f cos(CQi—cil—jfz) dz
4q2 4a2 2a2
cos(de+4fx cos(de+4fx
i 10g(C+ d.I) _ f (2(c—il—dx) - 2((c+—t1x) )> dx i f <2(c—i1—dx) + 2((0—:(_19:) )) dx
 4a2d 4a? 4a?
sin( 2¢f T sin( 2¢f T
_ (icos (4e — %)) | %dm _ (i cos (2e — %)) f%dx
4q? 2a?
cos( 2¢f i cos( 2¢f i
cos (20— 27) [ L gy (isin (4o — 1)) | L) g
+ 2a? B 4a?
cos( 2¢f T sin( 2ef T
(isin (2e = 20)) f L) gy gin (e — ) p L)

2a2 2a2
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cos (2e — ﬂ) CoslIntegral (% +2fz)  log(c+ dz)

2a2d 4a%d
i CosIntegral (%f + 4f7) sin (4e — %)
a 4a%d
i CosIntegral (2L + 2fz) sin (2e — 2L)  icos (2e — 2L) Si(%L + 2fz)
B 2a02d B 2a%d
B sin (26 — Q%f) Si(Q%c + 2f:c) B i cos (46 — %) Si(% +4fx) +2f %ﬁlﬁf@ dz
2a%d 4a%d 8a?
cos (2e — %) CosIntegral (2L + 2fz)  log(c + dz)
B 2a%d 4a%d
i CoslIntegral (%5 def 44 fz) sin (4e — def <L)
4a%d
_ i Coslntegral (%L 4 2fz) sin (2e — 2cf) icos (2e — 2L) Si(%L + 2fx)
2a02d 2a%d
sin (2e — 2) Si(%L + 2fz)  icos (4e — 2L) Si(%L + 4fz)
B 2a%d B 4a%d
c s 4c,
cos (de — %) f(mS(z—d?ﬂ)dx B sin (4e — %)fm(i—;;mdx
8a? 8a?
cos (2e — 2£) CosIntegral (2 + 2fz) N log(c + dx)
2a2%d 4a%d
i CosIntegral (%< + 4fz) sin (4e — )
B 4a%d
_ i CosIntegral (%L + 2fz) sin (2e — —) icos (2e — 2L) Si(%L + 2fx)
2a02d 2a%d
sin (2e — 2) Si(%L + 2fz)  icos (4e — %) Si(%Y + 4fx)
a 2a2d B 4a2d
4o (cos (46 — 4—?) Coslntegral (4—21 + 4fx) B sin (4e — 4—?}) Si(‘l—zz + 4fx)>
8a%d 8a%d

Mathematica [A] (verified)

Time = 0.85 (sec) , antiderivative size = 211, normalized size of antiderivative = 0.69
1

(c+dz)(a+iatan(e + fx))?
(cos (2 — 2) — isin (2e — 1)) (2 CosIntegral (L}rdw)) + cos (2e — %) log(f(c + dz)) + Coslntegra

dz

[In] Integrate[1/((c + d*x)*(a + I*a*Tan[e + f*x])~2),x]
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[Out] ((Cos[2xe - (2%c*f)/d] - I*Sin[2xe - (2xcx*f)/d])*(2*CosIntegral [(2*f*(c + d
*x))/d] + Cos[2*e - (2xcxf)/d]*Log[f*(c + d*x)] + CosIntegral[(4xfx(c + d+*x
))/d]*(Cos[2%e - (2xcxf)/d] - IxSin[2*e - (2%c*f)/d]) + IxLogl[f*(c + d*x)]*
Sin[2*e - (2xcxf)/d] - (2*I)*SinIntegral [(2*f*(c + d*x))/d] - I*Cos[2¥e - (
2%c*f) /d] *SinIntegral [(4xfx(c + d*x))/d] - Sin[2*e - (2%cx*f)/d]*SinIntegral

[(4xf*(c + d*x))/d]))/(4*a~2*d)

Maple [A] (verified)

Time = 0.87 (sec) , antiderivative size = 114, normalized size of antiderivative = 0.37

method | result size
4i(cf—de) . 2i(cf—de) .
ch In(dote) © 4 Bia(4ifotdietBELD) T By (2ifot2iet 2eLd)
risc 4a2d 4a2d - 2a2d 114

[In] int(1/(d*x+c)/(a+I*a*tan(f*x+e)) 2,x,method=_ RETURNVERBOSE)

[Out] 1/4*1n(d*x+c)/a~2/d-1/4/a"2/d*exp(4*xIx(cxf-dxe)/d)*Ei(1,4*Ixfxx+4*I*ke+d*xI*(
cxf-dxe)/d)-1/2/a~2/d*exp(2xI* (cxf-d*e) /d) *Ei (1,2*xI*f*x+2*I*xe+2*I* (cxf-d*e)

/d)

Fricas [A] (verification not implemented)

none
Time = 0.24 (sec) , antiderivative size = 84, normalized size of antiderivative = 0.28

1
/ (c+dz)(a + iatan(e + fz))
. . _2(ide—icf) . . _4(ide—icf)
2Ei(_2(zdfa;+wf)>e( Hedcprel) )+Ei<_4(zdfa;+ch)>e( ) | log (dete)

- 4 a%d

2d£1:

[In] integrate(1/(d*x+c)/(atI*a*xtan(f*x+e))~2,x, algorithm="fricas")

[Out] 1/4*(2*Ei(-2* (I*d*f*x + I*c*f)/d)*e” (-2x(Ixd*xe - Ixc*f)/d) + Ei(-4*x(Ixd*xf*xx
+ Ixcxf)/d)*e”(-4*(Ixd*e - Ixcxf)/d) + log((d*x + c)/d))/(a~2%d)
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Sympy [F]

/ 1 dx
(c+dz)(a + iatan(e + fx))?

1
f ctan? (e+fz)—2ictan (e+fzr)—c+dz tan? (e+fz)—2idz tan (e+fz)—dz dzx

a?

[In] integrate(1/(d*x+c)/(a+I*axtan(f*x+e))**2,x)

[Out] -Integral(l/(c*tan(e + f*x)**2 - 2xI*c*tan(e + f*x) - c + d*x*tan(e + fx*x)*
*x2 - 2xI*xdxx*tan(e + f*x) - d*x), x)/a**2

Maxima [A] (verification not implemented)

none

Time = 0.30 (sec) , antiderivative size = 194, normalized size of antiderivative = 0.64

1
(c+dz)(a+iatan(e + fx))?
2fCOS (_2(ded—cf)) E, <_2(—i(fa:+e)dd+ide—icf)) + fCOS <_4(ded—cf)) E, <_4(—i(fa:+e)dd+ide—icf)) +92i fEl

dz =

[In] integrate(1/(d*x+c)/(a+I*axtan(f*x+e))”2,x, algorithm="maxima")

[Out] -1/4%(2xf*cos(-2*(d*e - cxf)/d)*exp_integral_e(1l, -2x(-I*(f*x + e)*d + I*xdx
e - Ixcxf)/d) + fxcos(-4*(dxe - cxf)/d)*exp_integral_e(1l, —-4x(-Ix(fxx + e)x*

d + Ixd*e - Ixcxf)/d) + 2xIxf*exp_integral_e(1l, -2x(-I*(fxx + e)*d + I*xdxe

- Ixcxf)/d)*sin(-2x(d*e - cxf)/d) + Ixfxexp_integral_e(l, —-4x(-Ix(f*x + e)*

d + I*d*e - Ixcxf)/d)*sin(-4x(d*e - c*f)/d) - fxlog((f*x + e)*d - dxe + cx*f
))/(a~2*d*f)

Giac [A] (verification not implemented)

none

Time = 0.42 (sec) , antiderivative size = 404, normalized size of antiderivative = 1.32

1
(c+dz)(a +iatan(e + fz))
2 cos (2¢) cos (2) Ci (—W) + cos (2¢€)*log (dz + ¢) + 2i cos (2 Ci (—M) sin (2e) + 24 c

2dz

[In] integrate(1/(d*x+c)/(a+I*axtan(f*x+e))”2,x, algorithm="giac")
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[Out] 1/4*(2*cos(2xe)*cos(2*c*f/d)*cos_integral (-2x(d*fxx + c*f)/d) + cos(2xe) 2%
log(d*x + c) + 2*I*cos(2xc*f/d)*cos_integral (-2x(d*f*x + c*f)/d)*sin(2*e) +
2xIxcos(2*e) *log(d*x + c)*sin(2*e) - log(d*x + c)*sin(2*e)”2 + 2xIxcos(2*e
)*cos_integral (-2x(d*xf*xx + c*f)/d)*sin(2*c*f/d) - 2*cos_integral (-2*(d*f*x
+ c*f)/d)*sin(2xe) *sin(2xc*f/d) - 2xI*cos(2*e)*cos(2xc*f/d)*sin_integral (2%
(d*f*xx + c*xf)/d) + 2%cos(2*c*f/d)*sin(2*e)*sin_integral (2% (d*f*x + cxf)/d)
+ 2xcos(2*e)*sin(2xc*f/d)*sin_integral (2*(dxfxx + c*f)/d) + 2*I*sin(2%e)*si
n(2*c*f/d)*sin_integral (2« (d*f*x + cxf)/d) + cos(4xc*f/d)*cos_integral (-4x*(
dxf*xx + c*xf)/d) + I*cos_integral(-4x(d*fxx + c*f)/d)*sin(4*xcxf/d) - I*cos(4
xcxf/d)*sin_integral (4x(dxf*x + c*f)/d) + sin(4*cxf/d)*sin_integral (4* (d*fx*
x + cxf)/d))/(a"2*d*cos(2*%e) "2 + 2xIxa~2xd*cos(2*e)*sin(2*e) - a~2xd*sin(2*
e)”~2)

Mupad [F(-1)]

Timed out.

1 1
/(c+d:c)(a+iata,n(e+fw))2 dr = / (a+ atan (e + fz) 1i)* (c+ dx) d

[In] int(1/((a + a*xtan(e + f*x)*1i)~2%(c + d*x)),x)
[Out] int(1/((a + ax*tan(e + f*x)*1i)~2x(c + d*x)), x)
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1

3.28 f (c+dz)?(a+iatan(e+fx))? dx

Optimal result . . . . . . . . . . . e 180
Rubi [A] (verified) . . . . . . . [18T]
Mathematica [A] (verified) . . . . . . . . . .. . 184
Maple [A] (verified) . . . . . . . . .. 1851
Fricas [A] (verification not implemented) . . . . . . . ... .. ... .. ....... 185
Sympy [F] . . o
Maxima [A] (verification not implemented) . . . . . . . .. ... ... . ... 186
Giac [B] (verification not implemented) . . . . . ... ... ... . oL 186
Mupad [F(-1)] . . . . o 188

Optimal result

Integrand size = 23, antiderivative size = 436

/ 1 dp — — 1 _cos(2e +2fx)  cos®(2e +2fx)
(c+dz)2(a+iatan(e + fz))2 ~  4a2d(c+dz)  2a2d(c + dx) 4a02d(c + dz)
if cos (26 — %) Coslntegral (% + 2fx)
B a’d?
if cos (4e — ) CosIntegral (%< + 4fz)
a a’d?
f Coslntegral (4 + 4fz) sin (de — %)
B a’d?
f CoslIntegral (% + 2fx) sin (26 — 2%0)
- a?d?
isin(2e + 2fz) sin?(2e + 2fx)
2a%d(c + dz) 4a2d(c + dx)
isin(4e +4fz)  fcos(2e - 20 8i (24 + 2fx)
4a2d(c + dz) a’d?
if sin (26 — %) Si(% + 2fa:)
+ a?d?
_ feos (4e — %) Si(%L + 4fx)
a’d?
N if sin (46 — ﬂ) Si(% + 4f:c)

d
a?d?

[Out] -1/4/a"2/d/(d*xx+c)-I*f*Ci (d*xc*f/d+4xf*xx)*cos(-4*xe+d*xc*f/d)/a~2/d"2-I*xf*Ci (2
xc*f /d+2xf*xx) *cos (-2xe+2xcxf/d) /a~2/d"2-1/2*cos (2xf*x+2*e) /a~2/d/ (d*x+c) -1/
4xcos (2xfxx+2%e) ~2/a~2/d/ (d*x+c) —f*xcos (-2*xe+2xc*f/d) *Si (2kc*f/d+2*xf*x) /a~2/
d"2-f*cos (—4*e+4*cxf/d) *Si (4*cxf/d+4*f*x) /a~2/d"2+f*Ci (dxc*xf/d+4*f*x) *sin (-
4xe+dxcxf/d) /a~2/d"2-I*f*Si (4*xcxf/d+4*f*x) *sin(-4*e+dxcxf/d) /a~2/d"2+f*Ci (2
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xcxf/d+2%f*xx) *sin(-2%e+2xcxf/d) /a~2/d"2-I*f*Si (2%cxf/d+2xf*x) *sin (-2*%e+2*c*
f/d)/a~2/d"2+1/2xI*sin(2*xfxx+2*e) /a~2/d/ (d*x+c)+1/4*sin (2*xfxx+2*e) ~2/a~2/d/
(d*x+c)+1/4xIxsin (4xf*xx+4*xe)/a~2/d/ (d*xx+c)

Rubi [A] (verified)
Time = 0.83 (sec) , antiderivative size = 436, normalized size of antiderivative = 1.00,
number of steps used = 24, number of rules used = 7, dumber of rules _ 4 304 Ryjles used

integrand size
= {3809, 3378, 3384, 3380, 3383, 3394, 12}

/ 1 do— f Coslntegral (4zf + 4—?) sin (4e — 4—?})
(c+ dz)?(a + iatan(e + fx))? a2d>
f CosIntegral (2zf + 2—?) sin (2e — %)
- a?d?
_ if Coslntegral (2zf + %) cos (2e — %)
ad?
_ if Coslntegral (4zf + %) cos (4e — %L)
a2d2
N if sin (2e — 250) Si(2z f + %)
a?d?
4 if sin (4e — %) Si(4zf + 4%1‘)
a?d?
_ feos (2¢ = %) si(2ef + %)
a?d?
B f cos (4e — %) Si(4zf + 4%") sin2(2e + 2fz)
a*d? 4a%d(c + dzx)

isin(2e +2fx) isin(de+4fx)
2a2d(c + dzx) 4a%d(c + dx)

cos?(2e +2fx)  cos(2e + 2fzx) 1
4a2d(c +dz)  2a2d(c+dz)  4a2d(c + dx)

[In] Int[1/((c + d*x)~2*(a + I*axTan[e + f*xx])~2),x]

[Out] -1/4%1/(a"2*d*(c + d*x)) - Cos[2xe + 2xfxx]/(2¥a~2xd*(c + d*x)) - Cos[2*e +
2xf*xx] "2/ (4%a~2xd*(c + d*x)) - (I*f*xCos[2%e - (2*cxf)/d]*CosIntegral [(2*c*
£)/d + 2*%fxx])/(a"2%d"2) - (Ixf*Cos[4*e - (4*cxf)/d]*CosIntegral [(4*cxf)/d
+ 4xf*x])/(a"2%d"2) - (f*CosIntegral [(4*c*f)/d + 4xf*x]*Sin[4*e - (4*cxf)/d
1)/(a~2%d"2) - (f*CosIntegral [(2xc*f)/d + 2*xf*x]*Sin[2%e - (2*c*f)/d])/(a"2
*d~2) + ((I/2)*Sin[2*e + 2xf*xx])/(a"2*d*(c + d*x)) + Sin[2*e + 2*f*x]~2/(4*
a~2xd*x(c + dxx)) + ((I/4)*Sin[4xe + 4xfx*x])/(a"2*d*(c + d*x)) - (f*Cos[2*e
- (2xcxf)/d]*SinIntegral [(2*c*f)/d + 2xf*x])/(a"2%d"2) + (IxfxSin[2xe - (2%
cxf)/d]*SinIntegral [(2*%c*f)/d + 2xf*x])/(a"2*%d"2) - (f*Cos[4*e - (4*cxf)/d]
xSinIntegral [(4xcxf)/d + 4xf*x])/(a"2*d"2) + (I*f*Sin[4*e - (4*c*xf)/d]*SinI
ntegral [(4*cxf)/d + 4xf*x])/(a~2*d"2)



182

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
QLu, (b_)*(v_) /; FreeQ[b, x]]

Rule 3378

Int[((c_.) + (d_.)*(x_))"(m_)*sin[(e_.) + (f_.)*(x_)], x_Symbol] :> Simp[(c
+ d*x)"(m + 1)*(Sin[e + f*x]/(d*(m + 1))), x] - Dist[f/(d*(m + 1)), Int[(c
+ d*x)"(m + 1)*Cos[e + fxx], x], x] /; FreeQl{c, d, e, f}, x] && LtQ[m, -1
]

Rule 3380

Int[sinf(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[SinInte
gralle + f*x]/d, x] /; FreeQ[{c, d, e, f}, x] && EqQ[d*e - cxf, 0]

Rule 3383

Int[sinl(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[CosInte
gralle - Pi/2 + f*xx]/d, x] /; FreeQl{c, d, e, £}, x] && EqQ[d*(e - Pi/2) -
cxf, 0]

Rule 3384

Int[sinl(e_.) + (f_.)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Dist[Cos[(d*
e - cxf)/d], Int[Sin[cx(f/d) + f*x]/(c + d*x), x], x] + Dist[Sin[(d*e - cxf
)/d], Int[Cos[ckx(f/d) + f*x]/(c + d*x), x], x] /; FreeQl[{c, d, e, f}, x] &&
NeQ[d*e - cxf, 0]

Rule 3394

Int[((c_.) + (d_.)*(x_))"(m_)*sinl(e_.) + (£_.)*(x_)]1"(n_), x_Symbol]l :> Si
mp[(c + d*x)~(m + 1)*(Sin[e + f*x]°n/(d*(m + 1))), x] - Dist[f*(n/(d*(m + 1
))), Int[ExpandTrigReducel[(c + d*x)~(m + 1), Cosl[e + fxx]*Sin[e + f*x]~(n -
1), x], x], x] /; FreeQ[{c, d, e, f, m}, x] && IGtQ[n, 1] && GeQ[m, -2] &&
LtQ[m, -1]

Rule 3809

Int[((c_.) + (d_)*(x)) " (m_)*((a_) + (b_.)*tan[(e_.) + (£_)*(x_)1)"(n ),
x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(2%a) + Cos[2xe + 2xfxx]/(
2xa) + Sin[2%e + 2xfxx]/(2%b))~(-n), x], x] /; FreeQ[{a, b, c, d, e, f}, x]
&& EqQ[a”2 + b~2, 0] && ILtQ[m, 0] && ILtQ[n, O]
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Rubi steps
ibegral — / 1 cos(2e + 2fx)  cos*(2e +2fz) isin(2e + 2fx)
gral = 4a%(c +dr)?2  2a%(c + dr)? 4a2(c + dr)? 2a%(c + dz)?
sin?(2e + 2fz) isin(4e + 4fx) p
4a%(c + dx)? 4a?(c + dx)?
sin(4e+4fz sin(2e+2fz
- 1 if ((c +;;)J; ) dx if ((c +;rx)’; ) dg
402d(c + dzx) 4a? 2a?
cos?(2e+2fx sin?(2e+2fz cos(2e+2fx
4 f (c(+d9:)2f : dx f (c(+d-::)éf : dzx f W dx
4a? 4a? 2a?
1 cos(2e +2fx) cos?(2e +2fx) isin(2e + 2fx)

_4a2d(c + dCL') B 2a2d(c + d:l:) 4a2d(c + d:l?) 2a2d(c + d:v)
(e 4 2fa) _isin(le +4fa) _ (if) [ 02 do (if) [ 302 do

4a%d(c + dx) 4a%d(c + dx) a’d a?d
sin(2e f sin (4e+4 fx sin(4de+4fx
«f f (3+-(’1-92:f : dx f f " 2(ctdz) ey dx f f " 2(ctdz) ) dx
a’d a’d a’d
1 cos(2e +2fx) cos’(2e +2fx)  isin(2e + 2fx)

4a2d(c + dz)  2a2d(c + dz) 4a02d(c + dx) 2a2d(c + dx)

sin’(2e +2fz)  isin(de+4fx) f J Sm(j:;:fx) dz

4a?d(c + dx) 4a%d(c + dx) 2a%d
(if cos (de = 42)) ] “CE) gy (i cos (2e — 1)) [ 2L
B a?d B a?d
sin 2¢cf T sin def T
(Feos (20— 1)) | 2022 4y (ipaim (4o — t)) | L) g
B a?d + a?d
sin( 2¢f T cos( 2¢f T
7o (e —20)) [ G 4o (paim (e - %)) = CE

a?d a?d
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3 1 _cos(2e+2fz)  cos’(2e + 2fx)
4a%d(c+ dx)  2a%d(c+ dx) 4a%d(c + dx)
if cos (26 — %) Coslntegral (% +2 fx)

a?d?
if cos (4e — %) CosIntegral (< + 4fx)
B a’d?
B f CoslIntegral (2—2£ + 2fx) sin (26 — 2—?) isin(2e + 2fx)
a’d? 2a2d(c + dx)
sin(2e + 2fz)  isin(4e+4fz) fcos(2e— 20 8i (2L + 2fz)
4a2d(c + dx) 4a2d(c + dz) a’d?
N ifsin (2e — %) Si(%L + 2fx) N ifsin (4e — %) Si(% + 4fx)
a?d? a’d?
sin( 4t T cos( el T
(reos (e — 1)) [ “CE d(7on (10— 7)) 1 UER) o
2a2d + 2a2d
. 1 _cos(2e+2fx)  cos’(2e +2fx)
~ 4a?d(c+dr) 2a2d(c+dz)  4a2d(c+ dz)
if cos (26 — %) Coslntegral (% +2 fx)
B a?d?
if cos (4e — %) CosIntegral (< + 4fx)
B a’d?
B f CoslIntegral (2—2£ + 2fx) sin (26 — 2—?) isin(2e + 2fx)
a’d? 2a2d(c + dx)
sin(2e + 2fz)  isin(4e+4fz) fcos(2e - 20 8i (2L + 2fx)
4a2d(c + dx) 4a2d(c + dz) a’d?
N ifsin (2e — %) Si(%L + 2fx) N ifsin (4e — %) Si(% + 4fx)
a?d? a’d?
[ f CosIntegral (% + 4fz) sin (4e — 24) N fcos (4e — %L) Si(%4 + 4fx)
2a2d? 2a2d?

Mathematica [A] (verified)

Time = 1.67 (sec) , antiderivative size = 467, normalized size of antiderivative = 1.07

1
(c+dx)%(a+iatan(e + fx))?

(cos (2(e+ f(—=5+x))) —isin(2(e+ f(—<+2)))) <2dcos( L) +dcos (2(e+ f(—£+1))) +dco

dz =

[In] Integrate[1/((c + d*x)~2*(a + I*axTan[e + f*x])~2),x]
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[Out] -1/4%((Cos[2x(e + fx(-(c/d) + x))] - IxSin[2x(e + fx(-(c/d) + x))]1)*(2*d*Co
s[(2xcxf)/d] + d*Cos[2x(e + fx(-(c/d) + x))] + d*Cos[2*(e + fx(c/d + x))] -

(2%I)*d*Sin[(2*%c*f) /d] + (4xI)*f*(c + d*x)*CosIntegral [(2xf*(c + d*x))/d]*
(Cos[2*f*x] + I*Sin[2*f*x]) + I*d*Sin[2x(e + fx(-(c/d) + x))] - I*d*Sin[2x(
e + fx(c/d + x))] + 4*fx(c + d*xx)*CosIntegral [(4xf*x(c + d*x))/d]*(I*Cos[2*e
- (2xfx(c + d*x))/d] + Sin[2*e - (2*f*(c + d*x))/d]) + 4*xckf*Cos[2*f*x]*Si
nIntegral [(2xfx(c + d*x))/d] + 4*xd*fxx*Cos[2xf*x]*SinIntegral [(2*f*(c + d*x
))/d] + (4*I)xcxfxSin[2xf*x]*SinIntegral [(2xf*(c + d*x))/d] + (4*I)*d*f*x*S
in[2*f*x]*SinIntegral [(2*f*(c + d*x))/d] + 4*c*f*Cos[2%e - (2xf*x(c + d*x))/
d]*SinIntegral [(4xf*(c + d*x))/d] + 4xd*f*x*Cos[2*e - (2*fx(c + d*x))/d]*Si
nIntegral [(4xf*(c + d*x))/d] - (4xI)*cxf*xSin[2*e - (2xfx(c + d*x))/d]*SinIn
tegral [(4xfx(c + d*x))/d] - (4*I)*d*xf*x*Sin[2xe - (2*f*(c + d*x))/d]*SinInt
egral [(4xfx(c + dx*x))/d]))/(a~2*d"2x(c + d*x))

Maple [A] (verified)

Time = 0.89 (sec) , antiderivative size = 175, normalized size of antiderivative = 0.40

method | result

4i(cf—de) e 2i(cf—de)
fe—tittore) | ife @ Bi(4iforaie+ ML) L oipare ife’ @ Bin(2ifa+2ie

1
4a2d(dz+c) 4a?(dfz+cf)d a2d? 2a2(dfz+cf)d a2d?

risch

[In] int(1/(d*x+c)~2/(at+I*axtan(f*x+e)) 2,x,method=_RETURNVERBOSE)

[Out] -1/4/a"2/d/(d*x+c)-1/4/a~2*f*exp(-4*I*(f*xx+e))/(d*xf*x+c*xf)/d+I/a~2*f/d"2%ex
p(4xIx(c*xf-dxe)/d) *Ei (1,4*I*fxx+4*xIxe+4xI* (c*f-d*e)/d)-1/2/a"2xf*xexp (-2*I*(
fxx+e))/(dxf*x+c*xf) /d+I/a~2*f/d"2%exp (2*%I* (cxf-d*e) /d) *Ei (1, 2% I*f*x+2*xI*e+2
*xIx(cxf-dxe)/d)

Fricas [A] (verification not implemented)

nomne

Time = 0.28 (sec) , antiderivative size = 142, normalized size of antiderivative = 0.33

1
/ (c+ dx)*(a +iatan(e + fx))? de =
. . 2 (ide—icf) . .
((4 (idfe+i cf)Ei(—ij’cf)) ) L g (idfe + i cf)Ei(——4 “dfﬂ;“cf)) el
- 4 (a?d3z + acd?)

_4@d:4cﬁ) +-d\
/

[In] integrate(1/(d*x+c)~2/(at+I*axtan(f*x+e))~2,x, algorithm="fricas")

[Out] -1/4%((4*(Ixdxf*xx + Ixcxf)*Ei(-2%(Ixdxfxx + Ixcxf)/d)*e” (-2x(I*xd*e - Ixcx*f)
/d) + 4x(Ixdxf*x + Ixckxf)*Ei(-4*(I*d*xfxx + I*cxf)/d)*e”(-4x(Ixdxe - Ixcxf)/

d) + d)*e” (4*xI*f*x + 4*xI*xe) + 2xd*xe” (2*%I*xfxx + 2%I*e) + d)*e” (—4xIxfxx - 4%
Ixe)/(a”2*%d"3*x + a~2*c*xd”~2)
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Sympy [F]

1
dz =
/ (c+dz)*(a +iatan(e + fx))?2
1
_ f c? tan? (e+fz)—2ic? tan (e+fz)—c2+2cdz tan? (e+ fx)—4icdz tan (e+fz)—2cdr+d2x? tan? (e+fz)—2id2z2 tan (e+fz)—d2x? dx
a2

[In] integrate(1/(dxx+c)**2/(at+I*a*tan(f*x+e))**2,x)

[Out] -Integral(1l/(c**2xtan(e + f*xx)**2 — 2xIxc**2xtan(e + f*xx) - c**2 + 2*ckd*x*
tan(e + f*xx)**2 - 4xIxckd*x*tan(e + f*x) - 2xckd*x + dx*x2kx*k*2*tan(e + f*x)
*%2 — 2kDkdx*x2kxk*x2%xtan(e + fkxx) - dxx2*x*k*2), x)/a*x*2

Maxima [A] (verification not implemented)

none

Time = 0.48 (sec) , antiderivative size = 211, normalized size of antiderivative = 0.48

1
(c+dz)*(a +iatan(e + fx))?
2 f2 cos <_M> E, (_2(4 (fx~|—e)dd+ide—icf)> + 2 cos (‘M) B, (_4(—i (fw+e§l+ide—icf)) 42 2
a 4((fz + e)a’d? — a?

dz =

[In] integrate(1/(d*x+c)~2/(at+I*axtan(f*x+e))~2,x, algorithm="maxima")

[Out] -1/4%(2xf~2%cos(-2*(d*e - cxf)/d)*exp_integral_e(2, -2x(-I*(f*x + e)*d + Ix
dxe - Ixcxf)/d) + f~2*cos(-4x(d*e - c*f)/d)*exp_integral_e(2, -4*x(-I*x(fxx +

e)*d + Ixdxe - Ikc*f)/d) + 2*xI*f~2xexp_integral e(2, -2x(-Ix(f*xx + e)*d +

Ixd*e - Ixc*f)/d)*sin(-2x(d*e - c*f)/d) + I*f~2*exp_integral_e(2, —-4x(-I*(f

*x + e)*d + Ixd*e - Ixcxf)/d)*sin(-4*(dxe - cxf)/d) + £72)/(((fxx + e)*a™2%

d"2 - a"2*%d"2xe + a”~2xcxdx*f)x*f)

Giac [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 1967 vs. 2(410) = 820.

Time = 11.30 (sec) , antiderivative size = 1967, normalized size of antiderivative = 4.51

1
dz = Too large to displ
/(C+d$)2(a+iatan(e+fx))2 L oo large to display

[In] integrate(1/(d*x+c)~2/(a+I*axtan(f*x+e))~2,x, algorithm="giac")
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[Out] 1/4x(-4*I*(d*x + c)*(d*e/(d*x + c) - cxf/(d*x + c) + f)*f~2%cos(-4*(d*e - ¢
xf)/d)*cos_integral (4*((d*x + c)*(d*e/(d*x + c) - cxf/(d*x + c) + f) - dx*e
+ cxf)/d) + 4xIxd*e*xf~2xcos(-4x(dxe - c*f)/d)*cos_integral (4x((d*x + c)*(d*
e/(d*x + c) - c*xf/(d*x + c) + f) - d*e + c*xf)/d) - 4*xI*kc*f~3*cos(-4x(d*e -
c*xf)/d)*cos_integral (4x((d*x + c)*(d*e/(d*x + c) - cxf/(d*x + c) + f) - dxe
+ cxf)/d) - 4xIx(d*x + c)*(dxe/(d*x + c) - c*f/(d*x + c) + f)*f~2xcos(-2x(
dxe - c*f)/d)*cos_integral(2x((d*x + c)*(d*e/(d*x + c) - c*xf/(d*x + c) + f)
- dxe + c*f)/d) + 4xI*d*exf~2xcos(-2*(dxe - c*f)/d)*cos_integral (2x((d*x +
c)x(d*e/(d*x + c) - c*xf/(d*x + c) + f) - dke + c*f)/d) - 4*I*c*f~3*cos(-2%
(d*xe - c*f)/d)*cos_integral(2x((d*x + c)*(d*e/(d*x + c) - cxf/(d*x + c) + £
) - dxe + cxf)/d) + 4x(d*x + c)*(d*e/(d*x + c) - c*xf/(d*x + c) + f)*f~2*cos
_integral(2x((d*x + c)*(dxe/(d*x + c) - c*f/(d*x + c) + f) - dxe + c*f)/d)*
sin(-2*(d*e - cxf)/d) - 4xdxexf~2*cos_integral (2*((d*x + c)*(d*e/(d*x + c)
- cxf/(d*x + c) + f) - d*e + c*f)/d)*sin(-2x(d*e - cxf)/d) + 4xcxf~3*cos_in
tegral (2*x((d*x + c)*(d*e/(d*x + c) - cxf/(d*x + c) + f) - d¥e + cxf)/d)*sin
(-2x(d*e - cxf)/d) + 4x(d*x + c)*(d*e/(d*x + c) - cxf/(d*x + c) + f)*f~2%co
s_integral(4x((d*x + c)*(d*e/(d*x + c) - cxf/(d*x + c) + f) - dxe + cxf)/d)
*sin(-4x(dxe - c*f)/d) - 4*d*exf~2xcos_integral (4x((d*x + c)*(d*e/(d*x + c)
- cxf/(d*x + c) + f) - d*e + c*f)/d)*sin(-4*x(d*e - cxf)/d) + 4xc*xf~3*cos_i
ntegral (4x((d*x + c)*(d*e/(d*x + c) - cxf/(d*x + c) + f) - dxe + c*xf)/d)*si
n(-4*(d*e - c*f)/d) - 4*x(d*x + c)*(d*e/(d*x + c) - cxf/(d*x + c) + f)*f"2x*c
os(-4x(dxe - c*f)/d)*sin_integral (4*x((d*x + c)*(dxe/(d*x + c) - c*f/(d*x +
c) + f) - d*e + cxf)/d) + 4xdxexf~2*cos(-4*x(d*e - cxf)/d)*sin_integral (4* ((
d*x + c)*(d*e/(d*x + c) - cxf/(d*x + c) + f) - dxe + c*f)/d) - 4*c*xf~3*cos(
—-4%(d*e - c*f)/d)*sin_integral (4x((d*x + c)*(d*e/(d*x + c) - cxf/(d*x + c)
+ f) - dke + cxf)/d) - 4xI*x(d*x + c)*(d*e/(d*x + c) - cxf/(d*x + c) + f)*f~
2xsin(-4*(d*e - cxf)/d)*sin_integral (4*((d*x + c)*(dxe/(d*x + c) - c*f/(d*x
+ c) + f) - dxe + c*f)/d) + 4*I*dxexf~2+sin(-4*(d*e - c*f)/d)*sin_integral
(4% ((d*x + c)*(dxe/(d*x + c) - c*xf/(d*x + c) + f) - d*e + cxf)/d) - 4xIxc*f
~3*sin(-4*(d*e - c*f)/d)*sin_integral (4*((d*x + c)*(dxe/(d*x + c) - cxf/(d*
x +c) +f) - d¥e + c*xf)/d) - 4*(d*x + c)*(d*e/(d*x + c) - cxf/(d*x + c) +
f)*f~2*%cos(-2x(d*e - cxf)/d)*sin_integral (2x((d*x + c)*(d*e/(d*x + c) - c*f
/(d*x + c) + f) - d*e + cxf)/d) + 4xdxexf ~2*cos(-2x(d*e - cxf)/d)*sin_integ
ral(2*((d*x + c)*(d*e/(d*x + c) - cxf/(d*x + c) + f) - d*e + cxf)/d) - 4*cx
f~3*cos(-2x(d*e - c*f)/d)*sin_integral (2*x((d*x + c)*(d*e/(d*x + c) - c*xf/(d
*x + c) + f) - d¥e + c*f)/d) - 4*I*(d*x + c)*(d*e/(d*x + c) - cxf/(d*x + c)
+ f)*f72xsin(-2x(d*e - c*f)/d)*sin_integral (2*x((d*x + c)*(d*e/(d*x + c) -
cxf/(d*x + c) + f) - d*e + c*f)/d) + 4*Ixdxe*xf~2*sin(-2*(d*e - c*f)/d)*sin_
integral (2x((d*x + c)*(dxe/(d*x + c) - c*f/(d*x + c) + f) - d*xe + c*f)/d) -
4xIxc*xf~3*%sin(-2x(d*e - cxf)/d)*sin_integral (2% ((d*x + c)*(d*e/(d*x + c) -
cxf/(d*x + c) + f) - d¥e + c*f)/d) - 2*d*xf~2xcos(-2*(d*x + c)*(dxe/(d*x +
c) - cxf/(d*x + c) + f)/d) - d*f~2xcos(-4x(d*x + c)*(d*e/(d*x + c) - cxf/(d
*x + ¢) + £)/d) - 2%Ixd*xf~2*sin(-2*(d*x + c)*(d*e/(d*x + c) - cxf/(d*x + c)
+ £)/d) - I*kd*f~2xsin(-4*(d*x + c)*(d*e/(d*x + c) - cxf/(d*x + c) + £)/d)
- d*xf72)*d"2/(((d*x + c)*a~2xd"4*(d*e/(d*x + c) - cxf/(d*x + c) + f) - a™2%
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d~Bxe + a~2kckxd~4*f)x*xf)

Mupad [F(-1)]

Timed out.

1 d /f L d
(c+ dz)*(a + iatan(e + fz))? ’ (a+ atan (e + fz) 1) (c + dz)? !

[In] int(1/((a + a*tan(e + f*x)*1i) " 2*(c + d*x)~2),x)
[Out] int(1/((a + a*xtan(e + f*x)*1i) 2*(c + d*x)~2), x)
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Optimal result

Integrand size = 23, antiderivative size = 396

(c + dz)? | 9dBeYedfs gqBedie—dife  Bebiebife
/ (a+iatan(e+ f2))? ©  64a3f*  1024a3f4 172843 f4
9id?e~2e~2%l%(c + dx)  Qid’e~*e~4%(c + dx)
B 3203 f3 B 25643 f3
id2e—6ie—6ifx(c + da:) N 9d6—2ie—2ifx(c + da:)2
288a3 f3 32a3 f?
9d6—4ie—4ifx(c+ dw)2 de—6ie—6ifx(c+ dCI?)z
12843 f2 96a3 f2
N 3ie—2ie—2ifz(c_+_ d$)3 3ie—4ie—4ifz(c_+_ diE)?’
16a3 f 32a3 f
N ie=61e=6i/z(c 4 dx)®  (c+ dx)*
48a3 f 32a3d

[Out] -9/64*d~3%exp(-2*I*e-2xI*f*x)/a~3/f74-9/1024*d"3*exp(-4*I*e-4*xI*f*x)/a~3/f"
4-1/1728+d"3*exp (-6*I*e-6*I*f*x) /a~3/f~4-9/32*%I*d"2%exp (-2*I*e-2*I*f*x) * (d*
x+c)/a~3/£73-9/256*I*d"2%exp (-4*I*e-4*I*f*x)* (d*x+c) /a~3/£73-1/288*I*d"2*ex
p(-6xIxe-6*%I*xf*x)*(d*x+c)/a~3/f73+9/32xd*exp (-2*I*e-2xI*f*x) * (d*x+c)~2/a~3/
£72+9/128*d*exp (-4*Ixe—-4*I*f*x) * (d*x+c) "2/a"~3/£72+1/96*d*exp (-6*I*e—6*xI*f*x

) *(d*x+c) ~2/a"3/£72+3/16%Ixexp (—2*I*e-2xIxf*x)* (d*x+c) “3/a~3/£+3/32*I*exp (-
4xIxe—4xIxf*xx)* (d*x+c) ~3/a~3/f+1/48*I*exp(-6xI*xe-6xI*f*x)*(d*x+c) ~3/a~3/f+1
/32x(d*x+c)~4/a~3/d
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Rubi [A] (verified)

Time = 0.47 (sec) , antiderivative size = 396, normalized size of antiderivative = 1.00,
number of steps used = 14, number of rules used = 3 number of rules _ 0.130, Rules used

' integrand size
= {3810, 2207, 2225}

/ (c+ dx)3 dp — — 9id?(c + dx)e~2ie2fe B 9id?(c + dx)e4e4fz
( 3T

a + iatan(e + fz)) 32a3f3 25643 f3
id*(c + dx)e~6e~6ifz 9d(c + dx)2e~2e-2fz
B 28843 f3 32a3 f2
9d(c + dz)2e—4ie—4ifx d(C + dx)Ze—Gie—&fx
12843 f2 9643 f2
3i(c+ dx)3e %2/ 3j(c + dx)3e~tie4ife
16a3 f 32a3 f
Z(C+ dz)3e—6ie—6ifm N (C+ d$)4
48a3 f 32a3d
OBe-2ie-2ifz  Bg—tie—difs 3 o—bie—Gifz
64a3f4  1024a3f*  1728a3f*

[In] Int[(c + d*x)~3/(a + I*axTan[e + f*x])~3,x]

[Out] (-9*%d"3*E~((-2*I)*e - (2*xI)*f*x))/(64*a~3*f~4) - (9*d"3*E~((-4*I)*e - (4x*I)
*fxx))/(1024*a~3*xf"4) - (d"3*E~((-6*I)*e — (6*I)*f*xx))/(1728*xa~3*f~4) - (((
9%I)/32) *d"2+E~ ((-2*I) *e - (2*xI)*f*x)*(c + d*x))/(a~3*xf~3) - (((9%*I)/256)*d
~2xE~ ((-4%I)*e - (4*I)xfxx)*(c + d*x))/(a~3%f~3) - ((I/288)*d~2*E~((-6%I)*e

- (6xI)*f*x)*(c + d*x))/(a~3*£73) + (9*d*E~((-2*xI)*e - (2*xI)*f*x)*(c + d*x
)"2)/(32%a”~3%f72) + (9*%d*E~((-4*xI)*e - (4*xI)*fxx)*(c + d*xx)~2)/(128*%a~3*f"2

) + (A*E~((-6*xI)*e - (6*I)*f*x)*(c + d*x)~2)/(96*a~3*f~2) + (((3*I)/16)*E"(
(-2%I)*e - (2*xI)*f*x)*(c + d*x)"3)/(a"3*f) + (((3*I)/32)*E~((-4*xI)*e - (4*I
Yxfxx)*(c + d*xx)~3)/(a”3*xf) + ((I/48)*E~((-6*I)*e — (6*I)*f*xx)*(c + d*x)~3)
/(a”3*%f) + (c + d*x)~4/(32*a"3%d)

Rule 2207

Int [((b_.)*(F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)*((c_.) + (d_.)*(x_)) " (m
_.), x_Symbol] :> Simp[(c + d*x) m*((b*F~(gx(e + f*x))) n/(f*gxn*xLog[F]l)),

x] - Dist[d*(m/(f*g*n*Log[F])), Int[(c + d*x)"(m - 1)*(b*F~(gx(e + £*x))) n
, x1, x]1 /; FreeQ[{F, b, ¢, d, e, f, g, n}, x] && GtQ[m, 0] && IntegerQ[2+*m
] & !TrueQ[$UseGamma]

Rule 2225
Int [((F_)~((c_.)*((a_.) + (b_.)*(x_))))"(n_.), x_Symbol] :> Simp[(F~(c*(a +
b*x))) “n/(bxc*n*Log[F]), x] /; FreeQ[{F, a, b, c, n}, x]

Rule 3810
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D+ (d_)*(x))" (@ )*((a)) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n)),

x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(2*a) + E~(2*(a/b)*(e + fx
x))/(2*¥a))~(-n), x], x] /; FreeQ[{a, b, c, d, e, £, m}, x] && EqQ[a”2 + b~2
, 0] && ILtQ[n, O]

Rubi steps

integral =

/ (C—+— d$)3 N 36—2ie—2ifm(c + dIL')g N 36—4ie—4ifx(c_|_ dCL’)3
8a3 8a3 8a3

+

e—6ie—6ifx(c+ dﬂ))?’
Y > dz

(c+dz)* N [ ebie=bife (¢ + dz)3 dx N 3 [ e7%e2ife(c + dz)3 dx N 3 [ e~ tietifz(c + dz)3 dx
32a3d 8a3 8a3 8a3

_ Biem e 2T (c 4 dg)® | 3ie T (c 4 da)®

16a3f 32a3 f
ie =0 (c 4 dx)®  (c+dz)t  (id) [ e 5°b%(c + dx)? dx
+ Baf t T 304%d 1643 f
(9id) [ e~*e4f2(c + dz)?dx  (9id) [ e %e~2/%(c + dx)* dz

32a3 f 16a3 f

_ 9d6—2ie—2ifx(c+ dx)2 9d6—4ie—4ifz(c+ dCL‘)2 de—Gie—Gifx(c+ d$)2

3243 2 12843 f2 9643 f
3,l'e—2ie—2ifx (C + dCL‘)3 3,ie—4ie—4ifx (C + dCL')3
1643 f 32a3 f
4 ie~6e=6ifz(c 4 dx)3 N (c+dx)* B d? [ e=bie=6ife (¢ + dz) dz
48a3 f 32a3d 48a3 f?
(9d%) [ e~¥ie=%iie(c + dx)dx  (9d?) [ e~/ (c + dx) dx
_ 64a3 2 - 1643 f2

+

Qi ¥t (et dp)  QidPe e T (o 4 da)  idPe% 07 (c + dr)

32a3 f3 25643 f3 288a3 f3
9d6—2ie—2ifx(c + diL')z 9d6—4ie—4ifm(c + d.’L')2 de—6ie—6ifac(c + diL')z
32a3 f2 12843 f2 9603 f2
Jie~Ze~%fz(c 4 dx)®  3ie e 4IT(c 4 dx)3 e b b/T(c 4 dx)®  (c+dx)?
16a3 f 32a3f 48a3 f 32a3d
(id3) f e—6ie—6ifx dz (9’Ld3) f e—4ie—4ifw dz (92d3) f e—2ie—2ifx dx
288a3 f3 256a3 f3 32a3 f3

_|_
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3 ,—2ie—2ifx 3 —4die—4ifx 3 ,—6ie—6ifxr 12 —2ie—2ifx
9d°e 9d°e d’e 9id’e (c+ dz)

64a3f4  1024a3f*  1728a3f* 32a3 f3
Oid?eYie—4/o(c 4 dr)  idPe Se=0%(c+ dx)  Ode~%ie=2I%(c + dr)?
B 25643 f3 B 28843 f3 3243 f2
Ode—die—4ifz (c + dx)2 de—6ie—6ifz (c + dx)2 Jje—2ie—2ifz (c + da:)3
128a3 f2 96a3 f2 16a3f
N Jie~He— 4 (c 4 dg)3  je % 6T (c - dx)d (¢ + dx)?
32a3 f 48a3 f 32a3d

Mathematica [A] (verified)

Time = 3.76 (sec) , antiderivative size = 667, normalized size of antiderivative = 1.68

/ (c+ dz)? i

(a +iatan(e + fx))3
_isec®(e+ fx) (243(32ic® f3 + 8c2df?(5 + 12ifx) + 4cd® f(—9i + 20 fx + 24i f2x?) + d*(—17 — 36i fx + 40,

[In] Integrate[(c + d*x)~3/(a + I*axTan[e + f*x])~3,x]

[Out] ((1/27648)*Secle + f*x] 3*(243*%((32*xI)*c”3*f"3 + 8*xc~2*d*f~2x(5 + (12*I)*fx*
X) + 4xcxd"2xf* (—9xI + 20%f*x + (24*I)*f 2xx"2) + d"3*(-17 - (36*I)*f*xx + 4
0*xf~2xx~2 + (32*xI)*f~3*x"3))*Cos[e + f*xx] + 16*%(36*%c~3*f"3*%(I + 6xf*x) + 18
*C72%d*f 2% (1 + (6*I)*fxx + 18+%f~2%x72) + 6kckd™2xfx(-I + 6xfxx + (18*I)*f"~
2%x"2 + 36%f"3%x"3) + d73*%(-1 - (6%I)*f*xx + 18%f~2%x"2 + (36*%I)*f~3*x"3 + 5
4xf~4xx~4))*Cos[3*x(e + f*x)] - (3645*I)*d"3*Sin[e + f*xx] + 6804*cxd”2*f*Sin
[e + fxx] + (5832*I)*c”2*d*f~2xSin[e + f*x] - 2592%c~3*f"3*Sin[e + f*x] + 6
804xd~3*xf*x*Sin[e + f*x] + (11664*I)*cxd~2xf"2*x*Sin[e + f*x] - 7776%c”2*d*
f~3*x*Sin[e + f*x] + (5832*I)*d"3*f " 2*x"2*Sin[e + f*x] - 7776%c*d”~2*f"3*x"2
*Sin[e + f*xx] - 2592*d"3*f"3*x"3*Sin[e + f*x] + (16*%I)*d"3*Sin[3*(e + f*x)]
- 96*xcxd"2+f*Sin[3*(e + fxx)] - (288*I)*c”2*d*f~2xSin[3*(e + f*x)] + 576%c
“3xf"3*Sin[3*x(e + f*x)] - 96*%d"3*f*x*Sin[3*(e + f*xx)] - (576%I)*c*d™2*xf " 2*x
*Sin[3*%(e + fxx)] + 1728*c”2xd*f " 3*x*Sin[3*(e + fxx)] + (3456%I)*c 3*f 4*xx*
Sin[3*(e + f*xx)] - (288*I)*d"3*f " 2*x~2*Sin[3*(e + f*x)] + 1728*c*d”~2*f " 3*x~
2xSin[3*(e + f*xx)] + (5184xI)*c 2xd*f ~4*xx~2*xSin[3*(e + f*x)] + 576%d~3*f 3%
x"3%Sin[3*(e + f*x)] + (3456%*I)*cxd”"2*f 4xx"3*Sin[3*(e + f*x)] + (864*I)*d~
3*xf~4xx"4*Sin[3*(e + f*x)]))/(a"3*f~4x(-I + Tan[e + f*x])~3)
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Maple [A] (verified)

Time = 1.21 (sec) , antiderivative size = 396, normalized size of antiderivative = 1.00

method | result

. Bzt | d?ca® | 3dc2a® | Sz ot 3i(4d32® f3+12c d? f322 —6id3 222 +12c%d f3z—12icd? f2z+4c3 f3—6ic?d f2—
risch 3205 T 8a° T "16a® T 82 T 32a%a T 64374

[In] int((d*x+c)~3/(at+I*a*tan(f*x+e)) 3,x,method=_RETURNVERBOSE)

[Out] 1/32/a"3%d"3*x"4+1/8/a~3*d"2*c*x"3+3/16/a"3*d*c~2*x~2+1/8/a~3*c~3*x+1/32/a"
3/d*c™4+3/64*I* (4%d~3%x"3*f "3-6%I*d~3*f ~2*x"2+12%c*d~2*f ~3*%x"2-12%I*cxd~2*f
“2xx+12%Cc”2%d*f "3%x-6%I*C"2%d*f "2+4*Cc"3*f "3-6%d " 3*f*xx+3*xI*d"3-6xcxd"2xf) /a”
3/f"4xexp (—2*I* (f*x+e))+3/1024*I* (32*%d~3*x~3*f ~3-24*I*d~3*f ~2*x~2+96*c*d~2*
£73%x72-48%I*kckd™2%f " 2xx+96*kCc™2%d*f " 3%x-24*I*c”2xd*f "2+32%c”3*f£"3-12%d " 3*f*
x+3*xI*d~3-12%c*d~2*f) /a~3/f"4*exp (-4*I* (f*x+e))+1/1728*I* (36%d~3*x"3*f~3-18
*Ixd"3*f"2%x"2+108*cxd~2*f " 3*x"2-36*I*c*xd~2+f ~2xx+108*Cc~2xd*f ~3*xx-18*I*Cc 2%
d*f~2+36*c~3*f "3-6%d"3*f*x+I*d~3-6%c*d"2xf) /a~3/f "4*exp (-6*%I* (f*x+e))

Fricas [A] (verification not implemented)

none

Time = 0.25 (sec) , antiderivative size = 370, normalized size of antiderivative = 0.93

/ (c+ dx)? i
(a +iatan(e + fx))3

(5763 d3 f32® 4 576 ¢ f* + 288 2df? — 96i cd®f — 16 d3 — 288 (—6i cd®f* — d3 f2)2® — 96 (—18i 2df® — ¢

[In] integrate((d*x+c)~3/(a+I*axtan(f*x+e))”3,x, algorithm="fricas")

[Out] 1/27648%(576*%I*d"3*f " 3%x"3 + 576%I*xc~3*%f~3 + 288*c™2%d*f~2 - 96*xIxcxd~2xf -
16%d"3 - 288*%(-6*I*cxd"2*f~3 - d"3*%f"2)*x"2 - 96*(-18*I*c~2xd*f~3 - 6*c*xd”

2%f~2 + Ixd~3*f)*x + 864*(d"3*xf 4*x"4 + 4dxcxd " 2*f~4*x"3 + 6*xc”~2xd*f"4*xx"2 +
4xc”3xf"4xx) *e” (6*%I*f*x + 6%I*e) — 1296% (-4*xI*xd~3*f "3*x"3 - 4*xI*c~3*f~3 -
6*%c™2xd*f"2 + 6xIxckd"2+f + 3*xd"3 + 6% (—2xI*kc*d"2*xf~3 — d"3*f"2)*x"2 + 6% (-
2%Ixc™2xd*f "3 - 2xckd"2*%f72 + I*xd"3*f)*x)*e” (4*I*f*x + 4*I*e) - 81x(-32%I*d
“3*%f"3%x"3 - 32%xI*xc"3%xf"3 - 24%c”2*d*f"2 + 12%xI*kckd"2xf + 3*%d"3 + 24%(-4xIx*
c*d"2+%f"3 - d"3*f"2)*x"2 + 12%(—-8*I*c”2*d*f~3 - 4dxcxd"2*xf"2 + I*d"3*f)*x)*e
~(2%Ixfxx + 2%Ixe))*e”(-6xIxf*x — 6xIxe)/(a~3*%f"~4)
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Sympy [A] (verification not implemented)
Time = 0.54 (sec) , antiderivative size = 945, normalized size of antiderivative = 2.39

/ (c+dz)? i
(a +iatan(e + fx))3

((23592964a®c3 f11ebc+7077888iabc2df 11 ze®ie+1179648a8c2df 1061 +7077888iabcd? f1l x2eb¢ +2359296a cd? f10zebie —393216ia8cd? fO b

m4.(3d3€4ie+3d382ie+d3)e—6ie + 1173-(30d264ie+3cd2€2ie+cd2)6_6ie + 1172-(902d64ie+902d€2ie+3c2d)e_6ie + x(36364ie+363€2ie+c3)6—
32a3 8a3 16a3 8a3
Ar  3ckdx®  cd?x® dPzt

8a3+ 16a3 + 8a3 +32(13

[In] integrate((d*x+c)**3/(a+I*a*xtan(f*x+e))**3,x)

[Out] Piecewise((((2359296*I*a*xx6*cx*3xf*xx11xexp(6*xI*ke) + 7077888k I*a**E*cx*k2xd*f
*x*k11*x*kexp(6xI*e) + 1179648*ax*6xcx*2xd*xf*x*x10*%exp(6*xI*xe) + T7077888*I*a**6xc
*xdxk2xfxk11*kx*k*2%exp (6%xIxe) + 2359296%ax*6xcxd*x*2xfx*x10*x*exp(6*%I*e) - 3932
16*Ixax*6xcxd*x*2xfx*x9xexp (6*I*e) + 2359296+ [*kax*B*xd**3*f**11xx**3xexp (6*I*e
) + 1179648xax*6*xd**x3xfx*10*xx**2*%exp (6*%I*e) - 393216*I*a**6xd**3*f**Qkx*kexp
(6*%I*e) - 65536*a*x*x6xd**x3xf**x8kexp(6xI*e))*exp(-6+xIxf*x) + (10616832*I*a**6
xckx3*xfx*k11kexp(8*xIxe) + 31850496 I*a*x*Bkck*x2xd*xfx*11xx*xexp(8*I*xe) + 796262
4xaxxBxcx*k2xd*xfxx10*exp (8*I*e) + 31850496%[*ax*kGkckxd**2xf**x11*kx*k*2*kexp (8*I*
e) + 15925248xax*x6xcxd*x*2xf*xx10*x*kexp (8*I*e) — 3981312*I*a**BG*ckd* *2*f**J*e
xp(8*Ixe) + 10616832xIxax*Bkd**x3xfx*k11xx**3*%exp(8*I*e) + 7962624*a**6*xd**3x*
fx*x10*x**2%xexp (8kI*e) - 3981312*Ikax*6kd**3kf**Ikx*kexp(8*I*ke) - 995328*a**6
*xd*x3*xfx*kBxexp (8*I*e) ) *exp (—4*I*xfxx) + (21233664*I*a*xx6*ck*3xf*x11xexp(10*I
xe) + 63700992*I*a**x6*ck*x2*xd*f**x11xx*xexp(10*I*xe) + 31850496%ax*6kck*2kd*f*x*
10*exp (10*Ixe) + 63700992*I*a**B*ckd**2*xf**11xx**2xexp(10*%I*e) + 63700992*a
*x*kBkCckdxk2xfxk10*xkexp (10*xIxe) - 31850496*I*a**B*ckdx*2xf**9*kexp(10*Ixe) +
21233664*I*xa*x*6xd*x*3*xf**11*x**3%exp(10*Ixe) + 31850496%a**6xd**3*kf**10*x**2
*xexp (10*xI*e) - 31850496*I*ax*6xd**3*xf**Qkxkexp(10*xI*xe) - 15925248*a**6*d**3
*xfxx8xexp (10*xI*e) ) xexp (-2*xI*f*x) ) *exp(-12*I*e) /(113246208*ax*9xf**12) , Ne(a
*x*k Ok fxk12%exp(12*%I*e), 0)), (x*x*4*(3*d*x3*exp(4*xIxe) + 3*d**3xexp(2xIxe) +
dx*3) *exp (-6*I*e) /(32%ax*3) + x**3*(3*xc*kd**2*exp(4xIxe) + 3*ckd**2*exp(2xIx
e) + ckdx*2)*exp(-6*I*e)/(8*a*x*3) + xx*k2kx(9Ikck*2kd*kexp(4*I*xe) + 9kck*2kd*ex
p(2%I*e) + 3kcx*2%d)*exp(-6%I*xe)/(16%a*x*3) + x*x(3kck*3*kexp(4*xI*e) + 3*ck*3*
exp(2*I*xe) + cx*3)*xexp(-6*I*e)/(8*a**3), True)) + c**3*kx/(8kax*3) + Jxcx*2*
d*xx*xx2/ (16%a**3) + ckd*x*2*kxx**3/(8%a**x3) + d*xx3kx**4/(32%a*x*3)
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Maxima [F(-2)]

Exception generated.

d 3
/ (ot z’c(Lct:n (::_ ) dx = Exception raised: RuntimeError

[In] integrate((d*x+c)~3/(a+I*axtan(f*x+e))”3,x, algorithm="maxima")

[Out] Exception raised: RuntimeError >> ECL says: expt: undefined: O to a negativ
e exponent.

Giac [A] (verification not implemented)

nomne

Time = 0.58 (sec) , antiderivative size = 548, normalized size of antiderivative = 1.38

/ (c+ dz)? i

(a + iatan(e + fx))3
(864 d3f4.’1346(6i fz+6ie) + 3456 cd2f4w3e(6i fz+6ie) + 5184 CQdf4z.2e(6i fz+6ie) + 51843 d3f3x3e(4i fxtdie) 4+ 25¢

[In] integrate((d*x+c) 3/ (a+I*axtan(f*x+e))~3,x, algorithm="giac")

[Out] 1/27648%(864*d"3*f "4*x~4xe” (6*I*f*x + 6kI*e) + 3456kc*d™2+f ~4*xx"3*e” (6*xI*fx*
X + 6xIxe) + 5184xc™2xd*f ~4*x"2xe” (6*I*f*x + 6%I*e) + 5184*I*d 3*f 3*x"3*e”
(A*Ixf*xx + 4*xIxe) + 2592+I*d"3*f " 3*x"3*e” (2*¢I*f*x + 2%Ixe) + 576+I*d"3*f 3%
X"3 + 3456%c"3xf"4xx*e” (6%I*f*x + 6kIxe) + 15552%I*c*d™2*f " 3*kx~2%e” (4*xI*f*x
+ 4xI*xe) + T776xIxcxd™2+%f " 3*x"2%e™ (2xIxfxx + 2xIxe) + 1728*I*c*kd”~2xf~3*xx"2
+ 15552xI*xc”2*d*f " 3*xx*ke” (4*I*xfxx + 4*I*e) + T776%d"3*xf " 2xx"2%e” (4*xI*xf*x +
4xI*e) + TTT6*I*c™2xd*xf " 3*x*e” (2xI*f*x + 2xI*ke) + 1944*xd~3*f "2*x"2xe” (2*I*f
*x + 2%I%e) + 1728%Ixc~2xd*f~3*x + 288*%d"3*f " 2*x"2 + 5184*I*c~3*f " 3*e” (4*Ix*
fxx + 4*xI*xe) + 15552xc*xd™2*f " 2*x*e” (4*xI*xf*xx + 4*xIxe) + 2592%I*c”3*f " 3*ke™ (2%
Ixf*xx + 2xIxe) + 3888*cxd”2*f 2+xxe” (2xI*f*x + 2xI*xe) + 576xI*c”~3*f~3 + 576
*ckd"2*%f"2%x + TT76xc™2xd*xf~2xe” (4*I*f*x + 4*xI*e) — 7776xIxd"3xfrx*e” (4*I*f
*x + 4*xI*e) + 1944*c™2*d*xf~2%e” (2+%I*xf*xx + 2%Ixe) — 972*I*d " 3*f*xke” (2*xI*f*xx
+ 2%I*xe) + 288xc~2xd*f"2 - 96%I*d " 3*xf*xx — 7776xIxckxd " 2*f*e” (4*I*xf*xx + 4*xIx*
e) - 972kxIxcxd " 2xfxe” (2*%I*f*x + 2%I*e) - 96%I*xcxd~2xf - 3888+d"3*e” (4*I*f*x
+ 4xIxe) - 243xd"3xe” (2*I*fxx + 2%I*ke) - 16%d”~3)*e~ (-6xI*f*x - 6xIxe)/(a"3
*f~4)
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Mupad [B] (verification not implemented)

Time = 4.25 (sec) , antiderivative size = 411, normalized size of antiderivative = 1.04

/ (c+dz)? dp — o-eB-io (123 3 —c2d f218i — 18cd? f + d9i) 1i
( 5

a +iatan(e + fz)) 64 a3 f*
B33 dr (-2 f2+cdf2i+d?) 9
1603 f 3243 f3
222 (~2cf +d1i) 9
- 3243 f2 )
4 gedi-fri ((96c3 f—cdf? 72— 36cd’ f +d°9) li
1024 a3 f4
dz33i dz(-8cf*+cdf4i+d?®) 9
TR f 256 a3 f3
d?>z? (—4cf+d1i) 9
- 128 a? f2 )
L g-ebi-fz6i ((3603 f2—c2df?18i—6cd? f +d° i) li
1728 a3 f*
B3l dz(—18c® f2+cd f6i+d?) 1i
8a3f 288 a3 f3

_ d?a?(=6cf+dli) i c3x+d3x4+302dx2+cd2x3
96 a3 f2 8a® 32a3 16 a3 8 a3

[In] int((c + d*x)~3/(a + axtan(e + f*xx)*1i)~3,x)

[Out] exp(- e*x2i - f*x*2i)*(((d™3*%9i + 12%c™3*%f"3 - c”2*d*f~2%181 - 18%c*xd~2*f)=*1
i)/ (64*a~3*xf~4) + (d"3*x73*31i)/(16*a”~3*f) - (d*x*x(d"2 - 2*xc™2*f"2 + cxd*xf*2
i)*9i)/(32*%a”~3*£f~3) - (d"2*x"2*(d*1i - 2*c*f)*9i)/(32*xa~3*f72)) + exp(- ex4

i - fxx*x4i)*(((d"3%91 + 96*%c™3*f~3 - c 2xd*f~2%721 - 36*ckd"2xf)*1i)/(1024x*
a~3xf~4) + (d"3*x73*31i)/(32*xa"3*f) - (d*x*x(d"2 - 8xc~2*f"2 + cxd*xf*4i)*9i)/
(256%a~3*%£f73) - (d"2*x"2x(d*1i - 4xcxf)*9i)/(128%a~3*f72)) + exp(- ex6i - f
*x*61i) % (((d73*1i + 36%c™3*%f"3 — c™2*%d*f~2%181 - 6xcxd"2*f)*1i)/(1728%a~3*f~

4) + (d73*x"3%11)/(48*%a"3*f) - (d*x*(d"2 - 18*%c™2*%f~2 + cxd*f*6i)*1i)/(288*
a~3*f~3) - (d72*x"2*(d*1i - 6*c*f)*1i)/(96%a~3*%f"2)) + (c~3*x)/(8*a~3) + (d
~3%x74)/(32*a~3) + (3*c~2*d*x"2)/(16%a"3) + (cxd"2*xx~3)/(8*a"3)



197

3.30 [ (ctdo)® o

a+iatan(e+fx))
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Optimal result

Integrand size = 23, antiderivative size = 294

(c + dz)? | BidZedetfe 3jqletie—tife  j2e-Siebife
/ (a+ iatan(e + fz))3 T 32a3f3  256a3f3  864a3f3
3de2e~2%/%(c 4+ dx)  3de~*e~4%(c + dx)
16a3 f2 64a3 f?
N de~6e=6ifz(c 4 dz) N 3ie~%e~2f2(c 4 dr)?
144a3 f? 16a3 f
3,L'e—4ie—4ifx(c + dil,')z ie—6ie—6ifa:(c + dIL')2 (C + d[L‘)3
+ 32a3 f 48a3 f 24a03d

[Out] -3/32%Ixd~2*exp(-2*I*e-2xI*f*x)/a~3/f73-3/256*%I*d"2*exp(-4*I*e-4xIxf*x)/a~3
/£73-1/864*I*d"2*%exp (-6*Ixe-6*I*f*x)/a~3/f"3+3/16*d*exp (-2*%I*e-2xI*f*x) * (d*
x+c)/a~3/£72+3/64*d*exp (—4*xIxe—-4*xIxf*x)* (d*xx+c)/a~3/f"2+1/144*d*exp (-6*I*e—
6xIxfxx)* (d*x+c)/a~3/£72+3/16*I*xexp(-2%I*e-2*I*f*x) * (d*x+c) ~2/a~3/£+3/32*I*

exp (—4*Ixe-4*xIxf+*x)* (d*x+c)~2/a~3/f+1/48*I*exp (-6*I*e-6*I*f*x)*(d*x+c)~2/a~
3/f+1/24x(d*x+c) ~3/a~3/d

Rubi [A] (verified)

Time = 0.34 (sec) , antiderivative size = 294, normalized size of antiderivative = 1.00,

number of steps used = 11, number of rules used = 3, number of rules _ 0.130, Rules used
integrand size
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= {3810, 2207, 2225}

c+dz)? 3d(c+ dx)e 2e"2%fz  3d(c+ dx)e ¥4l
dx = +

(a+iatan(e + fz))3 ~ 16a3 f2 64a3 f2

d(c+ dzx)e=b =6/ 3j(c+ dx)2e2ie-2ifw
144a3 f? 16a3 f
3Z(C—|— dx)2e—4ie—4z'fx Z(C—l— dm)2e—6ie—6ifz N (C—l— dCL’)?’
32a3 f 48a3 f 24a3d
3id2e—2ie—2if:c 3id26—4ie—4ifm ,L'd2e—6ie—6'if:c
©32d3f3%  256a3f3  864a3f3

[In] Int[(c + d*x)~2/(a + I*a*Tan[e + f*xx])~3,x]

[Out] (((-3%I)/32)*d"2+«E~((-2*I)*e - (2xI)*fxx))/(a"3*f~3) - (((3%I)/256)*d~2+E"(
(-4xI)*xe - (4*I)*fx*x))/(a~3*£73) - ((I/864)*d"2*E~((-6*I)*e - (6*I)*fx*x))/(
a~3*xf~3) + (3*d*E~((-2%I)*e - (2*I)*fxx)*(c + d*x))/(16%a~3*xf~2) + (3*xd*E~(
(-4xI)*e - (4*%I)*f*xx)*(c + d*x))/(64*a~3*%f"2) + (A*E~((-6*%I)*e — (6%I)*f*x)

*(c + d*x))/(144*xa"3*%f72) + (((3*I)/16)*E~((-2*I)*e — (2*I)*fxx)*(c + d*x)~
2)/(a”3%f) + (((3%I)/32)*E~((-4*I)*e - (4*I)*fxx)*(c + d*x)~2)/(a"3%f) + ((
I/48)*E~((-6*I)*e - (6xI)*f*x)*(c + d*x)~2)/(a"3*f) + (c + d*x)~3/(24*a"3*d

)

Rule 2207

Int [((b_)*(F_)~((g_.)*((e_.) + (£_)*(x_)))) " (n_.)*((c_.) + (d_)*(x_))"(m
_.), x_Symbol] :> Simp[(c + d*x) m*((b*F~(gx(e + f*x))) n/(f*gxn*xLog[F]l)),
x] - Dist[d*(m/(f*g*n*Log[F])), Int[(c + d*x)"(m - 1)*(b*F~(gx(e + £*x))) n
, x], x] /; FreeQ[{F, b, ¢, d, e, f, g, n}, x] & GtQ[m, 0] && IntegerQ[2*m
] && !'TrueQ[$UseGammal

Rule 2225

Int[((F_)~((c_)*((a_.) + (b_.)*(x_))))"(n_.), x_Symbol] :> Simp[(F~(cx(a +
b*x))) “n/(bxc*n*Log[F]), x] /; FreeQ[{F, a, b, c, n}, x]

Rule 3810

Int[((c_.) + (d_.)*(x_))"(m_)*((a_) + (b_.)*tan[(e_.) + (f£_.)*(x_)1)"(n.),
x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(2*%a) + E~(2*(a/b)*(e + fx
x))/(2*a))~(-n), x1, x] /; FreeQ[{a, b, ¢, d, e, f, m}, x] && EqQ[a"2 + b~2
, 0] & ILtQ[n, O]
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Rubi steps

) (c+dx)? 3Be 2 2/2(c+dx)? e 4 4f2(c 4 dx)?
integral = / ( Y + 343 + a3

—6ie—6ifz 2
L€ (c+dz) > i

8a3

(c+dx)® [eSebife(c 4 dx)?dx N 3 [ e~%e=2ilz(c + dx)? dx N 3 [ e~Hietifz(c + dx)? dx
8a3

= 2443d 8a3 8a3

B 3ie~2ie-2ifa(c 4 dg)?  3ie~He4ifz(c 4 dg)?
N 16a3 f 32a3 f
ie 60 (c 1 dx)?  (c+dz)®  (id) [ e 50 (c 4 dx) dx
+ 4843 f 24a3d 24a3 f
(3id) [e~He~4ifo(c v dx)dx  (3id) [ e 2~ %I%(c + dx) dx
B 16a3f B 8af
_ 3de—2ie—2ifx(c+dx) 3de—4ie—4ifx(c+dw) de—Gie—Sifx(c_'_dz)
16a3 f2 64a3 f2 144a3 f?
N 3,L'e—2ie—2z'fx(c+ dm)2 3,l'e—4ie—4z'fx(c_|_ dm)2 ie—ﬁie—Gifm(c + dIL')2
16a3 f 32a3 f 48a3 f
(c+dz)® 2 [eSiebifegy  (3d?) [e~de—tifedy  (3d2) [ e%ie2ife gy
24a3d  144d3f2 64a3 f2 B 1643 f2

3id2€—2ie—2ifa: ,L'd2e—6ie—6ifx 3de—2ie—2ifx(c + d.’l?)

=TT 33 25603 86daifs T 1603 2
4 3de~4e4l2(c + dx)  de S CfT(c+dx)  ie % 2%I(c + dx)?
64a3 f2 144a3 f2 16a3 f

3,l'e—4ie—4ifx(c+ dl.)2 iB_Gie_Gifx(C-l- dx)Z N (C+ d.’L‘)3

+ 32a3 f 4803 f 24a3d

3,id26—4ie—4ifx

Mathematica [A] (verified)

Time = 2.74 (sec) , antiderivative size = 405, normalized size of antiderivative = 1.38

2
(c+dx) s

(a +iatan(e + fx))3
_ isec’(e + fz) (81(24ic”f* + 4edf (5 + 12ifz) + d*(—9i + 20fz + 24if2?)) cos(e + fz) + 8(18c*f*(i + €

[In] Integrate[(c + d*x)~2/(a + I*axTan[e + f*x])~3,x]

[Out] ((I/6912)*Secle + f*xx] " 3%(81*((24%I)*c™2*%f~2 + 4*xc*xdxf*(5 + (12xI)*xf*xx) + d
“2%(-9%I + 20%fxx + (24*I)*f~2%xx"2))*Cos[e + f*xx] + 8% (18%c™2%f 2% (I + 6xf*

x) + 6kcxd*fx(1 + (6%xI)*xfxx + 18%f~2%x"2) + d~2%x(-I + 6xf*xx + (18%I)*f~2%x~
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2 + 36xf"3*%x73))*Cos[3*(e + f*x)] + 567*d"2*Sin[e + fxx] + (972*I)*cxd*f*Si
nle + f*x] - 648*c™2xf~2xSin[e + fxx] + (972*I)*d"2*f*x*Sin[e + f*x] - 1296
xcxdxf~2*x*Sin[e + f*x] - 648%d"2+f 2xx"2*Sin[e + f*x] - 8*%d~2*Sin[3*(e + f
*x)] - (48*I)*ckd*f*Sin[3*x(e + f*x)] + 144*c™2xf"2*Sin[3*(e + f*x)] - (48%*I
Y*d"2xfxx*Sin[3*% (e + f*x)] + 288*cxd*xf " 2*x*Sin[3*(e + f*x)] + (864*I)*c~2xf
~3xx*Sin[3*(e + f*x)] + 144*xd"2*f " 2*xx"2*Sin[3*(e + f*x)] + (864*I)*c*d*f~3x*
x"2%Sin[3*(e + f*x)] + (288*I)*d"2*f " 3*x~3*Sin[3*(e + f*x)]))/(a~3*f"3*(-I
+ Tan[e + f*x])~3)

Maple [A] (verified)

Time = 1.08 (sec) , antiderivative size = 238, normalized size of antiderivative = 0.81

method | result

. 223 | dez? | 2z 3 3i(2d%a? f2+4cd f2x—2id? fx+2c? f2—2icdf —d?)e—2{f2+e) 3i(8d2x? f2+16cd fla—4id? f
risch 2103 T 8% T 823 T 22a%a T 32253 + 25¢

[In] int((d*x+c)~2/(a+I*a*tan(f*x+e)) 3,x,method=_ RETURNVERBOSE)

[Out] 1/24/a"3%d"2%x"3+1/8/a"3*d*c*xx~2+1/8/a~3xc™2xx+1/24/a"3/d*c”3+3/32*I*(2%d"2
*xX "2+ "2-2%xIxd~2*fkx+4xckd*f " 2kx—2xI*ckd*f+2xc~2+%f"2-d"2) /a~3/f " 3*exp (-2*%I*
(fxx+e))+3/256%I* (8+d~2xx~2*f ~2-4*xI*d~2*xf*x+16*c*kd*f ~2%x—-4*I*c*xd*f+8*c~2*f~
2-d72)/a"3/f"3%exp(-4*I*x (f*x+e))+1/864*I* (18%d~2%x"2*xf ~2-6%I*d~2*f*x+36*Cc*d

*xf " 2%x-6*I*xcxd*f+18*c~2*%f~2-d"2) /a~3/f " 3*exp (-6*%I* (f*x+e))

Fricas [A] (verification not implemented)

none

Time = 0.25 (sec) , antiderivative size = 221, normalized size of antiderivative = 0.75

/( (c+ dz)? do

a + iatan(e + fz))
(144 2 f22? + 144i A f? + 48 cdf — 8i d? — 48 (—6icdf? — d2f)x + 288 (d* f33° + 3 cdf3z% + 3 2 f3x)e(6i/

[In] integrate((d*x+c)~2/(a+I*axtan(f*x+e))~3,x, algorithm="fricas")

[Out] 1/6912%(144*Ixd"2*%f"2%x"2 + 144*Ixc”2*xf"2 + 48xcxd*f - 8*xI*d"2 - 48*(-6*xI*c
*d*xf~2 — d72xf)*x + 288%(d"2*f"3*x"3 + 3kckd*f"3*xx"2 + 3*%cT2xf"3*x) ke~ (6*Ix*

f*xx + 6%I*e) - 648%(-2*%I*d~2*xf~2*%x"2 - 2%xI*c ™ 2+%f~2 — 2kckd*f + I*xd"2 + 2% (-
2%Ikckd*f~2 — d72%f)*x)*e” (4*I*f*x + 4*xI*xe) — 81*(-8*I*d"2*f " 2%x"2 - 8*I*xc~

2%f~2 - dxcxdxf + I*d™2 + 4*(-4*xI*xckd*f~2 - d~2xf)*x)*e” (2%I*f*x + 2%I*xe))*

e~ (-6xIxf*xx - 6xIxe)/(a"3*f~3)
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Sympy [A] (verification not implemented)
Time = 0.50 (sec) , antiderivative size = 588, normalized size of antiderivative = 2.00

/ (c+ dz)? i
(a +iatan(e + fx))3

((1474564a5c? f8 e8¢ +204912ia8 cdf 8xe® +49152a8 cdf "5 +147456ia8d? fEx2 €5 +49152a5d2 f 7 xeb%® —8192ia8d? fOebi®) e ~61f= + (663552

mB.(3d2e4ie+3d2e2ie+d2)e—Gie + x2.(Scde4ie+3cde2ie+cd)6—61’5 + :l?(30264ie+36262ie+c2)e_6ie
24a3 8a3 8a3
cr  cdr?  d%zB

m —_—
8a3 8a3 24q3

[In] integrate((d*x+c)**2/(atI*a*tan(f*x+e))**3,x)

[Out] Piecewise((((147456*I*a*x*6xc*x*2*xf**8*kexp(6*xI*xe) + 294912k Ixa**B*ckd*f**8*xx*
exp(6*Ixe) + 49152kaxx6xckd*xf*xT*exp(6*Ixe) + 147456%Ikax*kGxd**2kfxkBxx**2*
exp(6xIxe) + 49152kax*Gkxd**2xfx*T*xx*kexp (6*%I*ke) — 8192*Ikax*Bkxd*x*2*f**B*exp (
6*xIxe)) *exp(—6*I*f*x) + (663552*%I*kax*Bkcx*2xf**8*xexp(8xI*e) + 1327104xI*a*x
B*xckd*f*x8xxxexp(8xIxe) + 331776%a*x*6xckxd*xf**T*xexp(8*I*xe) + 663552« I*a**6xd
*x 2% ¥x8xx**2%exp (8%Ixe) + 331776xax*Gkd*x2xfx*T*x*kexp(8*I*xe) - 82944*Ixaxx
Bxd*x2*fx*6xexp (8xI*e) ) *exp (-4*xI*f*xx) + (1327104*Ixa*x6*cx*2xf*x8*xexp (10*Ix*
e) + 2654208*I*a*x*6*ckd*fx*8*kxkxexp(10xI*xe) + 1327104*ax*6xcxd*f*x7*exp(10*I
xe) + 1327104*Ixax*Gxdx*2xfx*8kxx*2kexp(10%Ixe) + 1327104*ax*Bkd**2*f**T*x*
exp(10xIxe) - 663552xIxax*B*d**2xfx*6*exp(10*I*xe))*exp(-2*%I*f*x))*exp (-12xI
xe) / (T077888*xax*x9*f**9) , Ne(ax*O*xf*x9xexp(12*%I*e), 0)), (x**3*(3*d**2*xexp (4
xIxe) + 3*d*x2%exp(2xIxe) + d**2)*exp(-6*Ixe)/(24xa*x*3) + xx*2*(3*ckxdxexp (4
xIxe) + 3*ckd*xexp(2xI*e) + c*d)*exp(-6*I*e)/(8*a**3) + xx(3kcx*2xexp(4*I*e)
+ 3xc**2xexp(2*I*xe) + cx*2)*exp(-6*I*e)/(8xa*x*3), True)) + c*x*2*x/(8*a**3)
+ cxdxx*x*2/(8%ax*3) + d*x*2*x**x3/(24*a*x*3)

Maxima [F(-2)]

Exception generated.

d 2
/ (ot ic(bcta_; (:i_ ) dx = Exception raised: RuntimeError

[In] integrate((d*x+c)~2/(at+I*a*tan(f*x+e))~3,x, algorithm="maxima")

[Out] Exception raised: RuntimeError >> ECL says: expt: undefined: O to a negativ
e exponent.
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Giac [A] (verification not implemented)

none

Time = 0.62 (sec) , antiderivative size = 315, normalized size of antiderivative = 1.07

/ (c+ dz)?
. dz
(a + iatan(e + fx))3

(288 d2f3x3e(6i fz+6ie) + 864 Cdf3$26(6i fz+6ie) + 864 02f3xe(6'i fz+6ie) + 12964 d2f2$26(4i fz+die) + 648i d2f2.1

[In] integrate((d*x+c)~2/(a+I*axtan(f*x+e))”3,x, algorithm="giac")

[Out] 1/6912%(288*d~2*f " 3*x"3*e” (6*I*f*x + 6kI*e) + 864*xckd*f ~3xx"2%e” (6*%I*xf*xx +
6*%I*e) + 864xc~2xf " 3xx*e” (6*%I*f*x + 6%I*ke) + 1296%I*d~2*f " 2*x"2%e” (4*xI*xf*xx

+ 4xIxe) + 648xI+xd"2*f " 2*x"2%e” (2kI*f*xx + 2%xIxe) + 144*I*d"2*%f"2*%x"2 + 2592
*Ixckd*f~2%x*xe” (A*xI*f*x + 4xIkxe) + 1296*Ikckd*f 2xx*xe” (2%I*fxx + 2*I*e) + 2
88*Ixcxdxf~2%x + 1296*%I*c 2xf " 2%e” (4*I*xfxx + 4*I*e) + 1296*%d"2xf*xx*xe” (4*I*f

*x + 4*xI*e) + 648%xI*c 2xf " 2xe” (2*%I*xfxx + 2%I*e) + 324*d"2xfxxxe” (2*I*f*xx +
2%I*e) + 144xTxc™2xf~2 + 48*d"2*f*x + 1296*%cxdxfxe” (4*xI*f*x + 4*I*e) + 324x%
cxdxfxe™ (2%Ixfxx + 2%Ixe) + 48kckd*xf - 648%xI*d"2xe”~ (4*xI*f*x + 4*xI*xe) - 81xI
*d"2xe” (2%I*xfxx + 2%I*e) — 8*xI*d"2)*e” (-6*xI*f*x — 6xI*e)/(a~3*xf"3)

Mupad [B] (verification not implemented)

Time = 3.95 (sec) , antiderivative size = 263, normalized size of antiderivative = 0.89

(c+ dx)? p x o—eimfo2 ((—602 fP4+cdf6i+3d?) 1i d?z%3i

(a +iatan(e + fx))3 T 8a3 32a3 f3 1643 f
dz(—2cf+d1i) 3i
16 a3 f2 )
_ g-eti—fadi ((—2402 fPHcdfl12i43d%) 1i  d?*2?3i
256 a3 f3 32a3 f
dz(—4cf+d1li) 3i
6403 /2 )
_ o—ebi—fz6i ((—1802 fP+cdf6i+d?) 1i B d? 22 1i
864 a3 f3 48a3 f
dz(—6cf+dli) 1l d?z® cda?®
144 a3 f2 ) +24a,3+ 8ad

[In] int((c + d*x)~2/(a + axtan(e + f*x)*1i)~3,x)

[Out] (c™2#x)/(8%a~3) - exp(- e*2i - fxx*x2i)*(((3*%d"2 - 6*%c™2*f"2 + c*xd*f*6i)*1i)
/(32%a~3%£73) - (d"2*x"2*31)/(16*a”~3*f) + (d*x*x(d*1i - 2xc*f)*3i)/(16*a~3*f
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~2)) - exp(- ex4i - f*x*4i)*x(((3*%d"2 - 24*c™2*f72 + c*d*f*12i)*1i)/(256%a~3
*f~3) - (d72*%x72*31i)/(32*%a~3*f) + (d*x*x(d*1i - 4xcxf)*3i)/(64*xa~3*f"2)) - e
xp(- ex6i - fxx*6i)*(((d"2 - 18*%c™2*f"2 + ckd*f*6i)*1i)/(864*a~3*x£"3) - (d~
2%x"2%1i) /(48*a~3*f) + (d*x*(d*1i - 6*c*xf)*1i)/(144*a~3*xf"2)) + (d"2*x"3)/(
24%a~3) + (c*xd*x~2)/(8*a"3)
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3.31 i ( crdz___ dy

a+iatan(e+fx))
Optimal result . . . . . . . . . . . e 2041
Rubi [A] (verified) . . . . . . . . 204
Mathematica [A] (verified) . . . . . . . . . ... 207
Maple [A] (verified) . . . . . . . . .. 207l
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... 207
Sympy [A] (verification not implemented) . . . . . ... ... ... ... ... ... 208
Maxima [F(-2)] . . . . . . o 208
Giac [A] (verification not implemented) . . . . . . . . ... .. Lo oL 209
Mupad [B] (verification not implemented) . . . . . ... ... ... ... ...... 2091

Optimal result

Integrand size = 21, antiderivative size = 209

c+dz _ 1lide  da® | z(c+dx)
(a+iatan(e + fz))? 96a3f 1643 ' 8a’
d i(c+ dz)
+ 36f2(a + tatan(e + fx))3 * 6f(a + iatan(e + fz))?
5d i(c+ dx)
+ 96af?(a + iatan(e + fz))? * 8af(a+ iatan(e + fz))?
4 11d i(c+ dx)

96 f2 (a® + ia3 tan(e + fx)) + 8f (a3 + a3 tan(e + fx))

[Out] -11/96*xIxd*x/a~3/f-1/16*%d*x~2/a"3+1/8*x* (d*x+c)/a~3+1/36*%d/f"2/ (a+I*axtan(f
*xx+e)) "3+1/6xI*x(d*x+c)/f/(a+I*a*xtan(f*x+e)) "3+5/96*d/a/f~2/ (a+I*a*tan(f*x+e
))"2+1/8*Ix(d*xx+c) /a/f/(a+I*a*tan(f*x+e)) "2+11/96*xd/f~2/(a~3+I*a"3*tan (f*x+
e))+1/8xIx(dxx+c)/f/(a~3+I*a"3*tan(f*x+e))

Rubi [A] (verified)

Time = 0.28 (sec) , antiderivative size = 209, normalized size of antiderivative = 1.00,

_ __ o number of rules _
number of steps used = 11, number of rules used = 3, integrand size 0.143, Rules used
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= {3560, 8, 3811}

/ c+dx dr = i(c+ dx) 4 z(c+ dx)
(a +iatan(e + fx))3 8f (a® +iatan(e + fx)) 8a3
11d 1lide  dx?
+ 9612 (a3 + iatan(e + fz)) 96a3f 1643
i(c+dzx) i(c+ dz)
+ 8af(a+iatan(e+ fx))2  6f(a+ iatan(e + fz))?
5d d

* 96af?(a + iatan(e + fz))? * 36f2(a + tatan(e + fz))3

[In] Int[(c + d*x)/(a + I*axTan[e + f*x])~3,x]

[Out] (((-11%I)/96)*d*x)/(a~3*f) - (d*x~2)/(16*%a~3) + (x*(c + d*x))/(8*a"3)
36*%f~2x(a + I*axTan[e + f*x])~3) + ((I/6)*(c + d*x))/(f*(a + I*axTan[e + fx*
x])73) + (56%d)/(96xaxf~2%(a + I*a*Tan[e + f*xx])~2) + ((I/8)*(c + d*xx))/(axf
*(a + I*axTan[e + f*x])72) + (11*xd)/(96*f~2*(a~3 + I*a~3*Tan[e + f*x])) + (
(I/8)*(c + d*xx))/(fx(a~3 + I*a~3*Tan[e + f*x]))

Rule 8
Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Rule 3560

Int[((a_) + (b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[ax((a +
b*Tan[c + d*x]) "n/(2*bxd*n)), x] + Dist[1/(2*a), Int[(a + b*Tan[c + d*x])~(
n+ 1), x], x] /; FreeQ[{a, b, c, d}, x] && EqQ[a~2 + b~2, 0] && LtQ[n, 0]

Rule 3811

Int[((c_.) + (@_.)*(x))"(m_.)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_),
x_Symbol] :> With[{u = IntHide[(a + bxTan[e + f*x])~n, x]}, Dist[(c + d*x)
“m, u, x] - Dist[d*m, Int[Dist[(c + d*x)~(m - 1), u, x], x], x]] /; FreeQ[{
a, b, c, d, e, f}, x] && EqQ[a~2 + b~2, 0] && ILtQ[n, -1] && GtQ[m, O]

Rubi steps

z(c+ dx) i(c+ dx) i(c+ dx)
8a3 6f(a+iatan(e+ fz))?  8af(a+iatan(e + fx))?2

integral =

i(c+dx) d x i
* 8f (a3 + iadtan(e + fz)) / <@ + 6f(a+ iatan(e + fz))3

i i
+ 8af(a +iatan(e + fx))? * 8f (a3 + ia®tan(e + fx))) dz

+ d/(
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_ da? N z(c + dzx) i(c+dx) N i(c+dzx)
~ 16a3 8a? 6f(a+iatan(e + fz))®  8af(a+iatan(e + fz))?
N i(c + dz) ) J T an(erfa) 0%
8f (a3 + iad tan(e + fz)) 8f
_ ) | ey @ _ (9) ] Gz %
6f 8af
__de? N z(c+ dx) N d N i(c+ dz)
~ 16a? 8a? 36f2(a + tatan(e + fz))®  6f(a+ iatan(e + fx))3
4 d N i(c+dx)
32af?(a + iatan(e + fz))?  8af(a+iatan(e+ fx))?
d i(c+ dzx)

+ 162 (a® + ia® tan(e + fz)) + 8f (a® +ia3 tan(e + fx))
(id) [1de () | srizmanrrm 9 (4) | Grammermap 9
-~ 16a3f 16a2f B 12af
_ ddz da? +x(c+dx)+ d
16a3f  16a3 8a3 36f2%(a + itatan(e + fx))3
i(c+dx) N 5d
6f(a+iatan(e + fz))®  96af?(a +iatan(e+ fx))?2
i(c+dx) 4 3d
8af(a+iatan(e + fz))?  32f2(a® + ia®tan(e + fx))
i(c+ dz) (id) [1dz (i) [ sramaerrs 9@
8f (a® +iddtan(e + fz))  32a3f 24a? f

_ 3idr  dz® | z(c+dx) d i(c+ dx)
T 32a3f 1643 L 36f2(a + tatan(e + fz))®  6f(a+iatan(e + fx))3
5d i(c + dx)
* 96af2(a + iatan(e + fx))? * 8af(a + iatan(e + fx))?
11d i(c+ dx) (id) [ 1dzx

* 96f2 (a® + ia3 tan(e + fx)) + 8f (a3 + ia®tan(e + fz)) 48ad f

_ 1lide  dz* | z(c+dx) d i(c+ dx)
"~ 96a3f 1643 8a3 36f2%(a + iatan(e + fx))3 + 6f(a+iatan(e + fx))3
5d i(c+dx)
+ 96af?(a + iatan(e + fz))? + 8af(a+ iatan(e + fz))?
11d i(c+ dz)
962 (a3 + a3 tan(e + fx)) + 8f (a® + ia3 tan(e + fx))

+

+
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Mathematica [A] (verified)

Time = 1.52 (sec) , antiderivative size = 205, normalized size of antiderivative = 0.98

c+dzx

(a +iatan(e + fx))
_ isec®(e + fz) (27(12icf + d(5 + 12ifz)) cos(e + fz) + 4(6cf (i + 6fz) + d(1 + 6ifz + 18 f%z?)) cos(3(e

3dz'

[In] Integrate[(c + d*x)/(a + I*axTan[e + f*x])~3,x]

[Out] ((I/1152)*Secle + £*x] 3% (27*((12*I)*c*xf + d*(5 + (12*I)*f*x))*Cos[e + f*x]
+ 4x(6xcxf* (I + 6%f*x) + dkx(1 + (6*I)*f*x + 18*f~2xx"2))*Cos[3x(e + f*x)]

+ (81*I)*d*Sin[e + f*x] - 108*cxf*Sin[e + f*x] - 108*d*f*x*Sin[e + f*x] - (
4x1)*d*Sin[3*(e + f*xx)] + 24*cxf*Sin[3*(e + f*xx)] + 24xd*xf*x*Sin[3*x(e + f*x

)] + (144xI)*cxf~2+x*Sin[3*(e + f*xx)] + (72+I)*d*xf~2*x"2*Sin[3*(e + f*x)]))
/(a~3xf~2%(-I + Tan[e + f*x])~3)

Maple [A] (verified)

Time = 0.88 (sec) , antiderivative size = 114, normalized size of antiderivative = 0.55

method | result size

] dz? = 3i(2dfa:+26f—id)e_2i(fw+e) 3i(4df.’n+4cf—id)e_4i(fz+e) i(6dfa:+66f—id)e—6i(fw+e)
risch 1623 + a3 + 32432 + 12843 f2 + 288a3 f2 114

[In] int((d*x+c)/(at+I*axtan(f*x+e)) 3,x,method=_RETURNVERBOSE)

[Out] 1/16*d*x"2/a~3+1/8/a”3xc*x+3/32*I* (2*xd*f*x-Ixd+2*c*f)/a~3/f 2xexp (-2*I* (f*x
+e) ) +3/128*I* (4*xd*f*xx—Ixd+4*c*f) /a~3/f " 2xexp (—4*I* (f*x+e))+1/288*I* (6*d*f*x
—-I*d+6*cxf)/a~3/f " 2%exp(-6*I* (f*x+e))

Fricas [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 105, normalized size of antiderivative = 0.50

/ c+dx i

(a +iatan(e + fx))3

_ (24ddfz + 24icf + 72 (df?*a® + 2 cf?x)e© /o6 — 108 (—2i dfz — 2icf — d)e™ /=4O — 27 (—4i dfz —
N 1152 a3 f2

[In] integrate((d*x+c)/(at+tI*axtan(f*x+e))~3,x, algorithm="fricas")
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[Out] 1/1152%(24xI*dxfxx + 24xIxcxf + T2k (d*f~2%x"2 + 2xc*xf~2%xx)*e” (6xI*f*xx + 6%I
*e) — 108%(—2%Ixdxfxx — 2xIkckxf — d)*e” (4xIxfxx + 4xIxe) — 27*(—4*xI*xd*xfxx -
4xTxckxf — d)*e” (2*%Ixfxx + 2%xIxe) + 4xd)*e” (-6xIxfxx - 6xI*e)/(a~3*f"~2)

Sympy [A] (verification not implemented)

Time = 0.34 (sec) , antiderivative size = 311, normalized size of antiderivative = 1.49

c+dzx

(a +iatan(e + fx))3
((24576ia8c o84 +24576ia®df > xeb%¢+4096a8 df*eb¢) e 64/ 1 (110592iabc o8+ 110592iabdf S wedic+27648a8 df 1eBi¢) e —41/2 + (2211844alc

dz

. 117964849 f6
= x2.(3de4ie+3d62ie+d)e—6ie + z(3ce4ie+3ce2ie+c)e—6ie
16a3 8a3
cx  dz?
TR

[In] integrate((d*x+c)/(a+I*a*xtan(f*x+e))**3,x)

[Out] Piecewise((((24576%I*ax*6xcxf*x*x5xexp(6*I*e) + 24576xI*a**x6*d*f**5*xx*kexp (6*I
*xe) + 4096*ax*6xd*f**x4*xexp(6*%I*e))*exp(-6xIxfxx) + (110592*I*a**6*xcxf**5*xex
p(8*Ixe) + 110592*%I*xax*x6xd*xf**5xx*xexp(8*I*e) + 27648*a*x*6*d*f**4*exp(8xI*e)

) *exp(—4*I*xf*xx) + (221184*I*xax*6kcxfx*5xexp(10*xI*xe) + 221184*I*ax*G*d*f**5x%
x*xexp (10xI*e) + 110592*a**6*d*f**4*exp(10*I*e))*xexp(-2*I*f*x))*exp(-12*I*e)

/ (1179648*a**x9*f*x6) , Ne(a*x9*f*x6xexp(12*I*e), 0)), (x**2*(3*d*exp(4*xIxe)

+ 3xd*exp(2xIxe) + d)*exp(-6xIxe)/(16%a**3) + x*(3xcxexp(4*xIxe) + 3xcxexp(2

xI*xe) + c)xexp(-6*xIxe)/(8*a*x*3), True)) + c*x/(8*a*x*3) + d*x**2/(16*a*x*3)

Maxima [F(-2)]

Exception generated.

d
/ . ¢tz dx = Exception raised: RuntimeError
(a + iatan(e + fx))3

[In] integrate((d*x+c)/(at+I*a*tan(f*x+e))~3,x, algorithm="maxima")

[Out] Exception raised: RuntimeError >> ECL says: expt: undefined: O to a negativ
e exponent.
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Giac [A] (verification not implemented)

none

Time = 0.56 (sec) , antiderivative size = 142, normalized size of antiderivative = 0.68

/ c+dx d
(a + iatan(e + fx))3

(72 df2x2e(6ifo¥6ie) 4 144 c f2pe®ifrtbie) 4 2167 dfzelt/a+4ie) 4 1084 df ze® /*+29) 4 24 df x + 216i cfe
- 11523 f2

[In] integrate((d*x+c)/(at+I*axtan(f*x+e))~3,x, algorithm="giac")

[Out] 1/1152%(72xd*f~2*x"2%e” (6%I*f*x + 6xIxe) + 144*c*f~2*x*e” (6kI*f*xx + 6xI*xe)
+ 216*Ixdxf*xx*e” (4*xIxf*xx + 4xIxe) + 108*Ixdxfrx*e” (2xIxf*xx + 2%Ixe) + 24*Ix
d*f*x + 216*%I*ckxfxe” (4*xI*f*x + 4*xI*xe) + 108*xIkckf*e™ (2xI*xf*x + 2xIxe) + 24x%
Ixckf + 108xd*xe” (4*Ixfxx + 4*I*e) + 27*kd*e” (2xIxf*xx + 2xIxe) + 4*d)*e” (-6*I
*fxx — 6%Ixe)/(a"3*f"2)

Mupad [B] (verification not implemented)

Time = 3.94 (sec) , antiderivative size = 146, normalized size of antiderivative = 0.70

/ c+dz do — dz? _ octi—fadi ((—120f+d3i) i dz3di )
(a+iatan(e+ fx))3 16 a3 128 a3 f? 3243 f
_ —cbi—fasi ((—6cf+dli) li  dzli )
288a® f2 48 a3 f
_ ge2i—fa2i ((—6cf+d3i) i dz3i ) cx
32a3 f2 16 a3 f 8 a3

[In] int((c + d*x)/(a + a*tan(e + f*x)*1i)~3,x)

[Out] (d*x~2)/(16%a"3) - exp(- e*4i - f*x*4i)*(((d*3i - 12*%cxf)*1i)/(128*a~3%f"2)
- (d*x*31)/(32*%a"3*f)) - exp(- e*6i - f*x*6i)*(((d*1i - 6*c*f)*1i)/(288*a”
3x£72) - (d*x*1i)/(48%a"3*f)) - exp(- e*2i - f*x*2i)*(((d*3i - 6xc*xf)*1i)/(
32%a~3%f72) - (d*x*3i)/(16%a~3%f)) + (c*x)/(8*a~3)
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3.32

Optimal result
Rubi [A] (verified)

Fricas [A] (verification not implemented)
Sympy [F]

Maxima [A] (verification not implemented)
Giac [A] (verification not implemented) . . . . . ... ... .. Lo L.

Mupad [F(-1)]

Optimal result

f (c+dz)(a+iatan(e+fzx))

Mathematica [A] (verified) . . . . . . . ..
Maple [A] (verified) . . . . . .. ... ...

Integrand size = 23, antiderivative size = 449

1
/ (c+ dz)(a + iatan(e + fz))3

3 cos (2 — %L) Coslntegral (2 + 2fz)

3i Coslntegral (% +4 fx) sin (4e — ﬂ)

8a3d

N 3 cos (4e — 24 ) Coslntegral (%< + 4fz)

8a3d

4 CcOS (66 — %) Coslntegral (% + 6fm)

8a3d
log(c + dx)
8a3d

3 i CosIntegral (% +6 fx) sin (6e - %)

8a3d

d

8a3d

B 3i CosIntegral (% + fo) sin (26 — %)

8a3d

_ 3icos (2 — 24) Si(%L + 2f7)

8a3d

B 3 sin (26 — 2—?) Si(%ﬁ + Zfz)

Ra3d

_ 3icos (4e — *8) Si(%L + 4fz)

Ra3d

B 3 sin (46 — %) Si(% + 4fz)

Ra3d

_icos (6e — L) Si(%L + 6fx)

8a3d

B sin (66 — %) Si(% + Gfx)

8a3d

210
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[Out] 1/8*Ci(6*c*f/d+6*f*x)*cos(—6*e+6*cxf/d)/a~3/d+3/8*Ci(4d*c*f/d+A4*xf*x)*cos(—4x*
e+dxcxf/d) /a~3/d+3/8*Ci (2*xcxf/d+2*f*x) *cos (-2*e+2xcxf/d) /a~3/d+1/8*1n(d*x+c
)/a~3/d-3/8*I*xcos (-2*xe+2xc*xf/d) *Si (2xc*xf/d+2*xf*x) /a~3/d-3/8*I*cos (—4*e+d*xc*

£/d) *Si(4dxcxf/d+4xfxx)/a~3/d-1/8*%I*cos (—-6*xe+6xcxf/d)*Si (6*c*f/d+6*f*x)/a~3/
d+1/8*I*Ci(6*c*f/d+6*xf*x)*sin(-6*xe+6*c*f/d)/a~3/d+1/8*Si(6*c*f/d+6*xf*x)*sin
(-6*xe+6*c*xf/d)/a~3/d+3/8*I*Ci (4d*c*f/d+4*xf*x)*sin(-4*xe+4*c*f/d)/a~3/d+3/8*Si
(Axcxf/d+4xf*xx) *sin(-4xe+d*xc*xf/d) /a~3/d+3/8*I*Ci (2xc*f/d+2xf*x) *sin (-2*e+2*
cxf/d)/a~3/d+3/8*Si (2*cxf/d+2*xf*x)*sin(-2*e+2*cxf/d)/a~3/d

Rubi [A] (verified)

Time = 2.60 (sec) , antiderivative size = 449, normalized size of antiderivative = 1.00,
number of steps used = 53, number of rules used = 7, umber of rules _ 4 304 Ryles used

integrand size
= {3809, 3384, 3380, 3383, 3393, 4491, 4513}

/ 1 o — _ 3i CosIntegral (2zf + 2L) sin (2e — %)
(c+dz)(a +iatan(e + fx))3 8a3d
_ i CosIntegral (6zf + L) sin (6e — L)
8a3d
B 3i CosIntegral (4x f+ %) sin (46 — %)
8a3d
N 3 CosIntegral (2zf + %) cos (2e — %)
8a3d
N 3 CosIntegral (4zf + %) cos (4e — %)
8a3d
CosIntegral (6zf + %) cos (6e — %)
+
8add
3sin (2e — %) Si(2zf + %)
B 8a3d
3sin (4e — %) Si(dzf + &)
B 8a3d
B sin (66 — %) Si(ﬁwf + G%f)
8a3d
3i cos (2e — 2%0) Si(2zf + %)
- 8a3d
3i cos (4e — %L) Si(4xf + %)
B 8a3d
B 1 cos (66 — %) Si(ﬁxf + %) N log(c + dz)
8a3d Ra3d

[In] Int[1/((c + d*x)*(a + I*axTan[e + f*x])~3),x]

[Out] (3*Cos[2*e - (2xcxf)/d]*CosIntegral [(2*c*f)/d + 2xfx*x])/(8*a~3*d) + (3*Cos[
4xe — (4xcxf)/d]*CosIntegral[(4*xcxf)/d + 4xf*x])/(8*a~3xd) + (Cos[6xe - (6%
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c*xf)/d]*CosIntegral [(6xcxf)/d + 6*f*x])/(8*a~3%d) + Loglc + dxx]/(8*a~3xd)
- ((I/8)*CosIntegral [(6*%cxf)/d + 6xf*x]*Sin[6*%e - (6xcxf)/d])/(a~3xd) - (((
3%I)/8)*CosIntegral [(4*xcxf)/d + 4xf*x]*Sin[4%e - (4xcxf)/d])/(a~3xd) - (((3
*1)/8)*CosIntegral [(2%c*f)/d + 2*xfxx]*Sin[2xe - (2%cxf)/d])/(a~3*d) - (((3*
I1)/8)*Cos[2xe - (2*c*f)/d]*SinIntegral [(2xc*xf)/d + 2*fx*x])/(a"3*d) - (3*Sin
[2xe - (2*%cxf)/d]*SinIntegral [(2*c*f)/d + 2xfxx])/(8%a~3*%d) - (((3%I)/8)*Co
s[4xe - (4xcxf)/d]*SinIntegral [(4*c*f)/d + 4xfxx])/(a~3*%d) - (3*Sin[4*e - (
4xcxf)/d]*SinIntegral [(4xcxf)/d + 4*xf*x])/(8*xa~3xd) - ((I/8)*Cos[6*e - (6*c
*xf)/d]*SinIntegral [(6*c*f)/d + 6*f*x])/(a~3*d) - (Sin[6*e - (6*c*f)/d]*Sinl
ntegral [(6*cxf)/d + 6*xfx*x])/(8%a~3*d)

Rule 3380

Int[sinl(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[SinInte
gralle + f*x]1/d, x] /; FreeQl[{c, d, e, f}, x] && EqQ[d*e - c*f, 0]

Rule 3383

Int[sin[(e_.) + (£_.)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[CosInte
gralle - Pi/2 + f*x]/d, x] /; FreeQ[{c, d, e, f}, x] && EqQ[d*(e - Pi/2) -
cxf, 0]

Rule 3384

Int[sin[(e_.) + (£_.)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Dist[Cos[(d*
e - cxf)/d], Int[Sin[c*(f/d) + f*x]/(c + d*x), x], x] + Dist[Sin[(d*e - c*f
)/d], Int[Cos[cx(f/d) + f*x]/(c + d*x), x], x] /; FreeQ[{c, d, e, f}, x] &&
NeQ[d*e - cx*f, 0]

Rule 3393

Int[((c_.) + (d_.)*(x_))"(m_)*sin[(e_.) + (£_.)*(x_)]1"(n_), x_Symbol] :> In
t [ExpandTrigReduce[(c + d*x)"m, Sin[e + f*x]°n, x], x] /; FreeQ[{c, d, e, f
, mY, x] && IGtQ[n, 1] && ( !'RationalQ[m] || (GeQ[m, -1] && LtQ[m, 1]))

Rule 3809

Int[((c_.) + (d_)*(x_))"(m_)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n ),
x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(2*a) + Cos[2xe + 2xfxx]/(
2%a) + Sin[2%e + 2xf*xx]/(2%b))~(-n), x], x] /; FreeQ[{a, b, c, d, e, f}, x]
&% EqQ[a~2 + b~2, 0] && ILtQ[m, O] && ILtQ[n, O]

Rule 4491

Int[Cos[(a_.) + (b_.)*(x_)]1"(p_.)*((c_.) + (d_.)*(x_)) " (m_.)*Sin[(a_.) + (b
_I)*x(x_ )17 (n_.), x_Symbol] :> Int[ExpandTrigReduce[(c + d*x)~m, Sin[a + b#*x
1°n*Cos[a + b*x]"p, x], x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[n, 0] && IG
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tQ[p, 0]

Rule 4513

Int[((e_.) + (f_.)*(x))"(m_.)*Sin[(a_.) + (b_.)*(x_)1"(p_.)*Sin[(c_.) + (d
_)*x(x_)17(q_.), x_Symbol] :> Int[ExpandTrigReduce[(e + f*x)“m, Sin[a + b*x
17p*Sin[c + d*x]~q, x], x] /; FreeQ[{a, b, c, d, e, f}, x] && IGtQ[p, 0] &&
IGtQ[q, 0] && IntegerQ[m]

Rubi steps

integral = / ( 1 3cos(2e +2fzx) = 3cos’(2e +2fx) cosd(2e + 2fx)
8a3(c + dx) 8a3(c + dx) 8a?(c + dx) 8a3(c + dx)
3isin(2e + 2fx)  3icos?(2e + 2fx)sin(2e + 2fz) 3sin?(2e + 2fzx)
~ 8a¥(c+dz) 8a3(c + dx) ~ 8d3(c+dz)
isin3(2e + 2f1) _ 3isin(4e +4fz) 3sin(2e + 2fz)sin(4e + 4fz)> s
8a3(c + dz) 8a3(c + dz) 16a3(c + dx)

lOg C—I—dCL' Zf sin (CZ—E(-ii—fox) dz (3l)f sin CZ—T_—;zfx) dz

8a3d 8a3 8a3

. cos?(2e+2fx) sin(2e+2fx sin(4e+4fx
_(3z)f ( +’;+)dw( +f)dx (3%) [ (c;;wf)da:

8a3 8a3
cos3(2e+2fx) sin(2e+2fx) sin(4de+4fx)
+ f ct+dz dl’ 3 f c+dz dz

8a3 16a3

3f cos(fj—lli-jfx) dz 3f cos f:;?fw) dz 3f s1n2(2f(-ii-m2fw) dz

8a3 8a3 8a3

. 3sin(2e+2fx) sin(6e+6fz)
_ log(c+ dz) N if ( Actdr)  A(ctda) > dx

8a3d 8a3
(32) f (sin(2e+2fx) + sin(6e+6fz) ) dz f <3 cos(2e+2fx) + cos(6e4-6fx) ) dr
- +

4(c+dx) 4(c+dx) 4(c+dx) 4(c+dx)
8a3 8a3
(2e+2fz) (6e+6fx) 1 (4et+4fx)
_ 3f (COSZ((j-dz)x - CO;(ci-dx)x ) dx _ 3f <2(c+dm) - CO;(ci-dx)x ) dx
16a3 8a3
1 cos(4e+4fzx) . in(2ef44f
N 3) (aa + i) da _ (3icos (4e =) [ Sm(ciTx)dx
8a3 8a3
in(2¢f 42
 (3icos (2e — 25)) 220 g
8a3

cos( 2¢f x cos( et z
n (3COS (26— %)) fwdw (3isin (46— %))f ( o t4f ) dr

c+dzx ctdx
8a3 8a?
cos( 2t T sin( 2¢f T
B (3isin (26 — %)) f%dw B (3sin (26 — z%f)) |/ %dl‘
8a3 8a?
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_ 3cos (26 — M) Coslntegral (% + 2fz) N log(c + dx)
8a3d 8a3d
3i Coslntegral (%< + 4fz) sin (4e — &)
B 8a3d
_ 3i CosIntegral (%L +2fz) sin (2e — 2L
8add
B 3i cos (26 — %) Si(% + 2f:c) 3 3sin (26 — %) Si(% + Qfx)
8a3d 8add
3icos (4e — %) Si(% + 4f:c) if Sm(fizﬁfx) dz (3z) Ik W dx
B 8a3d 3203 3243
cos(6e+6fx cos(6e+6fx cos(4e+4fx
| Jeeettn gy g et gy g | estesse g
32a3 32a3 16a3
_ 3cos (2e — %) CoslIntegral (% +2fz) + log(c + dz)
8a3d 8a3d
_ 3i CosIntegral (%L + 4fz) sin (4e — %)
8a3d
3i CosIntegral (Q%f + 2f:v) sin (26 — %) 3 cos (26 — 2%0) Si(Q%f + 2fx)
- 8add B 8a3d
_ 3sin (2 — 28) Si(%L + 2fz) _ 3icos (4e — %) Si(%L + 4fx)
8a3d 8a3d
sin( 8¢t x sin ( 8¢t T
(icos(ﬁe—%))f%dw (3icos(66—%))f%dx
B 323 B 3203
COs M T COSs M xr
cos(Ge—ﬁfo)f%dz (3008(66—%))]%&1}
+ 32a3 + 32a3
COs M T COSs M T
(isin (6o = %)) | U gy (3 (e — 1)) [ =0 gy
32a3 32a3
sin( 8<f T sin( 8¢t T
sin (6= 5) U g (sin (g — ) [ 2T g
32a3 32a3
c cos M+4fx . c sin ﬂ-|—4f31r:
o Beostte =40 1= a3 (ac - 21)) p 2EE) 4

16a3 16a3
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_ 3cos (26 — M) Coslntegral (% + Zfz) 4 cos (66 — %) Coslntegral (% + wa)

d
N 8atd 8a3d
log(c+dz) %Coslntegral (%< + 6fz) sin (6e — )
8a3d 8a3d
3i CosIntegral (%< + 4fz) sin (4e — %)
B 8a3d
3i CosIntegral (% + 2f:c) sin (2e - %) 3i cos (26 - 2%0) Si(z%f + 2fx)
B 8a3d B 8a3d
3sin (2e — 2L Si(2L +2fz)  3icos (de — %) Si(%YL + 4fz)
B 8a3d B 8ald
Lo <3cos (4e — &) Coslntegral (%4 + 4fz) _ 3sin (4e — %) Si(%L + 4fx)>
16a3d 16a3d
1cos (66 — 6—;£) Si(ﬁ—;i + Gfx) sin (66 — G—Zi) Si(ﬁ—ff + sz)
B 8a3d B 8a3d

Mathematica [A] (verified)

Time = 1.14 (sec) , antiderivative size = 336, normalized size of antiderivative = 0.75

1
(c+dz)(a+ iatan(e + fz))3

sec®(e + fz)(cos(fz) + isin(fz))3 (cos(?)e) log(f(c+ dz)) + ilog(f(c + dz)) sin(3e) + (cos (e — %) —

dz

[In] Integrate[1/((c + d*x)*(a + IxaxTan[e + f*x])~3),x]

[Out] (Secle + f*x]~3*(Cos[f*x] + IxSin[f*x]) 3*(Cos[3*e]*Logl[f*(c + d*x)] + I*Lo
glf*x(c + d*x)]*Sin[3*e] + (Cos[e - (4*c*f)/d] - I*Sinl[e - (4*cxf)/d])=*(3*Co
sIntegral [(4xf*(c + d*x))/d] + Cos[2xe - (2%c*f)/d]*CosIntegral [(6xfx(c + d
*xx))/d] + 3*CosIntegral [(2*#f*(c + d*x))/d]l*(Cos[2*xe - (2xc*f)/d] + I*Sin[2x%

e - (2xcxf)/d]) - I*CosIntegral[(6*f*(c + d*x))/d]*Sin[2%e - (2*c*f)/d] - (
3*%I)*Cos[2*xe - (2%c*f)/d]*SinIntegral [(2xf*(c + d*x))/d] + 3*Sin[2*e - (2%c

*xf) /d]*SinIntegral [(2*¥f*(c + d*x))/d] - (3*I)*SinIntegral [(4*xf*(c + d*x))/d

] - IxCos[2*e - (2*cxf)/d]*SinIntegral [(6*f*(c + d*x))/d] - Sin[2*e - (2*cx
f)/d]*SinIntegral [(6xf*(c + d*x))/d])))/(8xd*(a + I*a*Tan[e + f*x])~3)
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Maple [A] (verified)

Time = 0.93 (sec) , antiderivative size = 163, normalized size of antiderivative = 0.36

method | result
6i(cf—de) . 4i(cf—de) . 2i(cf—de) ]
i ch m(dre) ¢ 4 Bia(6ifo+6ie+ SCLEI)) g a  Biy (4ifataiet HEL)) 3o a By (2ifat2iet
T15C 8a3d 8a3d - 8a3d - 8a3d

[In] int(1/(d*x+c)/(a+Ixa*tan(f*x+e)) 3,x,method= RETURNVERBOSE)

[Out] 1/8*1n(d*x+c)/a~3/d-1/8/a~3/d*exp(6*I*(cxf-dxe)/d)*Ei(1,6*I*xf*xx+6*I*ke+6xI*(
cxf-dxe)/d)-3/8/a~3/d*exp (4xI*(cxf-d*e) /d)*Ei(1,4*I*f*x+4*Ixe+d*I* (c*xf-d*e)
/d)-3/8/a"3/dxexp (2*I* (c*f-d*e) /d) *Ei (1,2*%I*f*x+2*I*e+2xI* (cxf-dxe)/d)

Fricas [A] (verification not implemented)

none

Time = 0.26 (sec) , antiderivative size = 117, normalized size of antiderivative = 0.26

1
(c+dz)(a+iatan(e + fz))
i~ 26zien) (25 0) | gy _azsin) (- S45) | py(_otatmion) o550

8 a3d

3dx

[In] integrate(1/(d*x+c)/(a+I*axtan(f*x+e))~3,x, algorithm="fricas")

[Out] 1/8*(3*Ei(-2%(I*d*f*xx + Ixcxf)/d)*e”(-2%(Ixd*e - Ixcxf)/d) + 3*Ei(-4*(Ixdx*f
*x + Ixcxf)/d)*e” (4% (Ixdxe - Ixc*xf)/d) + Ei(-6%(Ixdxfxx + I*cxf)/d)*xe” (-6%
(Ixd*e - Ixcxf)/d) + log((d*x + c)/d))/(a~3xd)

Sympy [F]

1
dx
/ (c+dz)(a +iatan(e + fx))3
. 1
. ¢ f ctan3 (e+fzr)—3ictan? (e+fzr)—3ctan (e+fx)+ic+dx tan3 (e+fx)—3idz tan? (e+fx)—3dz tan (e+fz)+idx dx
a3

[In] integrate(1/(d*x+c)/(a+I*axtan(f*x+e))**3,x)

[Out] I*Integral(l/(c*tan(e + f*x)**3 - 3*I*kcktan(e + f*x)**2 - 3*c*tan(e + f*x)
+ Ikc + d*x*tan(e + f*xx)**x3 — 3*xIxdk*x*tan(e + f*xx)**x2 — 3*xd*x*tan(e + f*x)

+ I*d*x), x)/a**3



217

Maxima [A] (verification not implemented)

none

Time = 0.31 (sec) , antiderivative size = 276, normalized size of antiderivative = 0.61

1
dx =
/ (c+ dx)(a + iatan(e + fz))3 v
3fﬂB(—zg%ﬁﬂ>Eh(—zkﬂﬂ%?f”“_”ﬁ>—k3fam<—§@%ﬁﬁ>Eﬁ<—4“”ﬁ*ﬂf”“‘”ﬁ>_+fcc

[In] integrate(1/(d*x+c)/(a+I*axtan(f*x+e))”3,x, algorithm="maxima")

[Out] -1/8%(3*f*cos(-2*(d*e - cxf)/d)*exp_integral_e(l, -2x(-I*(fxx + e)*d + I*xdx
e - Ikc*f)/d) + 3*f*cos(-4x(d*e - c*f)/d)*exp_integral_e(l, -4*x(-I*x(fxx + e

)*d + Ixdxe - I*cxf)/d) + fxcos(-6x(d*e - cx*f)/d)*exp_integral e(l, -6%(-Ix

(f*xx + e)*d + Ixdxe - Ikc*xf)/d) + 3*xIxfxexp_integral_e(1l, -2%(-Ix(f*x + e)x*

d + I*d*e - Ixcxf)/d)*sin(-2x(d*e - cx*f)/d) + 3xI*f*exp_integral_e(1l, -4x(-
Ix(f*xx + e)*d + Ixdxe - I*c*f)/d)*sin(-4*(dxe - c*f)/d) + I*f*xexp_integral_

e(1l, -6%(-Ix(f*x + e)*d + Ixd*e - Ixcxf)/d)*sin(-6*(d*e - cxf)/d) - fxlog((

fxx + e)*xd - dxe + cxf))/(a”3*dx*f)

Giac [A] (verification not implemented)
none

Time = 0.58 (sec) , antiderivative size = 810, normalized size of antiderivative = 1.80

1

/ (c+dz)(a +iatan(e + fx))3 dz 00 large to display

[In] integrate(1/(d*x+c)/(a+Ixaxtan(f*x+e))”3,x, algorithm="giac")

[Out] 1/8%(3*cos(2xe) ~2xcos(2*c*f/d)*cos_integral (-2*(d*f*x + c*f)/d) + cos(2xe)”
3xlog(d*x + c) + 6*xIxcos(2*e)*cos(2xcxf/d)*cos_integral (-2 (d*f*x + cxf)/d)
xsin(2%e) + 3*Ixcos(2*e) "2+log(d*x + c)*sin(2*e) - 3*cos(2*c*f/d)*cos_integ
ral (-2x(dxf*x + c*f)/d)*sin(2%e)~2 - 3*cos(2*e)*log(d*x + c)*sin(2*e)"2 - I
*xlog(d*x + c)*sin(2%e)~3 + 3*I*cos(2*e) 2*cos_integral (-2x(d*xf*x + c*f)/d)*
sin(2xcxf/d) - 6*cos(2*e)*cos_integral (-2*(d*f*x + c*f)/d)*sin(2*e)*sin(2x*c
xf/d) - 3*I*cos_integral (-2x(d*f*x + c*f)/d)*sin(2*e) "2*sin(2xc*f/d) - 3*Ix*
cos(2xe) "2xcos (2*c*f/d) *sin_integral (2% (d*f*x + cxf)/d) + 6*cos(2*e)*cos (2%
cxf/d)*sin(2xe)*sin_integral (2x(d*xf*x + c*f)/d) + 3*I*cos(2*cxf/d)*sin(2x*e)
“2xsin_integral (2% (d*f*x + c*xf)/d) + 3*cos(2%e) 2*sin(2*c*f/d)*sin_integral
(2% (dxf*xx + c*f)/d) + 6%I*kcos(2*e)*sin(2*e)*sin(2xc*f/d)*sin_integral (2x(d*
fxx + c*f)/d) - 3*sin(2*e) 2*sin(2*c*f/d)*sin_integral (2%« (d*f*x + c*xf)/d) +
3xcos (2*e) *cos (4xcxf/d)*cos_integral (-4*(d*f*x + cxf)/d) + 3xIxcos(4*xcxf/d
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)*cos_integral (-4*(d*f*x + c*f)/d)*sin(2%e) + 3*I*cos(2*e)*cos_integral (-4*
(dxf*x + cxf)/d)*sin(4xcxf/d) - 3*cos_integral (-4*x(d*f*x + c*f)/d)*sin(2x*e)
*sin(4xcxf/d) - 3*Ixcos(2xe)*cos(4*xc*f/d)*sin_integral (4*(dxf*x + cxf)/d) +
3*cos(4*xc*xf/d)*sin(2*e)*sin_integral (4*(d*f*x + c*f)/d) + 3*cos(2*e)*sin(4
xcxf/d)*sin_integral (4x(d*xf*x + c*f)/d) + 3*I*sin(2xe)*sin(4*c*f/d)*sin_int
egral (4*x(dxf*x + cxf)/d) + cos(6xc*f/d)*cos_integral (-6*(d*f*x + cxf)/d) +
I*xcos_integral (-6 (d*xf*x + c*f)/d)*sin(6*c*f/d) - Ixcos(6*c*f/d)*sin_integr
al(6x(d*f*x + c*f)/d) + sin(6*c*f/d)*sin_integral (6*(d*f*x + cxf)/d))/(a”3x
dxcos(2%e) "3 + 3*xIxa~3*d*cos(2xe) "2xsin(2*e) - 3*a~3*d*cos(2*e)*sin(2xe) "2
- I*a~3*d*sin(2%e)~3)

Mupad [F(-1)]

Timed out.

1 1
/ (c+dz)(a + iatan(e + fx))3 de = / (a+atan(e+ f ) 1i)° (c+dx) d

[In] int(1/((a + a*tan(e + f*x)*1i)~3*(c + d*x)),x)
[Out] int(1/((a + a*tan(e + f*x)*1i)~3*(c + d*x)), x)
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1

3.33 f (c+dz)%(a+iatan(e+fx))3 dx

Optimal result . . . . . . . . . . e 220
Rubi [A] (verified) . . . . . . . . 221]
Mathematica [A] (verified) . . . . . . . . . .. 228]
Maple [A] (verified) . . . . . . . .. 229
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... .... 220
Sympy [F] . . o 230
Maxima [A] (verification not implemented) . . . . . . . ... ... .. ... ... 230
Giac [B] (verification not implemented) . . . . . . . . ... ... L. 2371

Mupad [F(-1)] . . . o
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Optimal result

Integrand size = 23, antiderivative size = 712

(c+dz)?(a +iatan(e + fx))3 do = " 8ald(c+dz)  32a3d(c+ dz) 8a3d(c + dz)
cos®(2e + 2fx)  3cos(6e + 6fx)
~ 8add(c+dz)  32a3d(c+ da)
3if cos (26 — 2—?) Coslntegral (2—? + 2fx)

/ 1 1 _9cos(2e +2fx) 3cos’(2e +2fx)

4a3d?
3if cos (4e — %) CosIntegral (< + 4fz)
B 2a3d?
3if cos (66 — G—fii) Coslntegral (6—‘} + sz)
B 4a3d?
3f Coslntegral (% + 6z) sin (6e — %)
B 4a3d?
3f CosIntegral (% +4 fx) sin (46 - %)
B 2a3d?
3f Coslntegral (% + 2fz) sin (2e — 2Z)
N 4a3d?
15isin(2e + 2fx)
32a3d(c + dz)
3sin?(2e + 2fz) isin3(2e + 2fx)
8a3d(c+dz)  8a*d(c+ dx)

3isin(4e +4fz) 3isin(be + 6fx)
8a3d(c + dx) 32a3d(c + dzx)
3f cos (2e — 2L Si(%L + 2fx)

3,72
3if sin (2e —42%—’06;81(% + 2fx)
i d3d2 d
3f cos (4e — iﬁ) Si(% +4fx)
_ d d
3,72
3if sin (4e —24aifc)iSi(ﬂ +4fx)
+ d3d2 :
3f cos (66 — 62‘3—6;) Si(% + Gfa:)
_ d d
372
3if sin (6e —4(;2—fc)i Si(% + 6fx)
4 d d
4a3d?

[Out] -1/8/a"3/d/(d*x+c)-1/8*I*sin(2xf*x+2%e) ~3/a~3/d/ (d*x+c)-3/4*xI*f*Ci (6*c*f/d+
6*f*x) *cos (-6xe+6xcxf/d) /a~3/d"2+3/8*I*sin(4dxfxx+4*xe)/a~3/d/ (d*x+c)-9/32*co
s(2xf*xx+2%e) /a~3/d/ (d*x+c)-3/8*cos (2xf*xx+2*e) "2/a~3/d/ (d*x+c)-1/8*cos (2*xf*x
+2%e)~3/a"~3/d/ (d*x+c)-3/32*cos (6xf*x+6*e) /a~3/d/ (d*x+c)-3/4*f*cos (—2xe+2*c*
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£/d)*Si(2*c*f/d+2xf*x) /a~3/d~2-3/2*f*cos (—4*xe+4*cxf/d) *Si (4*cxf/d+4*xf*x)/a”
3/d"2-3/4xf*cos (-6xe+6*c*f/d)*Si (6*%c*f/d+6xf*x) /a~3/d~2+3/4*f*Ci (6xc*xf/d+6%
f*x)*sin(-6*e+6xcxf/d) /a~3/d"2-3/2*%I*f*Si (4d*xc*f/d+4*xf*xx) *sin(-4*xe+d*xc*f/d)/
a~3/d"2+3/2xf*Ci (4xcxf/d+4*f*x) *sin(-4*xe+dxcxf/d) /a~3/d"2-3/4*I*f*Si (6xc*xf/
d+6*xf*xx)*sin (-6*xe+6*c*f/d) /a~3/d"2+3/4xf*Ci (2*xc*f/d+2*f*x) *sin(-2*xe+2xcxf/d
)/a”3/d"2-3/4xI*xf*Ci (2xcxf/d+2*f*x) *cos (-2*e+2xcxf/d) /a~3/d"2+3/32*%I*sin(6*
f*x+6*xe)/a"~3/d/ (d*x+c)+3/8*sin(2*xf*x+2xe) ~"2/a"3/d/ (d*x+c)+15/32*xI*sin (2*f*x
+2%e) /a~3/d/ (d*x+c)-3/2%I*f*Ci (dxcxf/d+4*f*x) *cos (-4*e+dxcxf/d) /a~3/d"2-3/4
*[*f*S1 (2*c*kf/d+2*%f*x) *sin (-2*xe+2*c*xf/d) /a~3/d"2

Rubi [A] (verified)

Time = 2.12 (sec) , antiderivative size = 712, normalized size of antiderivative = 1.00,

number of steps used = 60, number of rules used = 9, ﬂ%ﬁ%ﬁ;ﬁé glilzlgs = 0.391, Rules used
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= {3809, 3378, 3384, 3380, 3383, 3394, 12, 4491, 4513}

1 dr — _ 3f Coslntegral (6zf + 6fo) sin (6e — % )
(c+ dz)?(a +iatan(e + fx))3 vy

3 f Coslntegral (4zf + 4—?}) sin (4e — 4—?)
)

2a3d?
_ 3f Coslntegral (2zf + %) sin (2e — 2L
4a3d?
B 3i f CosIntegral (2xf + —i) oS (26 — 2—?)
4a3d?
3if Coslntegral (4zf + &) cos (4e — 24
a 2a3d?
% f CoslIntegral (6zf + bef <L) cos (6e — 6%f)
4a3d?
| 3ifsin (2e — 2¢) Si (22 f + 2L
4a3d?
| 3ifsin (4e — %) Si(dzf + )
2a3d?
| 3ifsin (6e — %) Si(6xf + %)
4a3d?
_ 3fcos (2e — %) Si(2zf + 2L)
4a3d?
B 3f cos (46 — %) Si(4:cf + %)
2a3d?
_ 3fcos (6e — %) Si(6zf + %) _isin®(2e + 2fx)
4a3d? 8ad(c + dx)
3sin?(2e + 2fz)  15isin(2e + 2fx)
8add(c + dz) 32a3d(c + dz)
3isin(de + 4fz)  3isin(be + 6fx)
8a3d(c + dz) 32a3d(c + dz)
_cos’(2e +2fx)  3cos?(2e +2fx)
8a?d(c + dx) 8ad(c + dx)
_ 9cos(2e +2fz) 3cos(6e+6fz) 1
32d3d(c+dz)  32a3d(c+dz) 8add(c+ dx)

[In] Int[1/((c + d*x)~2*(a + I*a*xTan[e + f*x])~3),x]

[Out] -1/8%1/(a"3xd*(c + d*x)) - (9%Cos[2*e + 2xf*x])/(32%xa~3*d*(c + d*x)) - (3*C
os[2%e + 2xf*xx]~2)/(8*%a~3xd*(c + d*x)) - Cos[2%e + 2xf*x]~3/(8*%a~3*dx(c + d
*x)) - (3xCos[6%e + 6*f*x])/(32%a~3xd*x(c + d*x)) - (((3*I)/4)*fxCos[2*e - (
2xcxf)/d] *CosIntegral [(2*c*f)/d + 2xfxx])/(a~3*%d"2) - (((3%I)/2)*f*Cos[4*e
- (4xcxf)/d]*CosIntegral [(4xc*f)/d + 4*xfxx])/(a~3%d"2) - (((3%I)/4)*fxCos[6
*xe — (6*cxf)/d]*CosIntegral [(6*c*f)/d + 6xf*x])/(a~3*%d"2) - (3*f*CosIntegra
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1[(6xcxf)/d + 6*f*x]*Sin[6*e - (6xcxf)/d])/(4*a"3*d"2) - (3*f*CosIntegrall[(
4xcxf)/d + 4xfxx]*Sin[4*e - (4xcxf)/d])/(2*xa~3*%d"2) - (3*f*CosIntegral [(2xc
*f)/d + 2xf*x]*Sin[2xe - (2%c*f)/d]l)/(4*a~3+d"2) + (((15%I)/32)*Sin[2%e + 2
*xf*x])/(a"3xd*(c + d*x)) + (3*Sin[2%e + 2*f*x]72)/(8*a~3*d*(c + d*x)) - ((I
/8)*8in[2xe + 2xfxx]73)/(a"3*d*(c + d*x)) + (((3*I)/8)*Sin[4*e + 4xf*x])/(a
~3xdx(c + d*x)) + (((3%I)/32)*Sin[6%e + 6%f*x])/(a~3*d*(c + d*x)) - (3*%f*Co
s[2xe - (2xc*f)/d]*SinIntegral [(2xc*f)/d + 2xf*x])/(4*a~3xd"2) + (((3%I)/4)
*fxSin[2%e - (2%c*f)/d]*SinIntegral [(2*c*f)/d + 2xfxx])/(a"3*%d"2) - (3*f*Co
s[4*xe - (4xcxf)/d]l*SinIntegral [(4xcxf)/d + 4*xf*x])/(2*xa~3xd~2) + (((3*I)/2)
*xf*Sin[4%e - (4*cxf)/d]*SinIntegral [(4*cxf)/d + 4*xf*x])/(a~3xd"2) - (3xf*Co
s[6xe - (6xcxf)/d]l*SinIntegral [(6xcxf)/d + 6*%f*x])/(4*xa~3xd~2) + (((3*I)/4)
*f*3in[6xe - (6*xc*f)/d]*SinIntegral [(6xc*f)/d + 6xf*xx])/(a~3*d~2)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, xI1]

Rule 3378

Int[((c_.) + (d_.)*(x_))"(m_)*sin[(e_.) + (£f_.)*(x_)], x_Symbol] :> Simp[(c
+ d*x)"(m + 1)*(Sinf[e + f*x]/(d*(m + 1))), x] - Dist[f/(d*(m + 1)), Int([(c
+ d*x)~(m + 1)*Cos[e + fxx], x], x] /; FreeQl{c, d, e, £}, x] && LtQ[m, -1
]

Rule 3380

Int[sinl(e_.) + (f_.)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[SinInte
gralle + f*x]1/d, x] /; FreeQl{c, d, e, f}, x] && EqQ[d*e - c*f, 0]

Rule 3383

Int[sin[(e_.) + (£_.)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[CosInte
gralle - Pi/2 + f*x]/d, x] /; FreeQl{c, d, e, f}, x] && EqQ[d*(e - Pi/2) -
cxf, 0]

Rule 3384

Int[sinf(e_.) + (f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol]l :> Dist[Cos[(dx
e - cxf)/d], Int[Sin[c*(f/d) + f*xx]/(c + d*x), x], x] + Dist[Sin[(d*e - cx*f
)/d], Int[Cos[cx(f/d) + fxx]/(c + d*x), x], x] /; FreeQ[{c, d, e, f}, x] &&
NeQ[d*e - cxf, 0]

Rule 3394

Int[((c_.) + (d_.)*(x_))"(m_)*sinl[(e_.) + (£_.)*(x_)]1"(n_), x_Symbol] :> Si
mp[(c + d*x)"(m + 1)*(Sin[e + f*x]"n/(d*(m + 1))), x] - Dist[fx(n/(d*(m + 1
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))), Int[ExpandTrigReduce[(c + d*x)~(m + 1), Cos[e + f*x]*Sin[e + f*x]~(n -
1), x1, x1, x]1 /; FreeQl{c, d, e, f, m}, x] && IGtQ[n, 1] && GeQ[m, -2] &&
LtQ[m, -1]

Rule 3809

Int[((c_.) + (d_)*(x_))"(m_)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)]1)"(n ),
x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(2*a) + Cos[2xe + 2xfxx]/(
2%a) + Sin[2xe + 2xfxx]/(2xb))~(-n), x], x] /; FreeQ[{a, b, c, d, e, f}, x]
&% EqQ[a~2 + ™2, 0] && ILtQ[m, 0] &% ILtQ[n, 0]

Rule 4491

Int[Cos[(a_.) + (b_)*(x_)]1"(p_.)*((c_.) + (d_.)*(x_))"(m_.)*Sin[(a_.) + (b
_)*x(x_ )17 (n_.), x_Symbol] :> Int[ExpandTrigReduce[(c + d*x)~m, Sin[a + b*x
1°nxCos[a + b*x]"p, x], x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[n, 0] && IG
tQlp, 0]

Rule 4513

Int[((e_.) + (£_.)*(x_))"(m_.)*Sin[(a_.) + (b_.)*(x_)]1"(p_.)*Sin[(c_.) + (d
_)*x(x_)]1"(q_.), x_Symbol] :> Int[ExpandTrigReduce[(e + f*x)“m, Sin[a + b*x
17p*Sin[c + d*x]~q, x], x] /; FreeQ[{a, b, c, d, e, f}, x] && IGtQ[p, 0] &&
IGtQlq, 0] && IntegerQ[m]

Rubi steps
inbegral — / 1 3cos(2e +2fr)  3cos?(2e +2fx) cosi(2e + 2fx)
gral = 8a3(c + dzx)? 8a3(c + dr)? 8a3(c + dz)? 8a3(c + dz)?
_ 3isin(2e +2fx)  3icos®(2e + 2fx)sin(2e + 2fx)  3sin®(2e +2fx)
8a3(c + dz)? 8a3(c + dz)? 8a3(c + dx)?
isin®(2e +2fx)  3isin(4e +4fx)  3sin(2e + 2fz)sin(4e + 4fx) i
8a3(c + dx)? 8a3(c + dz)? 16a3(c + dz)?
_ | S e (i) [ do
8ald(c + dzx) 8a? 8a?
- (31/) f cos? (26+%Z—t()iil)11(2e+2fm) dl‘ 31) f suz(%:(—ii—;fz) dz
\ 8a3 8a3
s f cos(c(ied:;éfa:) dIL' 3 f sm(26+2(J;:i)ds;r)1g4e+4fa:) dz
8a3 , 16a3 .
3f Coicie;f)gz) dz 3 f cos C(iz—:ﬂ-)if'z) dl’ 3 f sm(c(ifi-:ffa:) dz

8a3 8a3 8a3
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_ 1 _ 3cos(2e +2fx) 3cos’(2e+2fx)  cos’(2e +2fx)
8a?d(c + dz) 8a3d(c + dx) 8ad(c + dx) 8ad(c + dx)
3isin(2e +2fx)  3sin®(2e +2fz) isin’(2e +2fx)
8ald(c + dzx) 8ald(c + dzx) 8ald(c + dzx)
. sin(2e+2fz) sin(6e+6fz)
3isin(4e + 4fx) B (3i) [ ( A(ctdn)? T a(ctdo)? ) dx
8ald(c + dzx) 8a3
cos(2e+2fx) cos(6e+6fz) . cos(2ed2 fx
3 (5o — 5ol da @) [ R d
16a3 4a3d
. cos(2e+2fx cos(6e+6 fx . cos(4e z
N (3if) [ ( 4((c+dz) ) - 4((c+da:) )> dx 3 (3if) [ % dx
4a3d 2a3d
sin(2e4-2 fx __sin(2e+2fz)  sin(6e+6fx)
3f) f (§+-£§f : dCL' (3f) f < 4(c+dx) 4(c+dzx) > dzx
4a3d 4a3d
sin(4e+4fx sin(4e+4fx
(3f) [ -t de  (3f) [ Uy da
2a3d 2a3d
_ 1 _ 3cos(2e+2fx) 3cos’(2e+2fx)  cos’(2e +2fx)
8a?d(c + dz) 8a3d(c + dx) 8ad(c + dx) 8ad(c + dx)
3isin(2e +2fx)  3sin’(2e +2fx) isin’(2e +2fx)  3isin(4de + 4fx)
8ald(c + dzx) 8ald(c + dzx) 8ald(c + dzx) 8ald(c + dzx)
. sin(2e+2fz . sin(6e+6 fz cos(2e+2fx cos(6e T
_(32)]%@6 (3z)f%dx 3/ ((_i_;)’;)dx 3/ (£+;z6)§)dx
32a3 32a3 32a3 32a3
(3if) [ =EE" dn  (3if) [ =GR de () [ G do
16a3d 16a3d 16a3d
sin|oe x sin(4e T . C, cos ﬂ+4f$
GO G ) [ b (i cos (e - ) [ ) ao
16a3d 4a3d 2a3d
cos( 2¢£ T sin( 2¢£ T
(3zf cos (2e — Z)) | cos(%it +21) cj_d:zf ) dz (3fcos (2e — %)) [ sin(%i 4272) C‘jr;ff ) dz
4a3d 4a3d
. c sin( %f +4fx . c sin( 2¢f yofe
N (3if sin (4e — 1)) f%dm N (3if sin (2e — 22)) f%dx
2a3d 4a3d
Cos 2¢f x
(s (e— %) (= g

4a3d
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1 9cos(2e + 2fr) 3cos?(2e +2fx) cos?(2e +2fx)

" 8a3d(c+dz) 32a3d(c+dz)  8ald(c+dx)  8add(c+ dx)
3cos(6e + 6fz)  3if cos (2e — 2L) CosIntegral (2L + 2fz)

32a3d(c + dz) 4a3d?

3if cos (46 — 4—?) Coslntegral (4—2£ +4 fx)
B 2a3d?

3f Coslntegral (%f + 2fz) sin (2¢ — %) 15isin(2e + 2fx)
B 4a3d? 32a3d(c + dx)

3sin?(2e + 2fz) isin®(2e +2fx) 3isin(4e +4fzx) 3isin(6e + 6fz)

8add(c+dz)  8aid(c+ da) 8add(c + dx) 32a3d(c + dz)
_3fCOS(26—%) Si(%L + 2fz) 32fSlIl(26—M) Si(%L + 2fz)
4a3d? 4a3d?
N 3if sin (4e — %) Si(% + 4fm) (3if) [ cos(f:jfm) dz
2a3d? 16a3d

(961) [ =08 ay(37) [ D gy (o) [ O gy
a 16a3d 1607 16a3d 6

(3zfcos(66 6Cf))fm<i—;fm)dx (3fcos(66—%))fm<c‘{—;fﬂ>dm

16a%d a 16a°d

(3ifcos(2e—2—2i))fws<c‘i—dfﬂ)dx (3fcos(26—2—2£))fm(c‘f:—;;2h)dx
* 16a%d B 16a%d

(3ifsin(66—6—2i))fm(c‘i+fﬂ)dm (3fsin(6e—6—2i))fm(c{—d?ﬂ)dx
* 16a3d - 16a3d

(3f cos (de — 6)) [ CEH9) 4o (afin (4e — 1)) L) g
4a3d + 4a03d

_ (3ifsin (2e - M))fwdsc _ (3fsin (2 - M))fwdx

ctdx c+dzx
16a3d 16a3d
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9cos(2e +2fz) 3 cos?(2e + 2fx) 3 cos®(2e + 2fx)

8ald(c+dz)  32a3d(c+ dzx) 8a3d(c + dz) 8a3d(c + dx)
3cos(6e + 6fz)  9if cos (2e — 2L) CosIntegral (2L + 2fz)
© 32a3d(c+dz) 16a3d?
3if cos (46 — 4—?) Coslntegral (4—2£ +4 fx)
B 2a3d?
3if cos (6e — %) CosIntegral (% + 6fz)
B 16a3d?
3f CosIntegral (G—Zi + Gfx) sin (66 — %)
- 16342
15f Coslntegral (2 + 2fz) sin (2e — %) 15isin(2e + 2fx)
B 16a3d? 32a3d(c + dz)
3sin’(2e + 2fz) isin®*(2e +2fx) 3isin(4de +4fzx) 3isin(6e + 6fz)
8ald(c+dzx)  8aid(c+ dx) 8ald(c + dx) 32a3d(c + dzx)

_ 15f cos (2 — 28 Si(2%L + 2fx) N 9ifsin (2e — 2L) Si(%L + 2fz)

16a3d? 16a3d?
3if sin (4e — %L Si(%L + 4fx) 3f Coslntegral (%L + 4fz) sin (4e — 1)
+ 2a3d? 2 4a’d?
N 3f cos (4e — L) Si(% + 4fx)
4a3d?
B 3f cos (66 — %) Si(% + wa) N 3if sin (66 — %) Si(% + Gfx)
16a3d? 16a3d?
cos( et T sin( 8¢f T
(9¢fcos(ee_%‘))f%dx (9fcos<6e—%))f%dw
16a3d a 16a3d
cos( 2t T sin( 2¢£ T
(3if cos (2e — 21)) | U2 g (3 cos (20 — 1)) | L) g
16a3d + 16a3d
sin( 8¢f T cos( 8¢t T
(9if sin (ae_%))f%dx (9f sin (66—%))1"%@
* 16a°d - 16
sin(%—i—sz) cos(%—ﬂfm)

4 (3if sin (2e — %)) [ —rg— d= N

(3fsin (2e — %)) [ — g do

16a3d

16a3d
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1 9cos(2e + 2fzr) 3cos’(2e +2fzr) cos*(2e + 2fx)
" 8a3d(c+dz) 32a3d(c+dz)  8ald(c+dx)  8add(c+ dx)
3cos(6e + 6fz)  3if cos (2e — 2L) CosIntegral (2L + 2fz)
© 32a3d(c+dz) 4a3d?
3if cos (46 — 4—?) Coslntegral (4—2£ +4 fx)
2a3d?
3if cos (6e — %) CosIntegral (% + 6fz)
4a3d?
3f Coslntegral (G—Zf + Gfx) sin (66 — %)
B 4a3d?
3f CoslIntegral (2°f + 2fz) sin (2e — QCf) 15isin(2e 4+ 2fx)
4a3d? 32a3d(c + dzx)
3sin’(2e + 2fz) isin®(2e +2fx) 3isin(4e +4fzx) 3isin(6e + 6fz)
8a3d(c+dz)  8aid(c+ dx) 8atd(c + dx) 32a3d(c + dzx)
_ 3fcos (2e — 28) Si(%f + 2f:1:) 3if sin (2e — 2L) Si(%L + 2fx)
4a3d? 4a3d?
N 3if sin (de — 2L) Si(* + 4fx) ) <3f CosIntegral (% + 4fz) sin (4e — %)

2a3d? 4a3d?
N 3f cos (4e — L) Si(% + 4fx)
4a3d?
B 3f cos (66 — %) Si(% + wa) N 3if sin (66 — %) Si(% + Gfx)
4a3d? 4a3d?

Mathematica [A] (verified)

Time = 2.85 (sec) , antiderivative size = 833, normalized size of antiderivative = 1.17

1
(c+dz)*(a +iatan(e + fx))3
sec(e + fxz) (—icos (%) + sin (32)) <3dcos (e+f(—%+z)) +dcos(3(e+ f(—5+z))) +dcos (3(e

dz

[In] Integrate[1/((c + d*x)~2*(a + I*axTan[e + f*x])~3),x]

[Out] (Secle + f*x]~3*((-I)*Cos[(3*c*f)/d] + Sin[(3*c*f)/d])*(3*d*Cos[e + f*x((-3*
c)/d + x)] + d*Cos[3*(e + fx(-(c/d) + x))] + d*Cos[3*(e + fx(c/d + x))] + 3
*d*Cos[e + f*x((3*c)/d + x)] + (6%I)*c*f*Cos[3*e - (3*xf*x(c + d*x))/d]*CoslInt
egral [(6xfx(c + d*x))/d] + (6*I)*d*f*x*Cos[3*e - (3*f*(c + d*x))/d]*CosInte
gral [(6xf*x(c + d*x))/d] + (6xI)*f*(c + d*x)*CosIntegral [(2xf*x(c + d*x))/d]*
(Cos[e - (cxf)/d + 3xf*x] + IxSin[e - (cxf)/d + 3*f*x]) + (3*I)*d*Sin[e + f
*((-3*c)/d + x)] + I*d*Sin[3*(e + f*x(-(c/d) + x))] - I*d*Sin[3*(e + f*(c/d
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+ x))] - (3*I)*d*Sin[e + £x((3*c)/d + x)] + 6xcxf*CosIntegral [(6*f*(c + d*x
))/dl*Sin[3*e - (3*f*(c + d*x))/d] + 6xd*f*x*CosIntegral [(6xf*(c + d*x))/d]
*Sin[3*e - (3*f*(c + d*x))/d] + 12xf*x(c + d*x)*CosIntegral [(4xfx(c + d*x))/
dl*(I*Cos[e - (fx(c + 3*d*x))/d] + Sin[e - (fx(c + 3*d*x))/d]) + 6*c*xf*Cos[
e - (cxf)/d + 3*f*x]*SinIntegral [(2*f*(c + d*x))/d] + 6xdxfxxxCos[e - (c*f)
/d + 3xfxx]*SinIntegral [(2*f*(c + d*x))/d] + (6xI)*cxfxSin[e - (c*f)/d + 3%
fxx]*SinIntegral [(2*f*(c + d*x))/d] + (6%I)*d*fxx*Sin[e - (c*f)/d + 3xfx*x]*
SinIntegral [(2xf*(c + d*x))/d] + 12xcxf*Cos[e - (fx(c + 3*d*x))/d]*SinInteg
ral[(4*f*(c + d*x))/d] + 12*kd*f*x*Cos[e - (f*x(c + 3*d+*x))/d]*SinIntegral[(4
*fx(c + d*x))/d] - (12*%I)*c*f*Sin[e - (f*(c + 3*d+*x))/d]*SinIntegral [(4*fx*(
c + dxx))/d] - (12*%I)*d*f*x*Sin[e - (f*(c + 3*d*x))/d]*SinIntegral [(4*xf*(c
+ dx*x))/d] + 6*cxfxCos[3*e - (3*f*x(c + d*x))/d]*SinIntegral [(6xf*(c + d*x))
/d] + 6xd*f*x*Cos[3*e - (3*f*x(c + d*x))/d]*SinIntegral [(6xf*(c + d*x))/d] -

(6%I)*cxfxSin[3*e - (3*fx(c + d*x))/d]l*SinIntegral [(6xf*(c + d*x))/d] - (6
*I)xdxf*x*Sin[3*e - (3*f*(c + d*x))/d]*SinIntegral [(6xf*(c + d*x))/d]))/ (8%
a~3xd"2*(c + d*x)*(-I + Tan[e + f*x])~3)

Maple [A] (verified)

Time = 1.06 (sec) , antiderivative size = 254, normalized size of antiderivative = 0.36

method | result

. 6i(cf—de) . .| 6i(cf—de) i
fesitbere  Bife d B (Gifotbiet M) g aigmre  Bife

4i(cf—

d

de)

Ei (4¢ fot4

. 1
I‘lSCh - 8a3d(dz+c) ~ Ra3 (dfa:+cf)d 4a3d2 ~ 8a3 (dfx+cf)d

2a3d?

[In] int(1/(d*x+c)~2/(at+I*axtan(f*x+e)) 3,x,method=_RETURNVERBOSE)

[Out] -1/8/a"3/d/(d*x+c)-1/8/a~3xfxexp (-6*I*(fxx+e))/(d*f*x+c*f)/d+3/4*I/a"~3*f/d"

2xexp (6*I* (cxf-d*e) /d)*Ei(1,6*I*f*x+6xI*xe+6*I* (cxf-d*e)/d)-3/8/a~3*f*exp(-4
*xIx (fxx+e) )/ (d*f*x+cxf)/d+3/2+I/a~3*f/d"2*exp (4*xI* (cxf-d*e) /d) *Ei(1,4*I*xf*x
+4xIxe+4*I* (cxf-d*e) /d)-3/8/a"3*f*exp (-2xIx (f*x+e))/(d*f*x+cxf)/d+3/4+I/a"3
*xf/d"2%exp (2*%I* (cxf-d*e) /d) *Ei(1,2%I*f*x+2*I*e+2*I* (cxf-d*e)/d)

Fricas [A] (verification not implemented)

none

Time = 0.25 (sec) , antiderivative size = 197, normalized size of antiderivative = 0.28

1
(c+ dz)*(a + iatan(e + fz))3

((6 (idfz +i cf)M—W) T ) L 19 (idfr + cf)Ei(——4 “dffﬁcf)) el

dr =

4(ide—icf)
_ 7 Ed’LC )

+6

[In] integrate(1/(d*x+c)~2/(at+I*axtan(f*x+e))~3,x, algorithm="fricas")

8 (a3
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[Out] -1/8*%((6*(Ixdxf*xx + Ixcxf)*Ei(-2%(Ixdxf*x + Ixcxf)/d)*e” (-2x(I*d*e - Ixcx*f)
/d) + 12%(I*d*fxx + Ikxc*f)*Ei(-4*(I*d*fxx + I*c*f)/d)*e” (-4*(Ixdxe — I*cxf)

/d) + 6x(I*d*fxx + Ikxc*f)*Ei(-6%(I*d*fxx + I*c*f)/d)*e” (-6%(Ixdxe — I*cxf)/

d) + d)*e”(6xIxf*x + 6%I*e) + 3kdxe” (dxIxfxx + 4*I*e) + 33kdke™ (2xIxfxx + 2%

Ixe) + d)xe” (-6xI*fxx - 6xI*e)/(a~3*xd"3*x + a~3*cxd~2)

Sympy [F]

1

(c+dz)*(a +iatan(e + fx))3 dz

. 1
_ ¢ f c? tan3 (e+fz)—3ic? tan? (e+fz)—3c? tan (e+fx)+ic2+2cdz tan3 (e+ fr)—6icdz tan? (e+ fz)—6cdz tan (e+ fz)+2icdz+d2z2 tand (e+fz)—

a3

[In] integrate(1/(d*x+c)**2/(atI*a*tan(f*x+e))**3,x)

[Out] Ix*Integral(1l/(c**2*tan(e + f*x)**3 - 3*kIkck*2*ktan(e + f*x)**2 — 3kck*2*tan(
e + fxx) + I*c*xx2 + 2*c*d*x*xtan(e + f*x)**3 — 6*Ixckxd*x*tan(e + f*x)**2 - 6
xcxdxx*tan(e + f*xx) + 2%Ixckxdkx + d**x2xx*kx*k2*xtan(e + f*x)**3 — 3k Dkd**2*x**2
xtan(e + f*x)**k2 — 3xd*x*x2xx*x*x2xtan(e + f£*x) + Ikdrx*x2xx**2), x)/a**3

Maxima [A] (verification not implemented)
none

Time = 0.43 (sec) , antiderivative size = 297, normalized size of antiderivative = 0.42

1
(¢ + dz)?(a + iatan(e + fx))3
3 f2 cos <_2(d+—cf>> E2<_2(—z' (f$+e)dd+ide—i0f)> 13 f2cos (‘M) E2<_4(—i (fac—i—e)dd~|—ide—icf)> +f2

dz =

[In] integrate(1/(d*x+c)~2/(atI*a*tan(f*x+e))~3,x, algorithm="maxima")

[Out] -1/8%(3*f~2*%cos(-2*(d*e - c*f)/d)*exp_integral_e(2, -2x(-Ix(f*x + e)*d + I
dxe - Ixcxf)/d) + 3xf"2*cos(-4*(d*e - cxf)/d)*exp_integral_e(2, -4*(-Ix(f*x

+ e)*d + Ixd*e - Ixcxf)/d) + £~ 2xcos(-6*(dxe - c*f)/d)*exp_integral_e(2, -

6% (-Ix(f*xx + e)xd + I*kd*e — I*c*f)/d) + 3*I*f 2xexp_integral_e(2, -2*(-Ix(f

*x + e)xd + Ikdxe — I*c*f)/d)*sin(-2*(dxe - c*f)/d) + 3*I*f~2xexp_integral _

e(2, -4x(-Ix(f*x + e)*d + Ixdxe - Ixcxf)/d)*sin(-4x(d*e - c*f)/d) + Ixf"2x*e
xp_integral_e(2, -6%(-Ix(f*x + e)*d + Ix*d*e - Ixc*f)/d)*sin(-6x(d*e - cx*f)/

d) + £72)/(((f*x + e)*a™3*d™2 - a~3*d"2%e + a~3*ckdxf)x*f)
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Giac [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 2915 vs. 2(648) = 1296.

Time = 30.48 (sec) , antiderivative size = 2915, normalized size of antiderivative = 4.09

1
dx = Too large to displ
/(c+dw)2(a+iatan(e+fx))3 x = Too large to display

[In] integrate(1/(d*x+c)~2/(a+I*axtan(f*x+e))”~3,x, algorithm="giac")

[Out] 1/8%(-6xI*(d*x + c)*(d*e/(d*x + c) - c*f/(d*x + c) + f)*f"2*xcos(-6x(d*e - c
xf)/d)*cos_integral (6% ((d*x + c)*(d*e/(d*x + c) - cxf/(d*x + c) + f) - dx*e
+ cxf)/d) + 6xIxd*exf~2xcos(-6*(dxe - c*f)/d)*cos_integral (6x((d*x + c)*(d*
e/(d*x + c) - c*xf/(d*x + c) + f) - d*e + c*xf)/d) - 6*%I*kc*kf~3*cos(-6x(d*e -
cxf)/d)*cos_integral (6% ((d*x + c)*(d*e/(d*x + c) - c*f/(d*x + c) + f) - dxe
+ cxf)/d) - 12%Ix(d*x + c)*(d*e/(d*x + c) - cxf/(d*x + c) + f)*xf"2*cos(-4*
(dxe - c*f)/d)*cos_integral(4x((d*x + c)*(d*e/(d*x + c) - cxf/(d*x + c) + £
) - dxe + c*f)/d) + 12xIxdxe*xf~2*cos(-4*(d*e - cx*f)/d)*cos_integral (4*((d*x
+ c)*x(d*e/(d*x + c) - c*xf/(d*x + c) + f) - d*e + cxf)/d) - 12*Ixc*xf~3*cos(
-4x(d*e - c*f)/d)*cos_integral (4x((d*x + c)*(d*e/(d*x + c) - c*f/(d*x + c)
+ f) - d¥*e + cxf)/d) - 6*%I*x(d*x + c)*(d*e/(d*x + c) - cxf/(d*x + c) + f)*f~
2xcos(-2x(d*e - cxf)/d)*cos_integral (2x((d*x + c)*(dxe/(d*x + c) - c*f/(d*x
+ c) + f) - dxe + c*f)/d) + 6*I*dxexf~2*cos(-2*(d*e - cxf)/d)*cos_integral
(2% ((d*x + c)*(dxe/(d*x + c) - c*xf/(d*x + c) + f) - d*e + cxf)/d) - 6xIxc*f
~3*cos(-2*(d*e - c*xf)/d)*cos_integral (2*((d*x + c)*(dxe/(d*x + c) - cxf/(d*
x +c) +f) - d¥e + c*xf)/d) + 6%(d*x + c)*(d*e/(d*x + c) - cxf/(d*x + c) +
f)*f~2*%cos_integral (2x((d*x + c)*(d*e/(d*x + c) - c*f/(d*x + c) + f) - dxe
+ cxf)/d)*sin(-2x(d*e - cxf)/d) - 6xd*e*f”~2*cos_integral (2x((d*x + c)*(dxe/
(d¥x + c) - cxf/(d*x + c) + f) - d¥e + c*f)/d)*sin(-2x(dxe - c*f)/d) + 6*cx
f~3%cos_integral (2x((d*x + c)*(d*e/(d*x + c) - c*xf/(d*x + c) + f) - dxe + c
*xf)/d)*sin(-2x(d*e - c*f)/d) + 12x(d*x + c)*(dxe/(d*x + c) - c*f/(d*x + c)
+ f)*f"2xcos_integral (4x((d*x + c)*(d*e/(d*x + c) - c*xf/(d*x + c) + f) - dx
e + cxf)/d)*sin(-4*x(d*e - cxf)/d) - 12*d*exf~2*cos_integral (4*((d*x + c)*(d
*xe/(d*x + c) - cxf/(d*x + c) + f) - d¥e + cxf)/d)*sin(-4x(d*e - c*f)/d) + 1
2xcx